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H upost rixh thc paroÔsac didaktorik c diatrib c pragmatopoi jhke sto
Rèjumno stic 12 AprilÐou 2006 sta plaÐsia tou didaktorikoÔ progr�mmatoc
spoud¸n tou tm matoc Oikonomik¸n Episthm¸n tou PanepisthmÐou Kr thc.

UpeÔjunoc thc didaktorik c diatrib c  tan o A. Xepapadèac. Sthn trimel 
epitrop  thc ergasÐac summeteÐqan epÐshc, oi P. Kalaðtzid�khc kai G. Kosi¸rhc.
Thn eptamel  epitrop  sumpl rwsan, oi D. GewrgoÔtsoc, G. Kourètac, E.
Petr�khc kai E. Sartzet�khc.

H didaktorik  diatrib  qrhmatodot jhke apì to PENED MÐnwc, thc
G.G.E.T. me forèa qr sth to Epimelht rio HrakleÐou, touc opoÐouc kai eu-
qaristoÔme jerm�. EuqaristoÔme, epÐshc kai ton E.L.K.E. tou Panepist miou
Kr thc gia th sumbol  tou sthn omal  diekperaÐwsh tou progr�mmatoc.

Euqarist¸ jerm� ton k. Anast�sio Xepapadèa, gia thn kajod ghsh
kai th bo jeia pou mou prosèfere kat� th di�rkeia ekpìnhshc thc didak-
torik c diatrib c. Euqarist¸, epÐshc, ìla ta mèlh thc eptamel c epitrop c
gia th bo jeia pou mac prosèferan. Euqarist¸ th grammateÐa tou tm matoc
Oikonomik¸n Epist mwn kai idiaÐtera thn I. GiwtopoÔlou gia th sumbol  thc
sthn olokl rwsh thc didaktorik c diatrib c.

Tèloc, euqarist¸ jerm� thn oikogèneia mou kai ìlouc ìsouc me st rixan
ta teleutaÐa qrìnia kai me bo jhsan na ft�sw wc ed¸.
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PerÐlhyh

H melèth thc l yhc apof�sewn k�tw apì sunj kec abebaiìthtac
kat� Knight, thn opoÐa ta �toma apostrèfontai, apoteleÐ to jèma
thc paroÔsac didaktorik c diatrib c. San pedÐa efarmog¸n èqoume
epilèxei th diaqeÐrish qartofulakÐou kai sugkekrimèna th melèth tou
probl matoc bèltisthc epilog c qartofulakÐou tou Merton, kaj¸c
epÐshc kai th diaqeÐrish oikosusthm�twn, wc proc th diat rhsh kai
diaqeÐrish thc biopoikilìthtac sth fÔsh. Epiplèon deÐqnoume ìti ta
apotelèsmata aut� mporoÔn na efarmostoÔn kai se �llouc tomeÐc thc
anjr¸pinhc drasthriìthtac, ìpwc to diadÐktuo.

Anaforik� wc proc thn pr¸th efarmog  diatup¸noume to prìblhma
thc bèltisthc epilog c qartofulakÐou tou Merton, san èna prìblh-
ma eustajoÔc elègqou (robust control), melet�me autì kai apodeiknÔ-
oume sunj kec anaforik� me tic paramètrouc tou probl matoc kai th
dom  thc abebaiìthtac, h ikanopoÐhsh twn opoÐwn ep�gei epijetikìterh
sumperifor� se sqèsh me to klassikì oikonomikì perib�llon.

Wc proc th diaqeÐrish oikosusthm�twn, anaptÔssoume dÔo mon-
tèla, ìpou h diafor� sta apotelèsmata an�mesa sthn perÐptwsh a-
postrof c kÐndunou kai apostrof c sthn abebaiìthta ermhneÔetai san
èna mètro thc arq c thc profÔlaxhc (precautionary principle), sth
diaqeÐrish biopoikilìthtac. Eidikìtera sto pr¸to, ìpou h abebaiìth-
ta èqei diatupwjeÐ b�sei thc k-ignorance mejodologÐac, apodeiknÔoume
asfaleÐc kanìnec gia th diat rhsh thc biopoikilìthtac sth fÔsh. S-
to epìmeno k�nontac qr sh thc ε − contamination prosèggishc, blè-
poume pwc h abebaiìthta ephre�zei ta bèltista epÐpeda biomaz¸n sto
oikosÔsthma.

To sumpèrasma apì ta apotelèsmata twn efarmog¸n eÐnai ìti h
Ôparxh abebaiìthtac kai o trìpoc me ton opoÐo aut  domeÐtai kai an-
timetwpÐzetai, dÐnei diaforetik� apotelèsmata kai proteÐnei diafore-
tikèc apof�seic kai politikèc se sqèsh me thn klassik  jewrÐa. Ta
nèa apotelèsmata eÐnai tic perissìterec forèc se sunèpeia me ta prag-
matik� gegonìta kai fainìmena sth fÔsh kai odhgoÔn sthn ex ghsh
orismènwn paradìxwn pou eÐnai dÔskolo na exhg sei h klassik  jew-
rÐa.
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1 Eisagwg 

Se poll� pedÐa thc oikonomik c epist mhc pou exet�zetai h l yh apof�sewn
k�tw apì sunj kec abebaiìthtac, ìpwc gia par�deigma h jewrÐa apotÐmhshc
twn axi¸n pou èqei anaptuqjeÐ tic teleutaÐec dekaetÐec, sun jwc uiojetoÔme
isqurèc apait seic wc proc tic protim seic twn katanalwt¸n-ependut¸n. Ei-
dikìtera b�sei thc {rational expectation hypothesis}, ìpwc eÐnai gnwst 
sth bibliografÐa, up�rqei èna antikeimenikì mètro pijanìthtac, to opoÐo peri-
gr�fei thn poreÐa exèlixhc thc tim c twn di�forwn axi¸n, kai autìc o opoÐoc
kaleÐtai na l�bei mÐa apìfash, gnwrÐzei epakrib¸c. Genikìtera akìma kai
sthn perÐptwsh ìpou h Ôparxh enìc tètoiou mètrou pijanìthtac den upotÐje-
tai, ta pisteÔw k�je atìmou pou lamb�nei apof�seic, anaforik� me tic mel-
lontikèc puknìthtec pijanìthtac apeikonÐzontai apì èna upokeimenikì mètro
pijanìthtac se antistoiqÐa me to Bayesian montèlo thc jewrÐac apof�sewn
kai eidikìtera twn axiwm�twn pou eÐqan tejeÐ apì ton Savage [63]. San apotè-
lesma autoÔ  tan na mhn epitrèpetai kamÐa di�krish an�mesa ston ìro {risk}
kÐndunoc, o opoÐoc anafèretai sthn perÐptwsh ekeÐnh ìpou oi pijanìthtec
pragmatopoÐhshc twn di�forwn endeqomènwn eÐnai gnwstèc kai ston ìro
{uncertainty} abebaiìthta, ìpou anafèretai sthn perÐptwsh ekeÐnh pou o
q¸roc twn endeqomènwn enìc peir�matoc eÐte den eÐnai gnwstìc eÐte, ìtan h
up�rqousa plhroforÐa eÐnai anepark c, ¸ste autìc na mporeÐ na apeikonisteÐ
me th bo jeia k�poiou mètrou pijanìthtac. O Knight, [46]  tan ekeÐnoc o
opoÐoc pr¸toc èdwse idiaÐterh èmfash sth di�krish twn dÔo parap�nw ìrwn
kai upost rixe ìti h abebaiìthta, eÐnai ekeÐnh h opoÐa pragmatik� antikatop-
trÐzei thn pleionìthta twn oikonomik¸n efarmog¸n.

O Elsberg [22],  tan apì touc pr¸touc pou antit�qjhke sta axi¸mata
tou Savage. Eidikìtera autìc prìteine to parak�tw peÐrama: 'Estw ìti è-
qoume dÔo k�lpec kai kaloÔmaste na axiolog soume b�sei protim sewn kai
na ierarq soume tèssera endeqìmena. Sugkekrimèna h pr¸th k�lph èstw
ìti perièqei 50 maÔrec kai 50 kìkkinec sfaÐrec, en¸ gia th deÔterh k�lph
den diajètoume kamÐa plhroforÐa anaforik� me tic mp�lec k�je qr¸matoc.
Epilègoume mÐa mp�la apì k�je k�lph. 'Estw AB to endeqìmeno ìti h m-
p�la apì to pr¸to doqeÐo eÐnai maÔrh, en¸ AR ìti aut  eÐnai kìkkinh. 'Omoia
orÐzoume ta BB, BR. Autìc o opoÐoc stoiqhmatÐzei sto endeqìmeno ekeÐ-
no to opoÐo pragmatopoieÐtai met� to peÐrama tÔqhc èstw ìti kerdÐzei 100
mon�dec. Empeirik� o Elsberg eÐde ìti AB ' AR > BB ' BR. EÐnai arket�
eÔkolo na doÔme ìti den up�rqei mètro pijanìthtac to opoÐo uposthrÐzei thn
parap�nw katanom  b�sei tou krithrÐou thc megistopoÐhshc thc anamenìmen-
hc tim c thc wfelimìthtac, to opoÐo efarmìzetai sthn perÐptwsh Ôparxhc
monadikoÔ mètrou pijanìthtac. MÐa ex ghsh tou parap�nw b�sei twn Gilboa
Schmeidler [31], eÐnai h parak�tw: To �tomo pou lamb�nei apof�seic den
èqei arket  plhroforÐa sthn perÐptwsh thc deÔterhc k�lphc ¸ste na eÐnai se
jèsh na qrhsimopoi sei èna monadikì mètro pijanìthtac. Epomènwc, jewreÐ
èna sÔnolo mètrwn pijanìthtac wc pijan�. Kaj¸c autì apostrèfetai thn
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abebaiìthta jewreÐ thn el�qisth anamenìmenh wfelimìthta h opoÐa ep�ge-
tai lamb�nontac upìyh to sÔnolo twn pijan¸n mètrwn pijanìthtac. Sth-
n perÐptwsh thc pr¸thc k�lphc h tim  gia ta AB,AR = 50, en¸ gia ta
BB,BR = 0.

Oi idèec autèc den  tan tìte entel¸c nèec. O Hurwicz [44], eÐqe deÐxei
èna par�deigma statistik c an�lushc ìpou o statistikìc den eÐnai se jèsh
na èqei èna monadikì mètro pijanìthtac, all�  tan se jèsh na efarmìsei
ton kanìna tou Wald [76] anaforik� me ìla ta mètra pijanìthtac. Wc proc
autì o Smith [68], prìteine èna sÔnolo mètrwn pijanìthtac gia na antimetw-
pÐsei autèc tic katast�seic. Stic ergasÐec oi opoÐec aforoÔn sto prìblhma
thc mh Ôparxhc enìc monadikoÔ pijanojewrhtikoÔ mètrou, pou sqetÐzontai
me to olokl rwma Choquet [17] sumperilamb�netai kai ekeÐnh twn Huber kai
Strassen [43], oi opoÐoi qrhsimopoioÔn to olokl rwma Choquet gia na elègx-
oun upojèseic oi opoÐec aforoÔsan sthn epilog  an�mesa se dÔo xèna sÔnola
mètrwn. O Schmeidler [64], [65], [66], parèqei thn axiwmatik  jemelÐwsh twn
protim sewn pou ep�gontai apì th qr sh tou oloklhr¸matoc Choquet thc
qrhsimìthtac anaforik� me èna sÔnolo mh prosjetik¸n mètrwn pijanìthtac,
qrhsimopoi¸ntac mÐa mejodologÐa pou periel�mbane tic Ðdiec lotarÐec ìpwc
kai oi Anscombe Aumann [4]. Prìsfata, apì touc Casadesus-Massanel,
Kilbanoff kai Ozdenoren [14], èqei dojeÐ h axiwmatik  jemelÐwsh gia dr�seic
san autèc tou Savage.

Sthn ergasÐa twnGilboa Schmeidler [31], parèqetai h axiwmatik  jemelÐ-
wsh tou maxmin kanìna wc proc thn anamenìmenh wfelimìthta, gia th l yh
apof�sewn. H parap�nw jewrÐa eÐnai gnwst  san maxmin exaitÐac tou ìti
to �tomo pou lamb�nei apof�seic apotim� tic lotarÐec upologÐzontac thn ana-
menìmenh wfelimìthta gia ìla ta dunat� mètra pijanìthtac kai k�nei èpeita
mÐa sÔgkrish sqetik� me thn el�qisth tim  tou deÐkth autoÔ. H kÔria di�fora
tou montèlou pou proteÐnetai apì touc Gilboa Schmeidler kai aut¸n twn
Anscombe kai Aumann [4], Schmeidler [65], ègkeitai sth diatÔpwsh tou
axi¸matoc anexarthsÐac, ìso kai sthn eisagwg  tou axi¸matoc thc apos-
trof c sthn abebaiìthta (Uncertainty Aversion). To kÔrio apotèlesma thc
doulei�c aut c,  tan mÐa epèktash tou neobaysian paradeÐgmatoc pou odhgeÐ
se èna sÔnolo mètrwn pijanìthtac antÐ enìc monadikoÔ mètrou. H para-
p�nw ergasÐa mporeÐ na jewrhjeÐ wc h axiwmatik  jemelÐwsh twn krithrÐwn
tou Wald [76] kai sÐgoura diafèrei apì �llec proseggÐseic ìpou endeiktik�
anafèroume autèc twn: Lindley, Tversky kai Brown [47], V andennan kai
Meeden [75], Agnew [1], Genest kai Schervish [30] kai Bewley [7].

Sth sunèqeia akoloujeÐ h parousÐash tou kurÐou apotelèsmatoc thc er-
gasÐac twn Gilboa kai Schmeidler: Eidikìtera autoÐ orÐzoun tic pijanèc
katast�seic tou kìsmou me Ω kai me Σ mÐa �lgebra enìc sunìlou S. To
sÔnolo twn uposÔnolwn sumbolÐzetai me X, ìpou Y = ∆(X) to sÔnolo twn
katanom¸n pijanìthtac me peperasmèno forèa sto X, me L0 to sÔnolo ìlwn
twn S-metr simwn peperasmènwn klimakwt¸n sunart sewn apì to S sto Y
kai me Lc tic stajerèc sunart seic tou L0. Tèloc, me L sumbolÐzoun èna
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kurtì uposÔnolo tou Y s pou ep�gei to Lc. Opìte L eÐnai to sÔnolo ìlwn
twn S-metr simwn klimakwt¸n peperasmènwn sunart sewn apì to Ω sto Y .

Sto neobayesian montèlo ta stoiqeÐa tou X eÐnai nteterministik�, ta
endeqìmena stoiqeÐa tou Y eÐnai tuqaÐa endeqìmena   (roulette) lotarÐec
kai ta stoiqeÐa tou L eÐnai enèrgeiec   (horse) lotarÐec. Aut� tou S eÐnai
katast�seic thc fÔshc kai tou S gegonìta. Endiafèrontai, loipìn, kai ed¸
na sugkrÐnoun lotarÐec f ∈ L, ìpou p�nw apì tic opoÐec o l pthc apof�sewn
èqei mÐa sqèsh protÐmhshc � . Ta axi¸mata pou dièpoun th sqèsh protÐmhshc
dÐnontai sth suneqeÐa:

A1: Asjen c Di�taxh, (Weak Order).
α. Gia f, g εL : f � g   g � f

β. Gia f, g, hεL : An f � g kai g � h ⇒ f � h.

A2: Bebaiìthta-AnexarthsÐa, (Certainty Independence).
Gia f, g ∈ L, h ∈ Lc kai gia k�je α ∈ (0, 1):
f � g ⇔ αf + (1− α)h � αg + (1− α)h

A3: Sunèqeia, (Continuity).
Gia f, g ∈ L, h ∈ L An f � g, g � h tìte up�rqoun
α, β ∈ (0, 1): αf + (1− α)h > g kai g � βf + (1− β)h

A4: Monotonikìthta, (Monotonicity).
Gia f, g ∈ L: An f(s) � g(s) sto S ⇒ f � g

A5: Apostrof  sthn abebaiìthta, (Uncertainty Aversion).
Gia f, g ∈ L kai α ∈ (0, 1) : f ' g ⇒ αf + (1− α)g � f

A6: Mh-ekfulismìc, (Non− degeneracy).
Den isqÔei gia ìla ta f, g ∈ L, f � g

'Ola ta axi¸mata ektìc apì ta A2, A5 eÐnai sunhjismèna. To kanonikì
axÐwma anexarthsÐac pou antistoiqeÐ sto A2 eÐnai isqurìtero apì autì pou
parousi�zetai ed¸, kaj¸c epitrèpei k�je enèrgeia sto L kai ìqi sto perior-
ismèno Lc, pou jewreÐtai ed¸ kai antistoiqeÐ se stajerèc enèrgeiec. Autì
ed¸ faÐnetai na eÐnai pio eÔqrhsto: To �tomo pou lamb�nei apof�seic, to
opoÐo protim�ei to f apì to g eÐnai dunatìn na fant�zetai thn mÐxh f kai tou
g me èna stajerì h kai ìqi èna aujaÐreto pou mporeÐ na tou antistrèyei tic
protim seic. 'Ena diaisjhtikì epiqeÐrhma en�ntia sto sunhjismèno epiqeÐrhma
anexarthsÐac eÐnai ìti agnoeÐ to fainìmeno thc antist�jmishc k�ti to opoÐo
den sumbaÐnei ed¸ lìgw kai thc sumplhrwmatik c dr�shc tou A5, ekeÐnou
dhlad  thc apostrof c sthn abebaiìthta,

AkoloujeÐ h parousÐash tou kÔriou jewr matoc, ìpou gia to peperasmèno
prosjetik� sÔnolo sunart sewn sto S qrhsimopoieÐtai h asjen c topologÐa
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(∗) ìpwc stouc Dunford kai Schwartz [20]:

Je¸rhma 1.0.1 'Estw � mÐa duadik  sqèsh sto L0. Tìte ta parak�tw
eÐnai isodÔnama:

1. H � ikanopoieÐ tic upojèseic A1-A5 gia L = L0

2. Up�rqei mÐa sun�rthsh u : Y −→ R kai èna mh kenì, kurtì kai kleistì
sÔnolo C apì peperasmènoc prosjetik� mètra pijanìthtac sto S tètoia
¸ste:

(∗) f � g ⇔ minP∈C

∫
u ◦ fdp � minP∈C

∫
u ◦ gdp (f, g ∈ L0)

(aþ) H sun�rthsh u sto (2) eÐnai monadik  wc proc jetikoÔc gram-
mikoÔc metasqhmatismoÔc

(bþ) To sÔnolo C sto (2) eÐnai monadikì⇔ an h upìjesh A6 prostejeÐ
sto (1).

H parap�nw ergasÐa apotèlese th b�sh gia arketèc epìmenec, me efar-
mog  se poikÐlouc tomeÐc thc oikonomik c epist mhc, ìpou metaxÔ aut¸n sug-
katalègetai kai h paroÔsa didaktorik  diatrib . Analutikìtera metaxÔ twn
shmantikìterwn eÐnai aut  twn Epstein kai Wang [25], oi opoÐoi genikeÔoun
to montèlo genik c isorropÐac tou Lucas [51] kai apodeiknÔoun dÔo basik�
apotelèsmata, thn Ôparxh isorropÐac kai to qarakthrismì twn tim¸n isor-
ropÐac me th bo jeia mÐac anisìthtac Euler, apotèlesma to opoÐo anaparist�
th genÐkeush thc parap�nw anisìthtac sthn perÐptwsh Ôparxhc abebaiìth-
tac. H mejodologÐa, h opoÐa uiojeteÐtai sthn efarmog  aut  eÐnai diaqronik 
(intertmporal) se antÐjesh me thn a-qronik    statik  (atemporal) prosèg-
gish twn Gilboa Schmeidler, h opoÐa epekteÐnetai, mh axiwmatik�, se �peiro
qronikì orÐzonta. Eidikìtera ed¸ jewreÐtai mÐa ìqi tìso isqur  ekdoq  tou
axi¸matoc {Sure Thing Principle} tou Savage, k�ti pou eÐqe wc apotelesma
na antikatastajeÐ to monadikì mètro pijanìthtac pou ep�getai apì ta axi¸-
mata tou Savage, apì èna sÔnolo mètrwn pijanìthtac kai na odhghjoÔme ètsi
sta {Multiple Priors Models} (dhlad  montèla me pollapl� mètra pijanìth-
tac), ìpwc eÐnai gnwst� sth bibliografÐa. Qarakthristikìtero ex aut¸n
eÐnai h e-Contamination prosèggish, ìpou o l pthc apof�sewn diatup¸nei
thn antikeimenik  tou sun�rthsh dÐnontac pijanìthta (1 − e) se èna basikì
mètro pijanìthtac kai e sto mègisto k�tw fr�gma, (infimum), pou ep�gei
mÐa oikogèneia mètrwn pijanìthtac. 'Allh mÐa idiaÐtera qrhsimopoioÔmenh
prosèggish h opoÐa apoteleÐ eidik  perÐptwsh twn montèlwn me poll� mètra
pijanìthtac, eÐnai h k− ignorance mejodologÐa h opoÐa periorÐzei to sÔnolo
twn montèlwn ta opoÐa to �tomo pou lamb�nei apof�seic jewreÐ k�je stigm .

'Enac apì touc polÔ uposqìmenouc tomeÐc anaforik� me th melèth Ôparx-
hc abebaiìthtac eÐnai autìc thc bèltisthc katanom c enìc qartofulakÐou.
Gia par�deigma mÐa diaforetik  prosèggish se sqèsh me aut  twn Epstein
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kai Wang, apoteleÐ aut  twn Dow kai V erlag [18], oi opoÐoi melet�ne to s-
tatikì prìblhma epilog c tou qartofulakÐou enìc ependÔth me anamenìmenh
wfelimìthta wc proc èna mh prosjetikì mètro pijanìthtac, ìpou mazÐ me
ta oloklhr¸mata Choquet apoteleÐ mÐa enallaktik  tou maxmin krithrÐou
prosèggish sthn perÐptwsh Ôparxhc abebaiìthtac. PolÔ kont�, ìmwc, se
aut  twn Epstein kai Wang prosèggish eÐnai oi ergasÐec thc Liu [49],
[48]. Sthn pr¸th se èna montèlo dÔo periìdwn apodeiknÔetai ìti h Ôparxh
abebaiìthtac mei¸nei th summetoq  se axÐec mh stajer c apìdoshc, en¸ sthn
epìmenh efarmìzetai h exÐswsh tou Euler kai melet�tai pwc ta diajèsima
moir�zontai metaxÔ katan�lwshc kai axi¸n. H genÐkeush se suneq  qrìno
thc ergasÐac twn Epstein kai Wang, parèqetai apì touc Chen kai Epstein
[16]. Eidikìtera autoÐ arqik� eis�goun thn {recursive multiple prior utili-
ty} kai dÐnoun arket� paradeÐgmata, en¸ sth sunèqeia eis�goun abebaiìthta
kai thn apostrof  se aut  efarmìzoun ta apotelèsmata touc ston tomèa
thc diaqeÐrishc qartofulakÐou. San sunèqeia aut c thc ergasÐac oi Epstein
kai Miao [23], dÐnoun to par�deigma thc exèlixhc mÐac oikonomÐac se suneq 
qrìno me dÔo eterogen  �toma pou lamb�noun apof�seic. To endiafèron
shmeÐo ed¸, eÐnai ìti k�poiec apì tic axÐec jewroÔntai san axÐec oi opoÐec em-
perièqoun abebaiìthta kat� Knight. Tèloc, anagnwrÐzontac ta �toma pou
lamb�noun apof�seic wc q¸rec, dÐnoun mÐa efarmog  pou exhgeÐ to home
bias puzzle, dhlad  to par�doxo sÔmfwna me to opoÐo oi ependÔtec k�je
q¸rac ependÔoun polÔ megalÔtero posostì twn diajesÐmwn touc se axÐec
pou diapragmateÔontai sthn egq¸ria agor� par� se mÐa diejn . H axiw-
matik  jemelÐwsh thc {multiple prios utility}, dhlad  thc qrhsimìthtac pou
èqei diatupwjeÐ me pollapl� mètra pijanìthtac sthn parap�nw ergasÐa twn
Chen kai Epstein, parèqetai apì thn ergasÐa twn Epstein kai Scnheider
[24].

MÐa enallaktik  prosèggish stic parap�nw apoteleÐ aut  thc qr shc
mejìdwn eustajoÔc elègqou, h opoÐa mporoÔme na poÔme ìti emfanÐsthke se
oikonomikèc efarmogèc me thn ergasÐa twn Hansen kai Sargent [32]. SÔm-
fwna me aut  thn ekdoq , to �tomo pou lamb�nei apof�seic eÐnai abèbaio gia
to arqikì tou montèlo   montèlo anafor�c apì thn �poyh ìti up�rqei èna
meg�lo sÔnolo proseggistik¸n montèlwn ta opoÐa mporoÔn epÐshc na jew-
rhjoÔn wc pijan�, dedomènou enìc arqikoÔ sunìlou stoiqeÐwn-dedomènwn, ta
opoÐa qrhsimopoioÔntai gia thn ektÐmhsh tou arqikoÔ mac montèlou. An em-
fanisteÐ telik� èna montèlo, to opoÐo den eÐnai to montèlo anafor�c, tìte
kanìnec politik c, oi opoÐec sqedi�sthkan me b�sh to montèlo anafor�c, den
eÐnai oi bèltistec kai mporeÐ na odhgoÔn se mh epijumht� apotelèsmata. To
sÔnolo aut¸n twn pijan¸n enallaktik¸n montèlwn lamb�netai diatar�sson-
tac k�poio arqikì montèlo anafor�c (Benchmark model), ìpou ìlec autèc
oi pijanèc diataraqèc antikatoptrÐzoun to sÔnolo twn pijan¸n mètrwn pi-
janìthtac pou o l pthc apof�sewn eÐnai prìjumoc na jewr sei   diaforetik�
to pìso sÐgouroc eÐnai gia to arqikì tou montèlo anafor�c. To prìblhma to
opoÐo sqhmatÐzetai me ton trìpo autì eÐnai èna prìblhma eustajoÔc èlegqou
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ìpou o stìqoc eÐnai na l�boume èna kanìna   alli¸c na p�roume mÐa apìfash,
h opoÐa ja isqÔei gia èna sÔnolo proseggistik¸n montèlwn kont� kat� mÐa
ènnoia sto montèlo anafor�c. Prìkeitai gia mÐa arket� sÔgqronh kai poll�
uposqìmenh prosèggish pou mac epitrèpei na enswmat¸soume thn apostrof 
sthn abebaiìthta se k�poio prìblhma pou kaloÔmaste na antimetwpÐsoume.

B�sei, loipìn, thc parap�nw jewrÐac to �tomo pou lamb�nei apof�seic
ektim�ei ìti k�poio arqikì mètro pijanìthtac, èstw P perigr�fei to arqikì
tou montèlo. Jewr¸ntac mÐa diataraq , autì antikajÐstatai apì èna �llo
pijanì mètro pijanìthtac, èstw Q. H apìstash metaxÔ aut¸n twn dÔo pi-
janojewrhtik¸n mètrwn dÐnetai apì th sqetik  entropÐa, èstwR(Q//P ). Do-
jèntoc, loipìn, enìc sunìlou pijanìn katanom¸n Q kai enìc mètrou, se autì
to sÔnolo, to opoÐo emeÐc ed¸ onom�same Q, oi HSTW [39], parousi�zoun
dÔo kl�seic protim sewn oi opoÐec orÐzontai mèsw problhm�twn èlegqou. H
pr¸th ex aut¸n eÐnai gnwst  wc desmeumènec (consrtaint) protim seic kai
dÐnetai apì to parak�tw prìblhma:

J∗(η) = sup
C

inf
QεQ(η)

EQ
∫ ∞

0
e−δtU(C)dt

µ.π.

Q(η) = {QεQ : R(Q//P ) ≤ η}

ìpou o periorismìc R(Q//P ) ≤ η, dhl¸nei ìti jewroÔme ìla ta mètra pi-
janìthtac Q, ètsi ¸ste h apìstash touc, 1 apì to arqikì mètro pijanìth-
tac na eÐnai mikrìterh apì k�poia epijumht  proapofasismènh stajer� η.
Oi HSTW èqoun eis�gei kai mÐa deÔterh kl�sh problhm�twn elègqou pou
orÐzoun tic multiplier protim seic, dhlad  protim seic pou orÐzontai me th
bo jeia pollaplasiast . To jetikì se aut  thn kathgorÐa problhm�twn eÐ-
nai ìti èqoun mÐa anadromik  dom  pou epitrèpei na efarmostoÔn ta ergaleÐa
kai oi mèjodoi dunamikoÔ programmatismoÔ. EpÐshc, autoÐ sundèoun tic dÔo
kathgorÐec problhm�twn kai epomènwc sundèoun ètsi me ton trìpo autì tic
multiplier protim seic me thn axiwmatik  jemelÐwsh tou Uncertainty Aver-
sion. To parak�tw prìblhma orÐzei tic protim seic autèc, ìpou sundu�zontac
tic ergasÐec tou Wang [77], [78], lamb�noume mÐa axiwmatik� jemeliwmènh
èkdosh twn protim sewn aut¸n.

J(θ) = sup
C

inf
QεQ(η)

EQ
∫ ∞

0
e−δtU(C)dt+ θR(Q//P )

µ.π. Stoqastik  diaforik  exÐswsh

Stic dÔo parap�nw proseggÐseic ta bajmwt� η, θ dhl¸noun to sÔnolo twn
enallaktik¸n montèlwn, ta opoÐa to �tomo pou lamb�nei apof�seic eÐnai prì-
jumo na jewr sei   diaforetik� pìso sÐgouro eÐnai gia to arqikì tou montèlo.

1Thn apìstash aut  thn metr�me me autì to mètro entropÐac pou eÐnai Ðso me to
olokl rwma tou logarÐjmou thc Randon Nikodin parag¸gou twn dÔo mètrwn.
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Eidikìtera, to θ mporeÐ na jewrhjeÐ san o pollaplasiast c Lagrange ston
periorismì entropÐac R(Q//P ) ≤ η. Gia k�je η èqei deiqjeÐ ìti up�rqei θ
ètsi ¸ste ta dÔo probl mata na èqoun Ðdiec lÔseic.

Anaforik� me thn epÐlush aut¸n twn problhm�twn axÐzei ed¸ na dojeÐ
idiaÐterh èmfash sto gegonìc ìti oi protim seic pou orÐzontai me th bo jeia
pollaplasiast  èqoun mÐa anadromik  dom  pou epitrèpei na efarmostoÔn ta
ergaleÐa kai oi mèjodoi tou dunamikoÔ programmatismoÔ. Eidikìtera, k�non-
tac qr sh twn apotelesm�twn twn Fleming Souganidis [27] anaforik� me th
lÔsh sto parap�nw pollaplasiastikì prìblhma lamb�noume ìti h sun�rthsh
axÐac tou probl matoc eÐnai ix¸dhc lÔsh (viscosity solution) mÐac exÐswshc
pou anaparist� èna stoqastikì diaforikì paÐgnio metaxÔ dÔo paikt¸n, kai
h opoÐa epilÔetai eÐte analutik� eÐte arijmhtik� efarmìzontac kat�llhlec
teqnikèc an�loga me th fÔsh tou probl matoc pou kaloÔmaste na antimetw-
pÐsoume.

H makrooikonomÐa kai idiaÐtera h nomismatik  politik   tan apì touc pr¸-
touc tomeÐc ìpou ègine efarmog  thc jewrÐac tou eustajoÔc èlegqou. Qarak-
thristik� anafèroume tic ergasÐec thc om�dac touHansen kai Sargent: [33],
[34], [35], [36], [37], [38]. 'Enac �lloc q¸roc ston opoÐo èqoun efarmog  oi
parap�nw idèec eÐnai autìc thc q�raxhc periballontologik c politik c kai
diaqeÐrishc fusik¸n pìrwn, ìpou h apostrof  sthn abebaiìthta mporeÐ na
qrhsimopoihjeÐ gia th diatÔpwsh thc arq c thc profÔlaxhc, (Precautionary
Principle), [12], [62]. 'Allec parìmoiec efarmogèc, pou antimetwpÐzoun thn
Ôparxh abebaiìthtac apoteloÔn autèc twn: Brainard [8], Onatski kai Stock
[57], Onatski kai Williams [58], Soderstrom [69]. EpÐshc oi ergasÐec twn
Brock kai Durlauf [9], Brock,Durlauf kai West [10], gia efarmog  sth
q�raxh politik c kai thn axiolìghsh aut c.

H melèth thc jewrÐac l yhc apof�sewn k�tw apì sunj kec pou qarak-
thrÐzontai apì abebaiìthta, h opoÐa ta teleutaÐa qrìnia èqei arqÐsei na
kentrÐzei èntona to endiafèron thc oikonomik c episthmonik c koinìthtac,
apoteleÐ to jèma thc paroÔsac didaktorik c diatrib c. Ta pedÐa efarmog c
ta opoÐa emeÐc epilègoume, me skopì th melèth thc epÐdrashc thc abebaiìth-
tac sth q�raxh politik c eÐnai autì thc bèltisthc epilog c qartofulakÐou,
kaj¸c epÐshc kai ekeÐno thc diaqeÐrishc oikosusthm�twn. Sth sunèqeia blè-
poume pwc ta apotelèsmata aut�, mporoÔn na efarmostoÔn se sÔgqronouc
tomeÐc thc anjr¸pinhc drasthriìthtac, ìpwc autìc tou diadiktÔou.

Eidikìtera h paroÔsa diatrib  èqei domhjeÐ wc ex c: Sto epìmeno ke-
f�laio gÐnetai parousÐash tou probl matoc thc bèltisthc epilog c qarto-
fulakÐou me qr sh mejìdwn eustajoÔc elègqou kai anaskìphsh twn apote-
lesm�twn tìso twn prohgoÔmenwn proseggÐsewn ìso kai thc paroÔsac di-
atrib c. Sta epìmena trÐa kef�laia, dhlad  sta 3,4,5, dÐnontai analutik�
ta kÔria apotelèsmata anaforik� me th melèth tou probl matoc. Sta ke-
f�laia 6,7,8, parousi�zoume efarmogèc pou aforoÔn sth diaqeÐrish oiko-
susthm�twn. Eidikìtera, sto kef�laio 6 perigr�foume ta probl mata pou
antimetwpÐzoume kai parajètoume ta kÔria apotelèsmata, en¸ sta dÔo epìm-

11



ena èqoume thn analutik  epÐlush aut¸n. 'Epeita, sto kef�laio 9 blèpoume
pwc aut� efarmìzontai se jèmata pou sqetÐzontai me to diadÐktuo kai sth
suneqeÐa to kef�laio 10, perièqei ta sumper�smata. Tèloc, parajètoume ta
parart mata me tic apodeÐxeic kai touc k¸dikec.
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2 Eustaj c èlegqoc sth jewrÐa epilog c qartofu-
lakÐou

Mia idiaÐtera axiìlogh efarmog  thc jewrÐac pou afor� sthn antimet¸pish
oikonomik¸n problhm�twn sthn perÐptwsh Ôparxhc abebaiìthtac, apoteleÐ h
diatÔpwsh kai diexodik  melèth tou probl matoc bèltisthc epilog c qarto-
fulakÐou tou Merton [53], [54], san èna prìblhma eustajoÔc elègqou. Ei-
dikìtera, anaforik� se autì oMaenhout [52] sthrizìmenoc sth jewrÐa ìpwc
aut  diatup¸jhke apì touc Hansen kai Sargent, antimet¸pise to prìblh-
ma sthn perÐptwsh ìpou oi protim seic tou ependÔth-katanalwt  perigr�-
fontai apì mÐa stajeroÔ sqetikoÔ suntelest  apostrof c kindÔnou, CRRA,
(Constant Relative Risk Aversion), sun�rthsh qrhsimìthtac kai oi ependu-
tikèc tou dunatìthtec periorÐzontai se mÐa axÐa stajer c apìdoshc kai mÐa
h opoÐa qarakthrÐzetai apì abebaiìthta. O Maehout melèthse to prìblhma
sthn perÐptwsh tìso stajeroÔ ìso kai stoqastikoÔ sunìlou ependutik¸n
epilog¸n, to basikì tou de apotèlesma  tan ènac prosarmosmènoc kanìnac
tÔpou Merton, ìpou h protÐmhsh gia èlegqo thc eust�jeiac tou montèlou
mei¸nei dramatik� th z thsh gia thn axÐa h opoÐa den qarakthrÐzetai apì
stajer  apìdosh. Sthn prosp�jeia tou na lÔsei analutik� to prìblhma
k�nei qr sh enìc omojetikoÔ epiqeir matoc kai deÐqnei ìti sthn perÐptwsh
aut  to prìblhma eÐnai isodÔnamo me ekeÐno thc {Stochastic Differential Util-
ity} twn Duffie kai Epstein, [19], pou apoteleÐ thn se suneq  qrìno èkdosh
thc ergasÐac twn Epstein kai Zin [26]. Me ton metasqhmatismì ìmwc autìn,
metatrèpei thn exwgen  par�metro θ, se sun�rthsh thc sun�rthshc axÐac tou
probl matoc, endogenopoi¸ntac thn me ton trìpo autì, gegonìc pou èqei wc
apotèlesma na sp�sei o sÔndesmoc me touc Gilboa kai Schmeidler kai thn
axiwmatik  jemelÐwsh tou Uncertainty Aversion, dhlad  thc apostrof c
sthn abebaiìthta.

H epèktash thc parap�nw ergasÐac sthn perÐptwsh n axi¸n pou emperiè-
qoun abebaiìthta parèqetai apì touc Uppal kaiWang [73]. AutoÐ stoqeÔoun
sthn an�ptuxh mÐac mejodologÐac h opoÐa epitrèpei abebaiìthta wc proc thn
apì koinoÔ katanom  twn apodìsewn ìlwn twn axi¸n pou jewroÔntai sto
qartoful�kio, ìso kai wc proc thn perij¸ria katanom  twn apodìsewn ka-
jenìc enìc ek twn uposÔnolwn pou dÔnatai na jewrhjeÐ. AutoÐ elègqoun
to montèlo touc jewr¸ntac tic apodìseic enìc diejnoÔc qartofulakÐou kai
deÐqnoun ìti ìtan h abebaiìthta wc proc thn apì koinoÔ katanom  tou qarto-
fulakÐou eÐnai uyhl , tìte arkoÔn mikrèc di�forec sthn abebaiìthta wc proc
thn perij¸ria katanom  gia na odhghjoÔme se uyhl  diaforopoÐhsh sugkri-
tik� me to montèlo tou Merton. 'Allh mÐa ergasÐa pou èqei thn b�sh thc
se aut  tou Maehout eÐnai aut  twn Liu Pan kai Wang [50], oi opoÐoi an-
timetwpÐzoun thn perÐptwsh Ôparxhc spanÐwn gegonìtwn, prosjètontac ènan
ìro pou antistoiqeÐ se Poisson jumps, sthn exÐswsh pou perigr�fei thn
exèlixh thc tim c tou qartofulakÐou. 'Omwc kai stic dÔo parap�nw ergasÐec
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qrhsimopoieÐtai to Ðdio ìqi tìso austhrì epiqeÐrhma pou endogenopoieÐ thn
par�metro eustajeÐac. Enallaktik�, se autèc, eÐnai h ergasÐa tou Pathak
[59] h opoÐa stoqeÔei sthn ex�leiyh thc paramètrou θ me th qr sh twn Mul-
tiple Priors Models. Analutikìtera, autì epitugq�netai qrhsimopoi¸ntac
thn K− Ignorance mejodologÐa ìpwc sthn ergasÐa twn Chen Epstein [16],
kajorÐzontac exarq c th qeirìterh dunat  diataraq . To apotèlesma pou
prokÔptei me th qr sh aut c thc mejodologÐac eÐnai ènac kanìnac san autì
tou Merton me mikrìterh mèsh anamenìmenh tim .

'Ena apì ta kÔria sumper�smata pou prokÔptoun stic perissìterec twn
peript¸sewn, san apotèlesma thc efarmog c thc jewrÐac tou eustajoÔc
elègqou eÐnai ìti h epijumÐa gia èlegqo thc eust�jeiac tou montèlou sun jwc
odhgeÐ se sunthrhtikìterh sumperifor�. Sthn paroÔsa diatrib , arqik�,
k�nontac qr sh thc jewrÐac tou eustajoÔc elègqou ja antimetwpÐsoume to
prìblhma bèltisthc epilog c qartofulakÐou touMerton lamb�nontac upìyh
thn Ôparxh abebaiìthtac kai ja exet�soume an kai pìte h jewrÐa odhgeÐ se
epijetikìterh sumperifor� sugkritik� me to paradosiakì montèlo pou anti-
stoiqeÐ sthn perÐptwsh apostrof c kindÔnou. Se aut  thn ergasÐa oi eusta-
jeÐc kanìnec parametrikopoioÔntai me th bo jeia thc paramètrou eust�jeiac
θ h opoÐa ìso megalÔterec timèc lamb�nei deÐqnei megalÔterh sigouri� sto
arqikì montèlo anafor�c 2. Ta apotelèsmata, de, pou lamb�nontai eÐnai
anex�rthta twn tim¸n aut c thc paramètrou, h opoÐa den endogenopoieÐtai
ìpwc stic parap�nw ergasÐec kai me ton trìpo autì den sp�ei o sÔndesmoc
me touc Gilboa Schmeidler. Sthn paroÔsa ergasÐa to endiafèron esti�zetai
kurÐwc stic multiplier protim seic, dhlad  protim seic pou orÐzontai me th
bo jeia pollaplasiast . Up�rqoun dÔo lìgoi pou mporeÐ qwrÐc prìblhma
na gÐnei autì. O pr¸toc eÐnai ìti sqetÐzontai me to {constrained} prìblh-
ma, ìpote eÐnai se sunèpeia me to axÐwma tou Uncertainty Aversion kai touc
Gilboa Schmeidler, en¸ o deÔteroc eÐnai ìti oi {multiplier} protim seic è-
qoun jemeliwjeÐ axiwmatik� apì tonWang [77], [78]. Epiplèon, oWang èqei
deÐxei ìti autèc oi protim seic pou jemeli¸nei axiwmatik� eÐnai se sunèpeia
me ton Elsberg, opìte analÔoume èna prìblhma epilog c qartofulakÐou pou
eÐnai se pl rh sunèpeia me th sumperifor� kat� Elsberg.

Eidikìtera sto epìmeno kefalaÐo arqik� parousi�zetai h genik  perÐptwsh
tou montèlou mac me mÐa axÐa stajer c apìdoshc kai n to pl joc axÐec ìpou h
exèlixh thc tim c touc qarakthrÐzetai apì abebaiìthta. 'Epeita, parousi�ze-
tai h lÔsh sthn eidik  perÐptwsh ìpou n = 1 kai dÐnetai arijmhtik  epÐlush
gia mÐa CRRA sun�rthsh qrhsimìthtac. Parak�tw, sto kef�laio 4 an-
timetwpÐzoume thn perÐptwsh ìpou èqoume dÔo axÐec pou qarakthrÐzontai apì
abebaiìthta, ìpou jewroÔme tìso Ðdia ìso kai diaforetik� epÐpeda abebaiìth-
tac metaxÔ twn axi¸n aut¸n. EpÐshc, epilÔoume gia thn Ðdia sun�rthsh

2Gia mÐa ekten  suz thsh anaforik� me thn ektÐmhsh thc paramètrou θ parapèm-
poume sthn ergasÐa twn Andersen et al. [3], ìpou anaptÔssetai h statistical detection
mejodologÐa.
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qrhsimìthtac kai parousi�zoume th lÔsh gia n to pl joc axÐec me diafore-
tik� epÐpeda abebaiìthtac. Eidikìtera, ìtan èqoume dÔo axÐec me Ðdia epÐpeda
abebaiìthtac deÐqnoume ìti eÐnai dunatìn na aux soume ta ependuìmena dia-
jèsima sth mÐa mìno apì tic dÔo axÐec, sthn perÐptwsh pou èqoume uyhl  tim 
tou suntelest  susqètishc metaxÔ twn Brownian kin sewn pou qarakthrÐ-
zoun thn exèlixh thc tim c twn dÔo axi¸n, sugkrinìmena me aut� tou tÔpou
tou Merton pou antistoiqeÐ sthn klassik  perÐptwsh apostrof c kindÔnou.
EpÐshc, se aut  thn perÐptwsh k�tw apì kat�llhlec sunj kec metaxÔ twn
tim¸n twn paramètrwn tou probl matoc dÔnatai ta sunolik� diajèsima na
eÐnai auxhmèna sqetik� me thn klassik  perÐptwsh. To Ðdio apotèlesma,
me diaforetikèc sunj kec apodeiknÔoume kai sthn perÐptwsh diaforetik¸n
epipèdwn abebaiìthtac metaxÔ twn dÔo axi¸n. Epiplèon, me th bo jeia twn
apotelesm�twn sthn perÐptwsh diaforetik¸n epipèdwn abebaiìthtac dÐnetai
mÐa ex ghsh gia to {home bias puzzle}. 3

Sth suneqeÐa jewroÔme èna stoqastikì sÔnolo ependutik¸n epilog¸n,
dhlad  epitrèpoume sth mèsh anamenìmenh tim  kai tupik  apìklish pou
qarakthrÐzei tic gewmetrikèc kin seic Brown mèsw twn opoÐwn montelopoieÐ-
tai h exèlixh thc tim c twn axi¸n, na exelÐssontai kai autèc stoqastik� sto
qrìno, dhlad  na perigr�fetai kai aut¸n h kÐnhsh touc mèsw gewmetrik¸n
kin sewn Brown kai antimetwpÐzoume arqik� th perÐptwsh ìpou to qarto-
ful�kio mac apoteleÐtai apì mÐa axÐa me stajer  apìdosh kai mÐa ìpou qarak-
thrÐzetai apì abebaiìthta. AntimetwpÐzoume to prìblhma tìso me Ðdia ìso
kai me diaforetik� epÐpeda abebaiìthtac wc proc thn exÐswsh pou perigr�fei
thn exèlixh thc tim c thc axÐac pou den qarakthrÐzetai apì stajer  apìdosh,
kaj¸c epÐshc kai thc mèshc anamenìmenhc tim c   tupik c apìklishc aut c.
Eidikìtera ed¸ apodeiknÔome kanìnec, sÔmfwna me touc opoÐouc den ginì-
maste epijetikìteroi se sqèsh me th perÐptwsh apostrof c kindÔnou. Genik�
se aut  th perÐptwsh de mporoÔme na apodeÐxoume analutik�, jewrhtik� epi-
jetikìterh sumperifor� se sqèsh me to paradosiakì perib�llon, all� Ðswc
me arijmhtikoÔc upologismoÔc gia sugkekrimènec sunart seic na isqÔei k�ti
tètoio.

'Epeita, aux�nontac perissìtero th poluplokìthta tou montèlo mac jew-
roÔme mÐa epiplèon deÔterh axÐa ìpou den qarakthrÐzetai apì stajer  apì-
dosh kai lÔnoume to prìblhma sthn perÐptwsh Ðdiwn kai diaforetik¸n epipèd-
wn abebaiìthtac metaxÔ aut¸n twn axi¸n. Ed¸, sthn perÐptwsh diaforetik¸n
epipèdwn abebaiìthtac deÐqnoune ìti dÔnatai na èqoume epijetikìterh sumper-
ifor� sth mÐa apì tic dÔo axÐec mìno, ìso epÐshc kai sto sÔnolo all� potè

3 'Eqoun gÐnei arketèc prosp�jeiec gia na exhghjeÐ to home bias puzzle. Gia par�deigma
oi Strong kai Xu [71], exhgoÔn to par�doxo b�sei thc optimistik c sumperifor�c twn di-
aqeirist¸n apènanti sthn egq¸ria agor� axi¸n. O Serrat [67], jewreÐ mh diapragmateÔsi-
ma agaj� ta opoÐa metatopÐzoun thn perij¸ria qrhsimìthta diapragmateÔsimwn agaj¸n.
Autì èqei san apotèlesma dunamikèc politikèc antist�jmishc pou eÐnai se sunèpeia me
to par�doxo, en¸ oi French kai Poterba [28], jewroÔn to kìstoc plhrofìrhshc san mÐa
ex ghsh gia autì.
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kai stic dÔo axÐec tautìqrona. Tèloc, jewr¸ntac apostrof  sthn abebaiìth-
ta wc proc thn exèlixh thc tim c thc mÐac mìno axÐac, en¸ wc proc thn �llh
apl� apostrof  ston kÐnduno, deÐqnoume ìti eÐnai pio pijanì na èqoume pio
epijetik  sumperifor� sthn axÐa ìpou pisteÔoume ìti gnwrÐzoume thn exÐsw-
sh exèlixh thc tim c thc. B�sei tou teleutaÐou parèqoume ìpwc kai sthn
perÐptwsh stajeroÔ sunìlou ependutik¸n dunatot twn mÐa ex ghsh gia to
{home bias puzzle}.
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3 EustajeÐc kanìnec epilog c qartofulakÐou

Sto kef�laio autì, arqik� ja analÔsoume to genikì montèlo sthn perÐptwsh
ìpou èqoume mÐa axÐa stajer c apìdoshc kai n to pl joc axÐec ìpou qarak-
thrÐzontai apì Ðdia epÐpeda abebaiìthtac wc proc thn exèlixh thc tim c touc.
'Epeita, ja doÔme thn eidik  perÐptwsh autoÔ tou montèlou gia n = 1 kai ja
epilÔsoume autì gia mÐa CRAA sun�rthsh qrhsimìthtac.

3.1 To montèlo mac

JewroÔme mÐa agor�, h opoÐa apoteleÐtai apì mÐa axÐa sthn opoÐa h epèn-
dush qarakthrÐzetai wc mhdenikoÔ kindÔnou, h exèlixh, de, thc tim c thc eÐnai
dunatìn na perigrafeÐ apì thn parak�tw exÐswsh:

dS(t) = rS(t)dt S(0) = S0, t ≥ 0,

ìpou me r sumbolÐzoume to epitìkio qwrÐc kÐnduno kai apì i = 1, ..., n axÐec
stic opoÐec h epèndush den sunodeÔetai apì stajer  apìdosh, all� qarak-
thrÐzetai apì abebaiìthta. SumbolÐzontac me (α1, α2, ..., αn) tic mèsec ana-
menìmenec apodìseic kai me (σ1, σ2, ..., σn), tic antÐstoiqec tupikèc apoklÐseic,
tìte h exèlixh twn tim¸n P = [diag(P1, P2, ..., Pn)] twn n axi¸n, eÐnai dunatìn
na perigrafeÐ, me th bo jeia pin�kwn, apì to parak�tw sÔsthma stoqastik¸n
diaforik¸n exis¸sewn:

dP = PAdt+ PΣRdB (3.1)

ìpou A,Σ, eÐnai n × n diag¸nioi pÐnakec, me diag¸nia stoiqeÐa αi, σi antÐs-
toiqa. R 4, eÐnai ènac pÐnakac tètoioc ¸ste o ΣR(ΣR)T na eÐnai Ðsoc me ton
pÐnaka diakum�nsewn, sundiakum�nsewn kai B = [B1, B2, ..., Bn]T 5 eÐnai n
anex�rthtec kin seic Brown orismènec se èna q¸ro pijanìthtac (Ω,F), efo-
diasmèno me mètro pijanìthtac to kartesianì ginìmeno P = P1⊗P2⊗...⊗Pn.

H lÔsh tou Merton [53], [54], sto prìblhma thc bèltisthc epilog c qarto-
fulakÐou, gia to prìblhma tou �peirou qronikoÔ orÐzonta sthn perÐptwsh n
axi¸n pou emperièqoun kÐnduno, orÐzetai apì to prìblhma:

max
wi,C

E0

∫ ∞

0
e−δtU(C)dt (3.2)

ìpou U eÐnai mia sunhjismènh sun�rthsh qrhsimìthtac me U ′(·) > 0, U ′′(·) <
0. H lÔsh tou probl matoc kajorÐzei to bèltisto posostì epèndushc wi, to

4 'Ena tupikì stoiqeÐo tou pÐnaka R ja doÔme sthn parak�tw enìthta ìpou ja melet -
soume thn perÐptwsh duo axi¸n stic opoÐec h epèndush emperièqei kÐnduno kai qarakthrÐze-
tai apì abebaiìthta.

5O deÐkthc T sumbolÐzei ton an�strofo enìc pÐnaka.
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opoÐo eÐnai to kl�sma tou sunolikoÔ qartofulakÐou, W , pou katanèmetai se
k�je mÐa axÐa, i kai dÐnetai apì to parak�tw sÔsthma exis¸sewn:

wiW = A

n∑
j=1

Υ−1
ij (αi − r) i = 1, ..., n (3.3)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

ìpou V eÐnai h sun�rthsh axÐac (value function) tou probl matoc, VW ,
VWW , h pr¸thc kai deÔterhc t�xhc merik  par�gwgoc wc proc to sunolikì
eisìdhma W kai Υ−1 eÐnai o antÐstrofoc tou pÐnaka diakum�nsewn sundi-
akum�nsewn.

Akolouj¸ntac touc Hansen Sargent [36], Hansen et al. [39], to montèlo
(3.1), jewroÔme ìti eÐnai to montèlo anafor�c. An o katanalwt c-ependut c
 tan sÐgouroc gia to arqikì montèlo anafor�c, tìte den ja up rqe kamÐa
anhsuqÐa gia thn eust�jeia tou montèlou kai an autì eÐnai pl rwc kajoris-
mèno h ìqi. Diaforetik�, mia tètoia anhsuqÐa, sqetik� me to arqikì montè-
lo anafor�c, eÐnai dunatìn na apotupwjeÐ lamb�nontac mÐa oikogèneia sto-
qastik¸n diataraq¸n. ExaitÐac tou ìti up�rqoun n anex�rthtec stoqastikèc
kin seic, k�je mÐa apì autèc eÐnai dunatìn na diataraqjeÐ xeqwrist� ètsi
¸ste: 6

Bi(t) = B̂i(t) +
∫ t

0
hi(s)ds , i = 1, ..., n (3.4)

ìpou {B̂i(t) : t ≥ 0} eÐnai kin seic Brown, kai {hi(t) : t ≥ 0} metr simec
sunart seic. Akolouj¸ntac aut  th diadikasÐa ta arqik� mètra pijanìthtac
pou aforoÔsan sthn arqik  exÐswsh (3.1), me ton trìpo autì diatar�sson-
tai. Epomènwc, to mètro pijanìthtac P antikajÐstatai apì èna �llo mètro
pijanìthtac Q = Q1 ⊗Q2, ...,⊗Qn. 'Opwc èqei apodeiqjeÐ apì touc Hansen
et al. [39] h apìstash metaxÔ twn dÔo aut¸n katanom¸n pijanìthtac P kai
Q eÐnai dunatìn na metrhjeÐ qrhsimopoi¸ntac èna mètro sqetik c entropÐac,
R(Q ‖ P). Se autì to st�dio ja jewr soume diataraqèc sthn apì koinoÔ
katanom  pijanìthtac twn axi¸n, �ra epomènwc ja qrhsimopoi soume èna
apì koinoÔ periorismì entropÐac gia tic n autèc axÐec. B�sei tou l mmatoc
C3.3 twn Dupuis Ellis [21], sthn perÐptwsh aut  h entropÐa isoÔtai me:

R(Q ‖ P) =
n∑

i=1

R(Qi ‖ Pi) =
n∑

i=1

∫ ∞

0
e−δuEQ

(
h2

i

2

)
du. (3.5)

H parap�nw exÐswsh mac epitrèpei na jewr soume n xeqwristèc diataraqèc
mÐa gia k�je axÐa xeqwrist�. Gia na mei¸soume ìmwc th poluplokìthta
tou montèlou mac, arqik� upojètoume ìti èqoume summetrik¸c diataragmèna

6Autìc eÐnai kai o lìgoc pou qrhsimopoioÔmai aut  thn eidik  morf  thc exÐswshc
(3.1).
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mètra Qi, kai exet�zoume thn perÐptwsh me Ðdia hi. Se aut  th sugkekrimènh
perÐptwsh h exÐswsh h opoÐa perigr�fei thn exèlixh thc tim c tou sunolikoÔ
diajèsimou posoÔ tou katanalwt  eÐnai h parak�tw

dW =
(
rW − c+

n∑
i=1

wi(αi − r)W + h

n∑
i=1

σiRriwiW

)
dt (3.6)

+
n∑

i=1

n∑
j=1

wjσjWRijdB̂i

ìpou Rri =
∑n

j=1Rij ,
7 eÐnai to io stoiqeÐo enìc pÐnaka, k�je stoiqeÐo tou

opoÐou isoÔtai me to �jroisma twn stoiqeÐwn thc i gramm c tou pÐnaka R.
Sthn perÐptwsh pou o ependÔthc pisteÔei ìti to montèlo tou den eÐnai pl rwc
kajorismèno, èna pollaplasiastikì prìblhma eustajoÔc elègqou mporeÐ na
susqetisteÐ me to prìblhma thc megistopoÐhshc thc paroÔsac axÐac thc mèshc
tim c thc qrhsimìthtac tou ependÔth:

max
wi,C

E0

∫ ∞

0
e−δtU(C)dt (3.7)

Se aut  thn perÐptwsh to pollaplasiastikì prìblhma eustajoÔc elègqou
gÐnetai:

J(θ) = sup
wi,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θn

h2

2
]
dt (3.8)

m.p. (3.6).
Sthn parap�nw sqèsh exaitÐac thc exÐswshc (3.5) θn = nθ, ìpou me θ

sumbolÐzoume th par�metro eust�jeiac h opoÐa paÐrnei timèc megalÔterec  
Ðsec tou mhdenìc. Epomènwc èqoume upojèsei ìti h anhsuqÐa sqetik� me to
abebaiìthta tou montèlou mac eÐnai Ðdia gia ìlec tic axÐec. 'Opwc èqei apodeiq-
jeÐ apì touc Hansen Sargent [36], h par�metroc θ paÐzei to rìlo tou pol-
laplasiast  tou Lagrange, se èna prìblhma beltistopoÐhshc kai susqetÐze-
tai me thn akìloujh sunj kh entropÐacQ (τ) = {Q ∈ Q : Rt(Q ‖ P) ≤ τ ∀t}.
MÐa tim  tou θ = ∞ dhl¸nei ìti eÐmaste apìluta sÐgouroi gia to arqikì mac
montèlo kai gia to mètro anafor�c kai den endiaferìmaste gia thn eust�jeia
autoÔ. Aut  h perÐptwsh ousiastik� eÐnai ekeÐnh ìpou o ependut c qarak-
thrÐzetai apì apostrof  ston kÐnduno kai to prìblhma mac katal gei se autì
tou Merton, ìpou o stìqoc dÐnetai apì thn exÐswsh (3.7). Mikrìterec timèc
thc paramètrou upodhl¸noun ìti o ependÔthc pisteÔei ìti to montèlo tou den
eÐnai pl rwc kajorismèno kai anhsuqeÐ gia thn eust�jeia autoÔ. EÐmaste,
loipìn, t¸ra sthn perÐptwsh thc apostrof c sthn abebaiìthta ìpou eidik�
mÐa tim  tou θ = 0 dhl¸nei ìti den èqoume kajìlou gn¸sh gia to arqikì mac
montèlo kai to mètro P.

7Sthn perÐptwsh twn dÔo axi¸n pou ja exet�soume parak�tw: : Rr1 = 1, Rr2 =
ρ +

√
1− ρ2, ìpou me ρ sumbolÐzoume ton suntelest  susqètishc.
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Qrhsimopoi¸ntac ta apotelèsmata twn Fleming Souganidi, [27] anaforik�
me thn Ôparxh anadromik c lÔshc sto parap�nw pollaplasiastikì prìblhma,
oi Hansen et al. [39], apodeiknÔoun ìti to prìblhma mporeÐ na metatrapeÐ se
èna stoqastikì diaforikì paÐgnio metaxÔ tou ependut  kai thc fÔshc. H fÔsh
paÐzei to rìlo enìc eqjrikoÔ paÐkth kai epilègei to h kat� tètoio trìpo ¸ste
na mei¸sei th mèsh tim  thc qrhsimìthtac tou ependut . H Bellman-Isaacs,
sunj kh pou antistoiqeÐ sto parap�nw prìblhma deÐqnei ìti h sun�rthsh
axÐac tou probl matoc V (W, θ), ikanopoieÐ thn parak�tw exÐswsh.

δV = max
wi,C

min
h

{
U(C) +

(
rW − c+

n∑
i=1

wi(αi − r)W (3.9)

+ h

n∑
i=1

σiRriwiW
)
VW + θn

h2

2
+

1
2
VWW

n∑
i=1

n∑
j=1

wiwjσijW
2
}
.

Oi sunj kec pr¸thc t�xhc pou perigr�foun th lÔsh tou parap�nw paignÐou
metaxÔ tou katanalwt  kai thc fÔshc eÐnai oi parak�tw:

U ′(C) = VW (3.10)

h = −
VWW

∑n
i=1wiσiRri

θn
(3.11)

n∑
j=1

wjWσij = A(αi − r) +AσiRrih , i = 1, ..., n (3.12)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

(3.13)

Apì to parap�nw sÔsthma twn exis¸sewn eÐnai dunatìn eÔkola na deiq-
jeÐ ìti kaj¸c θ → ∞ h lÔsh mac sumpÐptei me aut  tou Merton, h opoÐa
perigr�fetai apì thn sqèsh (3.3). Qrhsimopoi¸ntac th sqèsh (3.11) ètsi ¸-
ste na exaleÐyoume to h apì thn exÐswsh (3.12), lamb�noume ìti ta bèltista
eustaj  b�rh   diaforetik� to posostì tou qartofulakÐou pou ependÔetai
se k�je mÐa axÐa dÐnetai apì th sqèsh:

w∗iW = A
n∑

j=1

υ−1
ij (αj − r) , i = 1, ..., n (3.14)

ìpou υ−1 eÐnai o antÐstrofoc tou pÐnaka :

[υij ] = [(ΣDΣ)ij ] (3.15)

Dij =
(
ρij −

V 2
W

θnVWW
RriRrj

)
(3.16)

kai ρij eÐnai o suntelest c susqètishc an�mesa sta i kai j sto montèlo
anafor�c (σij = σiσjρij). Gia na kajorÐsoume th metabol  tou qartofu-
lakÐou pou ependÔetai sthn perÐptwsh thc apostrof c thc abebaiìthtac se
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sqèsh me ekeÐnh thc apostrof c ston kÐnduno, afairoÔme apì thn exÐswsh
(3.3) thn sqèsh (3.14) kai telik� lamb�noume ìti: 8

W (wi − w∗i ) = W∆wi = A
n∑

j=1

[Σ−1(Π−1 −D−1)Σ−1]ij(αj − r) , i = 1, ..., n

(3.17)
ìpou, Π = RR′ eÐnai o pÐnakac twn suntelest¸n susqètishc. An ∆wi < (>)0,
tìte b�sei thc jewrÐac tou eustajoÔc èlegqou, h apostrof  sthn abebaiìth-
ta, aux�nei (mei¸nei) ta diajèsima pou ependÔontai sthn axÐa se sqèsh me thn
perÐptwsh apostrof c ston kÐnduno.

H sunolik  metabol  twn ependuìmenwn pos¸n an�mesa sthn perÐptwsh
apostrof c sthn abebaiìthta kai apostrof c ston kÐnduno b�sei thc (3.17)
isoÔtai me:

W∆w = W
n∑

i=1

∆wi = A

n∑
i=1

n∑
j=1

[Σ−1(Π−1 −D−1)Σ−1]ij(αj − r) (3.18)

An ∆W < (>)0, h apostrof  sthn abebaiìthta odhgeÐ se aÔxhsh (meÐwsh)
twn sunolik¸n diajesÐmwn pou ependÔontai stic axÐec pou qarakthrÐzontai
apì abebaiìthta se sqèsh me thn perÐptwsh apostrof c ston kÐnduno.

Sth sunèqeia, parak�tw, gia na l�boume sunj kec ìpou ta prìshma twn
∆wi, ∆w, mporoÔn na kajoristoÔn kai na parousiastoÔn eukolìtera jew-
roÔme tic peript¸seic:

3.2 EustajeÐc kanìnec katanom c qartofulakÐou me mÐa axÐ-
a pou emperièqei abebaiìthta

JewroÔme ìti o ependut c-katanalwt c èqei th dunatìthta na ependÔsei se
mÐa axÐa me stajer  apìdosh r, ìpou h exèlixh thc tim c thc perigr�fetai
apì thn parak�tw exÐswsh:

dS(t) = rS(t)dt S(0) = S0, t ≥ 0,

kaj¸c epÐshc kai se mÐa �llh axÐa, thc opoÐac h exèlixh thc tim c thc P1

upojètoume ìti ikanopoieÐ mÐa gewmetrik  kÐnhsh Brown:

dP (t) = α1P (t)dt+ σ1P (t)dB1(t) t ≥ 0, (3.19)

P (0) = P0,

ìpou me α1 sumbolÐzoume th mèsh anamenìmenh apìdosh kai me σ1 thn tupik 
apìklish. {B1(t) : t ≥ 0} eÐnai mÐa monodi�stath kÐnhsh se èna q¸ro
pijanìthtac (Ω,F ,P). 'Estw ìti me w1, w2 sumbolÐzoume ta posost� tou

8Gia polÔ mikrèc metabolèc sthn tim  tou θ, eÐnai mÐa basik  �skhsh sugkritik c
statik c gia na qarakthrÐsoume tic metabolèc ∂w∗

i /∂θ.
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qartofulakÐou W , ta opoÐa katanèmontai sth deÔterh kai thn pr¸th epilog 
antÐstoiqa. Ja ikanopoieÐtai, de, h exÐswsh w1 + w2 = 1. Epomènwc, h
exÐswsh pou ikanopoieÐ to sunolikì eisìdhma tou ependÔth eÐnai h epìmenh: 9

dW = w1(α1 − r)Wdt+ (rW − C)dt+Wσ1w1dB1, (3.21)

Sthn parap�nw exÐswsh, me C sumbolÐzoume to rujmì katan�lwshc tou epen-
dut . H lÔsh tou Merton, [53], [54], gia to prìblhma thc bèltisthc epilog c
qartofulakÐou

max
w1,C

E0

∫ ∞

0
e−δtU(C)dt (3.22)

eÐnai h parak�tw:

U ′(C) = VW , (3.23)

w1 =
(r − α1)
σ2W

VW

VWW
, (3.24)

VW

VWW
=

U ′(C)
U ′′(C) ∂C

∂W

< 0. (3.25)

Akolouj¸ntac thn diadikasÐa thn opoÐa perigr�yame sto prohgoÔmeno
kef�laio, jewroÔme ìti to montèlo to opoÐo perigr�fetai apì thn exÐswsh
(3.19) eÐnai to montèlo anafor�c. Prokal¸ntac mÐa diataraq  sto montèlo
mac, antikajist¸ntac thn kÐnhsh B1(t) apì thn:

B1(t) = B̂1(t) +
∫ t

0
h(s)ds, (3.26)

ìpou {B̂1(t) : t ≥ 0} eÐnai mÐa �llh Brownian kÐnhsh kai {h(t) : t ≥ 0}
mÐa metr simh sun�rthsh, to mètro P antikajÐstatai apì èna �llo mètro
pijanìthtac Q. Epomènwc qrhsimopoi¸ntac thn exÐswsh (3.26), h sqèsh
(3.21) pou anafèretai sthn exèlixh tou eisod matoc gÐnetai

dW = w1(α1 − r + σ1h)Wdt+ (rW − C)dt+Wσ1w1dB̂1. (3.27)

H apìstash metaxÔ twn dÔo pijanojewrhtik¸n mètrwn P kai Q dÐnetai apì
th sqèsh:

R(Q) =
∫ ∞

0
e−δuEQ

(
h2

2

)
du (3.28)

9Gia na doÔme b�sei poiac exÐswshc exelÐssetai to eisìdhma tou katanalwt  qrhsi-
mopoioÔme th sqèsh:

dW =

2∑
i=1

wiW

Pi
(αiPidt + σiPidBi)− cdt, (3.20)

ìpou wi = NiPi
W

kai Ni o arijmìc twn meridÐwn thc axÐac i pou katanèmontai stouc
metìqouc. Jètontac α2 = r, σ2 = 0, gia thn axÐa stajer c apìdoshc èqoume to zhtoÔmeno.
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kai an to R(Q) eÐnai peperasmèno, tìte:

Q
{∫ ∞

0
h2du <∞

}
= 1 (3.29)

me to mètro Q na eÐnai apìluta suneqèc wc proc to P.
Sthn perÐptwsh, loipìn, pou o ependut c anhsuqeÐ gia to montèlo anafor�c

tou, to pollaplasiastikì prìblhma eustajoÔc elègqou to opoÐo sqetÐzetai
me th megistopoÐhsh thc wfelimìthtac:

max
w1,C

E0

∫ ∞

0
e−δtU(C)dt.

dÐnetai apì th sqèsh:

J(θ) = sup
w1,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θ

h2

2
]
dt (3.30)

m.p. (3.27).
Akolouj¸ntac th diadikasÐa thn opoÐa perigr�yame sto prohgoÔmeno up-

okef�laio odhgoÔmaste sto ìti h sun�rthsh axÐac V (W, θ) ikanopoieÐ th
sqèsh:

δV = max
w1,C

min
h

{
U(C) + θ

h2

2
+
(
w1(α1 − r + σ1h)W + rW − C

)
VW

+
1
2
W 2σ2

1w
2
1VWW

}
. (3.31)

H lÔsh tou parap�nw probl matoc qarakthrÐzetai apì tic parak�tw sqèseic

U ′(C) = VW ,

h = −σVWWw∗1
θ

, (3.32)

w∗1 =
(r − α1)
σ2W

VW

VWW

1(
1− V 2

W
θVWW

) , (3.33)

VW

VWW
=

U ′(C)
U ′′(C) ∂C

∂W

,

ìpou me w∗1 sumbolÐzoume to posostì tou qartofulakÐou tou ependut  to
opoÐo katanèmetai sthn axÐa ìpou h epèndush den sunodeÔetai apì stajer 
apìdosh kai o katanalwt c pou anhsuqeÐ gia thn eust�jeia tou montèlou
pou perigr�fei thn exèlixh thc tim c anazhteÐ eustajeÐc kanìnec epilog c
qartofulakÐou. An sugkrÐnoume tic posìthtec w1 kai w∗1 oi opoÐec dÐnontai
apì tic sqèseic (3.24) kai (3.33), antÐstoiqa, lamb�noume lìgw thc sqèshc
(3.25) ìti:

w1

w∗1
= 1−

V 2
W

θVWW
> 1. (3.34)
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Epomènwc, anex�rthta thc sun�rthshc qrhsimìthtac tou katanalwt  kai thc
tim c thc paramètrou eust�jeiac h anhsuqÐa gia thn eust�jeia tou montèlou
odhgeÐ se meÐwsh tou ependuìmenou posostoÔ tou qartofulakÐou sthn axÐa h
opoÐa qarakthrÐzetai apì abebaiìthta, sugkrinìmeno me to posostì to opoÐo
mac dÐnei o tÔpoc tou Merton. Epiplèon, kaj¸c to θ −→ ∞ to bèltisto
eustajèc posostì teÐnei sto bèltisto posostì tou tÔpou tou Merton kai o
katanalwt c energeÐ san na  xere to montèlo tou me sigouri�.

3.2.1 MÐa CRRA sun�rthsh qrhsimìthtac

Sthn prosp�jeia mac na katal�boume pwc h protÐmhsh gia èlegqo thc eust�-
jeiac tou montèlou tou katanalwt  ephre�zei tic ependutikèc tou epilogèc se
autì to upokef�laio ja parousi�soume thn perÐptwsh thc eustajoÔc epi-
log c qartofulakÐou ìtan h sqèsh protÐmhshc tou ependÔth qarakthrÐze-
tai apì mÐa stajeroÔ sqetikoÔ suntelest  apostrof c kindÔnou sun�rthsh
qrhsimìthtac (CRRA) thc morf c u (C) = Cγ , me 0 < γ < 1, ìpou 1 − γ
eÐnai o stajerìc suntelest c apostrof c kindÔnou. Antikajist¸ntac tic sqè-
seic (3.23), (3.32), (3.33) sthn (3.31) blèpoume ìti h par�metroc Q ikanopoieÐ
th sqèsh:

δ = Q
1

γ−1 − 1
θ

(r − α1)2

σ2
1

(
γ

γ − 1

)2

Q3W γ

(
1

1− γ

γ−1
1
θQ

2W γ

)2

(3.35)

+γ(r −Q
1

γ−1 )− (r − α1)2

σ2
1

(
γ

γ − 1

)
Q

(
1

1− γ

γ−1
1
θQ

2W γ

)

+
1
2

(r − α1)2

σ2
1

γ

γ − 1
Q

(
1

1− γ

γ−1
1
θQ

2W γ

)2

PeriorÐzontac to endiafèron mac se sunart seic axi¸n thc morf c V (W, θ) =
Q W γ , upologÐzoume arqik� thn tim  thc paramètrou Q k�nontac qr sh thc
prohgoÔmenhc exÐswshc kai èpeita me th bo jeia thc sqèshc (3.33), brÐskoume
thn antÐstoiqh tim  tou bèltistou eustajoÔc posostoÔ w∗1, to opoÐo kaj¸c
to θ teÐnei sto �peiro antistoiqeÐ sth lÔsh tou Merton, lìgw thc exÐswshc
(3.34). Pio sugkekrimèna gia tic parak�tw timèc twn paramètrwn mac:

δ = 0.05 α1 = 0.05 σ1 = 0.5 r = 0.03 W = 100

oi Eikìnec 1,2 apeikonÐzoun th lÔsh γ = 0.5 kai γ = 0.75 antÐstoiqa. Ei-
dikìtera h pr¸th eikìna apeikonÐzei thn tim  tou bèltistou eustajoÔc posos-
toÔ w∗1, en¸ h epìmenh antistoiqeÐ sto bèltisto rujmì katan�lwshc C∗ kaj¸c
to θ kineÐtai apì to 0.1 wc to 200.

Apì tic parap�nw eikìnec sumperaÐnoume ìti, kaj¸c to (θ −→ ∞) pou
shmaÐnei ìti h sigouri� gia to arqikì montèlo anafor�c aux�nei   alli¸c
ìti h protÐmhsh gia èlegqo thc eustajeÐac mei¸netai to bèltisto posostì
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aux�nei kai teÐnei se autì pou mac dÐnei o tÔpoc tou Merton. Epiplèon, h
katan�lwsh mei¸netai kai sugklÐnei sthn tim  thc perÐptwshc thc apostrof c
ston kÐnduno. 'Otan, de, h tim  tou apìlutou suntelest  apostrof c kÐndunou
h opoÐa dÐnetai apì thn 1− γ aux�nei, to bèltisto eustajèc posostì aux�nei
kai o rujmìc katan�lwshc mei¸netai gia ìlec tic timèc tou θ. Epomènwc, h
kÐnhsh tou bèltistou eustajoÔc posostoÔ tou qartofulakÐou, kaj¸c epÐshc
kai tou antistoÐqou rujmoÔ katan�lwshc, sugkritik� me mÐa metabol  tou
apìlutou suntelest  apostrof c kindÔnou, eÐnai h Ðdia me aut  thn opoÐa
ep�gei o tÔpoc tou Merton gia ìlec tic timèc thc paramètrou eust�jeiac θ.

[Eikìna 1]
[Eikìna 2]

Sth sunèqeia ja melet soume to Ðdio prìblhma gia dÔo axÐec pou qarakthr'-
izontai apì abebaiìthta kai mÐa axÐa stajer c apìdoshc.
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4 EustajeÐc kanìnec katanom c qartofulakÐou me
dÔo axÐec pou emperièqoun abebaiìthta

Sto kef�laio autì ja apodeÐxoume eustajeÐc kanìnec epilog c qartofu-
lakÐou sthn perÐptwsh pou èqoume dÔo axÐec oi opoÐec qarakthrÐzontai apì
abebaiìthta, tìso me Ðdia ìso kai me diaforetik� epÐpeda abebaiìthtac metaxÔ
twn dÔo axi¸n. EpÐshc, anaforik� me thn pr¸th perÐptwsh ja d¸soume th
lÔsh tou probl matoc ìtan oi protim seic tou ependut  qarakthrÐzontai apì
mÐa CRRA sun�rthsh qrhsimìthtac.

4.1 'Idia epÐpeda abebaiìthtac metaxÔ twn axi¸n

Sth suneqeÐa, epidi¸kontac na aux soume th realistikìthta tou montèlou
mac, upojètoume ìti h agor� ektìc apì th dunatìthta epèndushc se mÐa axÐa
stajer c apìdoshc, mac parèqei th dunatìthta na ependÔsoume se dÔo axÐec
pou h exèlixh thc tim c touc qarakthrÐzetai apì abebaiìthta kai perigr�fetai
apì tic dÔo parak�tw exis¸seic:

dP1(t) = α1P1(t)dt+ σ1P1(t)dB1(t) t ≥ 0 (4.1)

dP2(t) = α2P2(t)dt+ σ2P2(t)dZ1(t) (4.2)

SumbolÐzontac me ρ to suntelest  susqètishc sto �nw montèlo anafor�c,
tìte, isqÔei ìti E(dB1dZ1) = ρdt, ìpou me E sumbolÐzoume mÐa majhmatik 
mèsh tim . Sthn perÐptwsh aut , an B = [B1, B2]T eÐnai èna di�nusma apì
anex�rthtec Brownian kin seic orismènec se èna q¸ro pijanìthtac (Ω,F),
me mètro to kartesianì ginìmeno P = P1 ⊗P2, tìte h exèlixh thc tim c twn
dÔo axÐwn mporeÐ na gr�fei wc: 10

dP1(t) = α1P1(t)dt+ σ1P1(t)dB1(t) t ≥ 0 (4.3)

dP2(t) = α2P2(t)dt+ σ2P2(t)ρdB1(t) + σ2P2(t)
√

1− ρ2dB2(t). (4.4)

H lÔsh tou Merton gia to prìblhma thc bèltisthc epilog c qartofulakÐou,
(3.7), sthn perÐptwsh aut  eÐnai:

w1W =
A(α1 − r)
σ2

1(1− ρ2
12)

− A(α2 − r)ρ
σ1σ2(1− ρ2

12)
(4.5)

w2W = − A(α1 − r)ρ
σ1σ2(1− ρ2

12)
+

A(α2 − r)
σ2

2(1− ρ2
12)

(4.6)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

. (4.7)

10 'Eqoume ìti gia dÔo anex�rthtec kin seic Brown B1, B2, isqÔei ìti: E(dB1dB2) = 0,
E(dB1dB1) = dt, opìte gr�foume dZ1 = ρdB1 +

√
1− ρ2dB2.
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Diatar�ssontac k�je mÐa kÐnhsh xeqwrist�, 11 to arqikì mètro anafor�c
P antikajÐstatai apì to Q = Q1 ⊗ Q2. Se autì to st�dio, p�li, jewroÔme
diataraqèc sthn apì koinoÔ katanom  pijanìthtac, opìte b�sei twn Dupuis
Ellis, [21] h entropÐa gÐnetai:

R(Q ‖ P) =
2∑

i=1

R(Qi ‖ Pi) =
2∑

i=1

∫ ∞

0
e−δuEQ

(
h2

i

2

)
du. (4.8)

JewroÔme summetrik¸c diataragmèna mètraQi kai exet�zoume thn perÐptwsh
me Ðdiouc ìrouc diataraq c hi. Tìte, h exÐswsh pou perigr�fei thn exèlixh
thc tim c tou qartofulakÐou gÐnetai:

dW = w1(α1 − r + σ1h)Wdt+ w2

(
α2 − r + σ2(ρh+ h

√
1− ρ2)

)
Wdt

+(rW − C)dt+Wσ1w1dB̂1 +Wσ2ρw2dB̂1 +

σ2

√
1− ρ2w2dB̂2. (4.9)

Sthn perÐptwsh aut , h exÐswsh Bellman pou antistoiqeÐ sto prìblhma (3.22)
m.p. (4.9), eÐnai:

δV = max
wi,C

min
h

{
U(C) +

(
w1(α1 − r + σ1h)W + (rW − c) + θ2

h2

2
+

w2(α2 − r + σ2(ρ+
√

1− ρ2)h)W
)
VW +

1
2
VWW

2∑
i=1

2∑
j=1

wiwjσijW
2
}
, (4.10)

ìpou, exaitÐac thc (4.8) θ2 = 2θ me to θ aut  th for� na anafèretai sthn
par�metro eustajeÐac gia thn perÐptwsh dÔo axi¸n. Oi sunj kec pr¸thc
t�xhc pou perigr�foun th lÔsh tou parap�nw paignÐou eÐnai:

U ′(C) = VW

h = −
VWW

(
σ1w

∗
1 + σ2(ρ+

√
1− ρ2)w∗2

)
θ2

(4.11)

2∑
j=1

w∗jWσ1j = A(α1 − r) +Aσ1h (4.12)

2∑
j=1

w∗jWσ2j = A(α2 − r) +Aσ2(ρ+
√

1− ρ2)h (4.13)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

.

11Autìc eÐnai kai o lìgoc pou qrhsimopoioÔme thn eidik  morf  twn exis¸sewn
(4.3), (4.4).

27



Anaforik� me th lÔsh tou Merton, oi parap�nw ìroi sto tèloc k�je exÐswshc
antistoiqoÔn sto gegonìc ìti h 6= 0. MporeÐ na deiqjeÐ eÔkola ìti kaj¸c
θ2 →∞, tìte h = 0 kai katal goume sth gnwst  lÔsh pou antistoiqeÐ sthn
perÐptwsh apostrof c kÐndunou.

Qrhsimopoi¸ntac sumbolismì pin�kwn, h lÔsh tou parap�nw probl ma-
toc perigr�fetai apì thn parak�tw exÐswsh:[

w∗1W w∗2W
]
Λ =

[
A(α1 − r) A(α2 − r)

]
(4.14)

ìpou, an me Σ sumbolÐsoume ton diag¸nio pÐnaka me diag¸nia stoiqeÐa ta σ1,
σ2, tìte:

Λ = Σ

[
(1− V 2

W
θ2VWW

)
(
ρ− V 2

W
θ2VWW

(ρ+
√

1− ρ2)
)(

ρ− V 2
W

θ2VWW
(ρ+

√
1− ρ2)

) (
1− V 2

W
θ2VWW

(1 + 2ρ
√

1− ρ2)
) ]Σ.

(4.15)
LÔnontac to parap�nw sÔsthma, kajorÐzoume to posostì tou qartofulakÐou
to opoÐo ependÔetai se k�je mÐa apì tic axÐec ìpou anazhtoÔme eustajeÐc
kanìnec epilog c qartofulakÐou:[

w∗1W w∗2W
]

=
1

(1− ρ2)
(
1− 2 V 2

W
θ2VWW

)

[
A(α1 − r) A(α2 − r)

]
Σ−1

[ (
1− V 2

W
θ2VWW

(1 + 2ρ
√

1− ρ2) −ρ+ V 2
W

θ2VWW
(ρ+

√
1− ρ2)

−ρ+ V 2
W

θ2VWW
(ρ+

√
1− ρ2) (1− V 2

W
θ2VWW

) ]
Σ−1(4.16)

Sthn parap�nw exÐswsh kaj¸c to θ −→∞ lamb�noume thn lÔsh (4.5), (4.6)
pou antistoiqeÐ sthn perÐptwsh apostrof c kÐndunou.

Sth sunèqeia ìpwc kai sto prohgoÔmeno upokef�laio exet�zoume tic
metabolèc ∆wi = wi − w∗i , i = 1, 2, an�mesa sthn perÐptwsh ekeÐnh thc
apostrof c ston kÐnduno, se sqèsh me aut  thc apostrof c sthn abebaiìth-
ta. Qrhsimopoi¸ntac tic sqèseic (4.5),(4.6),(4.16), lamb�noume ìti:[

W∆w1 W∆w2

]
=

1
(1− ρ2)

[
A(α1 − r) A(α2 − r)

]
Σ−1ΞΣ−1

(4.17)
ìpou:

Ξ =
[

1 −ρ
−ρ 1

]
− 1(

1− 2 V 2
W

θ2VWW
)

(4.18)

[ (
1− V 2

W
θ2VWW

(1 + 2ρ
√

1− ρ2) −ρ+ V 2
W

θ2VWW
(ρ+

√
1− ρ2)

−ρ+ V 2
W

θ2VWW
(ρ+

√
1− ρ2) (1− V 2

W
θ2VWW

) ]

Met� apì k�poiec pr�xeic katal goume sth sqèsh:[
W∆w1 W∆w2

]
= (4.19)
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AV 2
W

[
α1 − r α2 − r

]
(1− ρ2)(θ2VWW − V 2

W )
Σ−1

[
2ρ
√

1− ρ2 − 1 ρ−
√

1− ρ2

ρ−
√

1− ρ2 −1

]
Σ−1.

Epomènwc, h lÔsh gÐnetai:

W∆w1 =
κ

σ1

[
α1 − r

σ1
(2ρ
√

1− ρ2 − 1) +
α2 − r

σ2
(ρ−

√
1− ρ2)

]
(4.20)

W∆w2 =
κ

σ2

[
α1 − r

σ1
(ρ−

√
1− ρ2)− α2 − r

σ2

]
(4.21)

κ =
AV 2

W

(1− ρ2)(θ2VWW − V 2
W )

. (4.22)

Sthn parap�nw exÐswsh to κ eÐnai p�ntote ènac arnhtikìc arijmìc, �ra
an sumbolÐsoume th sqetik  tim  kindÔnou me:

λ =
α2−r

σ2

α1−r
σ1

(4.23)

lamb�noume ìti:

W∆w1 < 0 An
ρ−

√
1− ρ2

1− 2ρ
√

1− ρ2
>

1
λ

(4.24)

W∆w2 < 0 An ρ−
√

1− ρ2 > λ. (4.25)

Apì tic parap�nw sqèseic faÐnetai ìti anex�rthta thc morf c pou èqei
h sun�rthsh qrhsimìthtac tou katanalwt  kai thc tim c thc paramètrou
eust�jeiac θ, to kl�sma tou posostoÔ tou qartofulakÐou to opoÐo ependÔe-
tai sthn pr¸th axÐa eÐnai auxhmèno se sqèsh me thn tim  pou dÐnei h lÔsh

tou Merton, an ikanopoieÐtai h sqèsh
ρ−
√

1−ρ2

1−2ρ
√

1−ρ2
> 1

λ , en¸ to antÐstoiqo

posostì pou ependÔetai sth deÔterh axÐa eÐnai auxhmèno ìtan ikanopoieÐtai h
ρ−

√
1− ρ2 > λ. An sundu�soume tic (4.25) kai (4.24), mporoÔme na doÔme

eÔkola ìti den eÐnai potè dunatì tautìqrona na èqoume:

1− 2ρ
√

1− ρ2

ρ−
√

1− ρ2
< λ < ρ−

√
1− ρ2. (4.26)

Epomènwc, ta dÔo posost� den eÐnai potè dunatì na auxhjoÔn tautìqrona
sugkritik� me thn perÐptwsh apostrof c kindÔnou. An, loipìn, to kl�sma
tou qartofulakÐou pou ependÔetai sthn pr¸th axÐa eÐnai auxhmèno se sqèsh
me ekeÐno tou tÔpou tou Merton, anagkastik� to kl�sma pou antistoiqeÐ
sthn �llh axÐa prèpei na eÐnai meiwmèno kai antÐstrofa. Epiplèon kai ta
dÔo posost� eÐnai meiwmèna sugkritik� me ta posost� pou antistoiqoÔn sthn
perÐptwsh thc apostrof c ston kÐnduno, an ρ <

√
2/2. Epomènwc, sumperaÐ-

noume ìti h apostrof  sthn abebaiìthta odhgeÐ se aÔxhsh twn ependuìmenwn
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diajesÐmwn se mÐa apì tic dÔo axÐec, ìtan h tim  tou suntelest  susqètishc
eÐnai arket� uyhl .

H sunolik  epÐdrash pou èqei h apostrof  sthn abebaiìthta sta sunolik�
diajèsima pou ependÔontai kai stic dÔo axÐec, lamb�netai sundu�zontac tic
sqèseic (4.24),(4.25) kai dÐnetai apì thn:

W∆w = W∆w1 +W∆w2 = (4.27)

κ
α1 − r

σ1

1
σ2

[
(2ρ
√

1− ρ2 − 1)σ + λσ(ρ−
√

1− ρ2)+

(ρ−
√

1− ρ2)− λ
]
< 0 An

(λσ + 1)(ρ−
√

1− ρ2) > λ+ σ(1− 2ρ
√

1− ρ2)

λ̂(ρ−
√

1− ρ2 − 1
σ

) > σ(1− 2ρ
√

1− ρ2)− (ρ−
√

1− ρ2) (4.28)

me λ̂ =
a2 − r

a1 − r
, σ =

σ2

σ1

An h sqèsh (5.47) ikanopoieÐtai, tìte ta sunolik� ependuìmena diajèsima eÐnai
auxhmèna sthn perÐptwsh thc apostrof c sthn abebaiìthta. Ta apotelès-
mata aut� mporoÔn na sunoyisjoÔn sthn parak�tw Prìtash:

Prìtash 4.1.1 Me λ, λ̂, σ, ρ, ìpwc orÐsthkan parap�nw, oi eustajeÐc kanìnec
epilog c qartofulakÐou sthn perÐptwsh thc apostrof c sthn abebaiìthta,
gia mÐa agor� pou apoteleÐtai apì mÐa axÐa ìpou h epèndush qarakthrÐzetai
opì stajer  apìdosh kai dÔo �llec wc proc tic opoÐec o katanalwt c eÐnai
abèbaioc wc proc thn exèlixh thc tim c touc, ep�goun ta parak�tw:

1. An λ̂ >
σ2(1−2ρ

√
1−ρ2)−σ(ρ−

√
1−ρ2)

σ
(
ρ−
√

1−ρ2
)
−1

, tìte up�rqei mÐa aÔxhsh sta suno-

lik� ependuìmena diajèsima stic dÔo axÐec pou qarakthrÐzontai apì
abebaiìthta se sqèsh me thn perÐptwsh thc apostrof c ston kÐnduno
  ∆w < 0.

2. An λ >
1−2ρ

√
1−ρ2

ρ−
√

1−ρ2
, tìte up�rqei mÐa aÔxhsh sta sunolik� ependuìmena

diajèsima sthn pr¸th axÐa pou qarakthrÐzontai apì abebaiìthta, se
sqèsh me thn perÐptwsh thc apostrof c ston kÐnduno   ∆w1 < 0.

3. An λ < ρ−
√

1− ρ2,tìte up�rqei mÐa aÔxhsh sta sunolik� ependuìmena
diajèsima sth deÔterh axÐa pou qarakthrÐzontai apì abebaiìthta, se
sqèsh me thn perÐptwsh thc apostrof c ston kÐnduno   ∆w2 < 0.

4. Se mÐa aÔxhsh tou ependuìmenou posostoÔ sth mÐa axÐa, oi eusta-
jeÐc kanìnec epilog c qartofulakÐou ep�goun meÐwsh tou ependuìmenou
posostoÔ sthn �llh �xia pou qarakthrÐzetai apì abebaiìthta.
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5. 'Otan h anhsuqÐa gia thn eust�jeia tou arqikoÔ montèlou anafor�c
den up�rqei   alli¸c θ → ∞,tìte h di�fora an�mesa sta posost�
pou ep�gei h apostrof  ston kÐnduno kai ekeÐna thc apostrof c sthn
abebaiìthta mhdenÐzetai   ∆w → 0, (∆w1,∆w2) → 0.

6. An ρ <
√

2/2, tìte ta ependuìmena posost� kai stic dÔo axÐec eÐnai
meiwmèna se sqèsh me aut� pou dÐnei h lÔsh tou Merton.

Oi Eikìnec 3,4 parèqoun th grafik  parousÐash aut¸n twn apotelesm�twn.
Sthn Eikìna 3, gia kat�llhlec timèc twn paramètrwn ètsi ¸ste h tim  tou λ̂

na eÐnai p�nw apì thn epif�neia φ (σ, ρ) = σ2(1−2ρ
√

1−ρ2)−σ(ρ−
√

1−ρ2)

σ
(
ρ−
√

1−ρ2
)
−1

, oi eu-

stajeÐc kanìnec epilog c qartofulakÐou ep�goun mÐa aÔxhsh twn sunolik¸n
ependuìmenwn diajèsimwn stic dÔo axÐec pou qarakthrÐzontai apì abebaiìth-
ta. Sthn Eikìna 4, an oi timèc twn paramètrwn eÐnai tètoiec ¸ste h tim  tou

λ na eÐnai p�nw apì th gramm  ψ (ρ) = 1−2ρ
√

1−ρ2

ρ−
√

1−ρ2
, tìte oi eustajeÐc kanìnec

epilog c qartofulakÐou ep�goun mÐa aÔxhsh twn ependuìmenwn diajèsimwn
sthn pr¸th axÐa pou sunodeÔetai apì meÐwsh tou posostoÔ sth deÔterh kai
antÐstrofa.

[Eikìna 3]
[Eikìna 4]

4.1.1 Arijmhtik� apotelèsmata gia CRRA sun�rthsh qrhsimìth-
tac

Antikajist¸ntac tic sqèseic (4.16), (4.11) sthn exÐswsh dunamikoÔ program-
matismoÔ (4.10) parèqontac arqikèc timèc gia tic paramètrouc oi opoÐec em-
fanÐzontai sthn exÐswsh (4.10), eÐmaste se jèsh arqik� na kajorÐsoume thn
par�metro Q kai èpeita thn antÐstoiqh sun�rthsh axÐac. Tìte, ta bèltista
eustaj  posost� tou qartofulakÐou dÐnontai gia tic parak�tw timèc twn
paramètrwn.

δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 (4.29)

α2 = 0.05 σ2 = 0.66 ρ = 0.93 W = 100.

Oi epìmenec tèsseric eikìnec parousi�zoun th lÔsh gia γ = 0.5. H eikìna
5 parousi�zei to bèltisto posostì tou qartofulakÐou to opoÐo ependÔetai
sthn pr¸th axÐa w∗1, ìpou to arnhtikì prìshmo antistoiqeÐ sthn upìjesh twn
anoikt¸n pwl sewn pou eÐnai se antistoiqÐa me to montèlo tou Merton. H
epìmenh eikìna 6, parousi�zei to bèltisto eustajèc posostì tou qartofu-
lakÐou to opoÐo ependÔetai sth deÔterh axÐa w∗2, pou kaj¸c blèpoume ìso h
protÐmhsh gia eust�jeia aux�nei to posostì tou qartofulakÐou mei¸netai.
'Epeita, parousi�zoume to p¸c ta sunolik� kef�laia pou ependÔontai stic dÔo
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autèc axÐec w∗1 +w∗2 metab�llontai kaj¸c h par�metroc eust�jeiac mei¸netai
kai tèloc apeikonÐzoume thn exèlixh tou bèltistou eustajoÔc posoÔ katan�l-
wshc C∗, san sun�rthsh thc paramètrou θ. Se aut  thn eidik  perÐptwsh
eÐmaste se jèsh, apì thn Eikìna 7, na sumper�noume ìti kaj¸c h tim  thc
paramètrou eust�jeiac mei¸netai, to opoÐo shmaÐnei ìti h axiopistÐa mac wc
proc to arqikì montèlo anafor�c mei¸netai, tìte to sunolikì posostì tou
qartofulakÐou pou ependÔetai stic dÔo axÐec pou emperièqoun abebaiìthta
mei¸netai epÐshc. Autì to apotèlesma èrqetai na epibebai¸sei th genik 
antÐlhyh, ìti h abebaiìthta gia to montèlo mac kai h uiojèthsh bèltist-
wn eustaj¸n kanìnwn odhgeÐ se mÐa sunolik� sunthrhtikìterh sumperifor�
sugkritik� me thn perÐptwsh apostrof c sthn abebaiìthta.

[Eikìna 5]
[Eikìna 6]
[Eikìna 7]
[Eikìna 8]

Sth sunèqeia, epanalamb�noume touc prohgoÔmenouc upologismoÔc diathr¸n-
tac ìlec tic timèc twn paramètrwn Ðdiec ìpwc kai prin me thn mình diafor�
ìti h tupik  apìklish pou antistoiqeÐ sth deÔterh axÐa èqei auxhjeÐ apì 0.66
se 0.87 me to lìgo twn dÔo tupik¸n apoklÐsewn na eÐnai t¸ra perÐpou 2. Se
aut  thn eidik  perÐptwsh, h apostrof  sthn abebaiìthta ep�gei mÐa aÔxhsh
se sqèsh me thn klasik  perÐptwsh thc apostrof c ston kÐnduno sthn pr¸th
axÐa kai ìtan autì sumbaÐnei to antÐstoiqo ependuìmeno posostì sth deÔter-
h axÐa mei¸netai, k�ti to opoÐo faÐnetai apì tic Eikìnec 9,10. Epiplèon,
apì thn Eikìna 11, faÐnetai, ìmwc, ìti to sunolikì posostì tou qarto-
fulakÐou pou ependÔetai stic dÔo autèc axÐec aux�nei, kaj¸c h tim  thc
paramètrou eust�jeiac mei¸netai, to opoÐo praktik� shmaÐnei ìti t¸ra mÐ-
a aÔxhsh thc abebaiìthtac pou sundèetai me to arqikì montèlo anafor�c,
ep�gei mÐa aÔxhsh twn ependuìmenwn posost¸n sugkritik� me thn perÐptwsh
tou Merton. Autì to apotèlesma de brÐsketai se antistoiqÐa me th genik 
antÐlhyh sÔmfwna me thn opoÐa h apostrof  sthn abebaiìthta odhgeÐ se
sunthrhtikìterh sumperifor�.

[Eikìna 9]
[Eikìna 10]
[Eikìna 11]
[Eikìna 12]

Autì to apotèlesma, èpetai apì to gegonìc ìti epeid  h tupik  apìklish
pou antistoiqeÐ sth deÔterh axÐa eÐnai epark¸c uyhlìterh apì aut  pou anti-
stoiqeÐ sth pr¸th, lìgw tou ìti oi apodìseic kinoÔntai proc thn Ðdia kateÔ-
junsh exaitÐac tou uyhloÔ suntelest  susqètishc, o ependÔthc: Aux�nei ta
diajèsima sthn pr¸th axÐa kai mei¸nei ta antÐstoiqa diajèsima sthn �llh axÐ-
a, san mÐa prosp�jeia na exisorrop sei thn epÐdrash mÐac kaki�c katanom c.
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FaÐnetai, loipìn, ìti h diafor� stic tupikèc apoklÐseic eÐnai aut  pou odhgeÐ
se sugkritik� aÔxhsh twn ependuìmenwn diajesÐmwn sthn pr¸th axÐa, ètsi
¸ste to sunolikì apotèlesma na eÐnai mÐa aÔxhsh twn sunolik¸n ependuìmen-
wn kefalaÐwn, kaj¸c h abebaiìthta aux�nei, èna apotèlesma pou profan¸c
den eÐnai se antistoiqÐa me thn uiojèthsh sunthrhtikìterwn sumperifor¸n.

4.2 Diaforetik� epÐpeda abebaiìthtac metaxÔ twn axi¸n

Se autì to kef�laio genikeÔoume to montèlo mac epitrèpontac diaforetik�
epÐpeda abebaiìthtac an�mesa stic di�forec axÐec. Aut� ta diaforetik� epÐpe-
da abebaiìthtac, mporoÔn se aut  thn perÐptwsh na apotupwjoÔn san di-
aforèc sta epÐpeda thc abebaiìthtac pou sqetÐzontai me th diadikasÐa pou
perigr�fei thn exèlixh thc tim c k�je mÐac ex aut¸n. Se antidiastol , loipìn,
me ta prohgoÔmena montèla ìpou eÐqame jewr sei ìti h abebaiìthta ofeÐle-
tai se genikoÔc makrooikonomikoÔc par�gontec sqetizìmenouc me thn exèlixh
thc oikonomÐac kai ìpou eÐqame jewr sei Ðdiouc ìrouc diataraq c, t¸ra jew-
roÔme ìti h abebaiìthta kajorÐzetai apì par�gontec pou sqetÐzontai me to
mikrìkosmo k�je mÐac axÐac (etairÐac) qwrist�, ìpote se aut  thn perÐptwsh
epilègoume diaforetikoÔc ìrouc diataraq c. 12

Akolouj¸ntac th mejodologÐa tou bèltistou eustajoÔc elègqou ìpwc
kai stic prohgoÔmenec peript¸seic lÔnoume to Ðdio prìblhma megistopoÐhshc
�peirou qronikoÔ orÐzonta sthn perÐptwsh n axi¸n pou emperièqoun kÐnduno:

max
wi,C

E0

∫ ∞

0
e−δtU(C)dt, (4.30)

jewr¸ntac, t¸ra, n diaforetikoÔc ìrouc hi, i = 1, ..., n kai n diaforetikèc
paramètrouc eustajeÐac θi mÐa gia k�je axÐa xeqwrist�. Ta apotelèsmata
se autì to genikeumèno montèlo, ta opoÐa anafèrontai stic metabolèc twn
ependuìmenwn posost¸n tou qartofulakÐou sthn perÐptwsh thc apostrof c
sthn abebaiìthta se sqèsh me thn apostrof  ston kÐnduno, mporoÔn na peri-
grafoÔn apì thn parak�tw prìtash:

Prìtash 4.2.1 Oi eustajeÐc kanìnec epilog c qartofulakÐou ep�goun gia
mÐa agor� pou apoteleÐtai apì mÐa axÐa stajer c apìdoshc kai perissìterec
axÐec me diaforetik� epÐpeda abebaiìthtac, wc proc thn exèlixh twn tim¸n
touc, ta parak�tw:

1. H metabol  tou qartofulakÐou pou ependÔetai se k�je mÐa apì tic axÐec,
an�mesa sthn perÐptwsh thc apostrof c ston kÐnduno kai ekeÐnhc ìpou
apostrefìmaste thn abebaiìthta, dÐnetai apì thn:
W∆wi =

∑n
j=1[Σ

−1(Π−1 − D̂−1)Σ−1]ij(αj − r) , i = 1, ..., n.

12Oi Uppal and Wang [73] anaptÔssoun mÐa mejodologÐa h opoÐa mac epitrèpei na
jewr soume abebaiìthta wc proc thn apì koinoÔ katanom  twn axi¸n tou qartofulakÐou
kai epÐshc na jewr soume diaforetik� epÐpeda abebaiìthtac gia thn perij¸ria katanom 
k�je enìc sunìlou ex aut¸n.
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2. H sunolik  metabol  tou qartofulakÐou pou ependÔetai se ìlec tic
axÐec, an�mesa sthn perÐptwsh thc apostrof c ston kÐnduno kai ekeÐn-
hc ìpou apostrefìmaste thn abebaiìthta, dÐnetai apì thn:
W∆w =

∑n
i=1 ∆wi =

∑n
i=1

∑n
j=1[Σ

−1(Π−1 − D̂−1)Σ−1]ij(αj − r), me

D̂ij =
(
ρij −

V 2
W

VWW

∑n
κ=1

RiκRjk

θκ

)
.

H apìdeixh thc parap�nw Prìtashc dÐnetai sto par�rthma.

An sugkrÐnoume to parap�nw apotèlesma me ekeÐno pou antistoiqeÐ se
Ðdia epÐpeda abebaiìthtac, blèpoume ìti h mình diafor� eÐnai oti o pÐnakac D
èqei antikatastajeÐ apì ton D̂, to opoÐo antikatoptrÐzei thn eterogènia stic
paramètrouc eust�jeiac.

4.2.1 H eidik  perÐptwsh dÔo axi¸n pou emperièqoun abebaiìthta

Se autì to upokef�laio ja parousi�soume thn eidik  perÐptwsh dÔo axi¸n
pou emperièqoun abebaiìthta, to opoÐo shmaÐnei ìti sthn apìdeixh mac uioje-
toÔme diaforetikoÔc ìrouc h1, h2 kai paramètrouc eust�jeiac θ1, θ2. Akolou-
j¸ntac thn Ðdia diadikasÐa ìpwc sto prohgoÔmeno kef�laio, ta apotelèsmata
mac eÐnai dunatìn na sunoyistoÔn sth parak�tw Prìtash.

Prìtash 4.2.2 Oi eustajeÐc kanìnec katanom c qartofulakÐou ep�goun gia
mÐa agor� pou apoteleÐtai apì mÐa axÐa stajer c apìdoshc kai dÔo axÐec me
diaforetik� epÐpeda abebaiìthtac wc proc thn exèlixh twn tim¸n touc ta
parak�tw:

1. W∆w1 = κ
σ1

[
α1−r

σ1
( θ1−θ2

θ2

1−ρ2

1−
V 2

W
VWW

−1)+ α2−r
σ2

ρ

]
< 0, An θ1−θ2

θ2
µ > 1−ρλ

1−ρ2

W∆w2 = κ
σ2

[
α1−r

σ1
ρ− α2−r

σ2

]
< 0, An ρ > λ

2. An θ1 < 2θ2 tìte potè den aux�noume ta ependuìmena diajèsima tautì-
qrona kai stic dÔo axÐec se sqèsh me thn perÐptwsh thc apostrof c
kindÔnou.

3. W∆w < 0, An ρλσ + ρ− λ = λ̂
(
ρ− 1

σ

)
+ ρ > σ

[
1− θ1−θ2

θ2
µ(1− ρ2)

]
me µ = 1

1−
V 2

W
VWW

, σ = σ2
σ1
, λ =

α2−r
σ2

α1−r
σ1

, λ̂ = a2−r
a1−r

H apìdeixh thc parap�nw Prìtashc dÐnetai sto par�rthma

Apì thn pr¸th sunj kh thc parap�nw prìtashc sumperaÐnoume ìti ìtan
h protÐmhsh gia èlegqo thc eust�jeiac eÐnai arket� mikr    diaforetik� h
anhsuqÐa gia to pìso kal� antikatoptrÐzei to montèlo mac thn exèlixh twn
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tim¸n gia thn pr¸th axÐa eÐnai mikr , en¸ h abebaiìthta mac wc proc thn
exèlixh thc tim c thc �llhc axÐac eÐnai meg�lh, tìte eÐnai polÔ pijanì ìti
ta ependuìmena diajèsima sthn pr¸th axÐa ja auxhjoÔn, lamb�nontac up-
ìyh mac thn apostrof  sthn abebaiìthta. An susqetÐsoume thn pr¸th axÐ-
a, me k�poia axÐa pou diapragmateÔetai sthn egq¸ria agor� gnwst  proc
em�c kai th deÔterh me k�poia axÐa pou anafèretai se mÐa diejn  agor�,
tìte to apotèlesma autì parèqei mÐa �llh ex ghsh gia to {home bias puz-
zle}. Oi Uppal and Wang [73], apodeiknÔoun èna parìmoio apotèlesma
pou sqetÐzetai me to {home bias puzzle}. AutoÐ, ìmwc, k�noun qr sh mÐ-
ac kanonikopoÐhshc h opoÐa endogenopoieÐ thn par�metro eust�jeiac kai me
ton trìpo autì sp�ei o sÔndesmoc me thn axiwmatik  jemelÐwsh thc apos-
trof c sthn abebaiìthta twn Gilboa Schmeidler. O Pathak [59], epÐshc
dÐnei mÐa ex ghsh gia to parap�nw par�doxo qrhsimopoi¸ntac èna montèlo
dÔo axi¸n kai thn {κ− ignorance} mejodologÐa, ìpou to qeirìtero sen�rio
qrhsimopoieÐtai gia na prokalèsoume meÐwsh sth mèsh apìdosh twn axi¸n.
Up�rqei mÐa shmantik  diafor� an�mesa sth mejodologÐa tou robust con-
trol kai ekeÐnh thc {κ − ignorance}, pou uiojeteÐ to qeirìtero sen�rio. Se
aut  thn perÐptwsh h meÐwsh sth mèsh apìdosh kajorÐzetai sto epÐpedo
ekeÐno ìpou o periorismìc entropÐac Q (τ) = {Q ∈ Q : Rt(Q ‖ P) ≤ τ ∀t}
ikanopoieÐtai. Sth mejodologÐa tou bèltistou eustajoÔc elègqou pou anap-
tÔssetai ed¸, h par�metroc eust�jeiac pou susqetÐzetai me ta hi eÐnai o
pollaplasiast c Lagrange pou sqetÐzetai me th sunj kh entropÐac. Sto
stoqastikì diaforikì paÐgnio metaxÔ twn dÔo paikt¸n, o eqjrikìc paÐkthc,
dhlad  h fÔsh pou perigr�fetai apì th sqèsh (3.9) epilègei ton ìro h o
opoÐoc mei¸nei th mèsh apìdosh, ìqi aparaÐthta b�sei tou periorismoÔ en-
tropÐac all� epilègetai me èna trìpo megistopoÐhshc ìpwc faÐnetai kai apì
thn (11.5) sto Par�rthma sthn apìdeixh thc Prìtashc. Epomènwc, to apotè-
lesma pou parousi�zetai ed¸ mporeÐ na jewrhjeÐ san mÐa diaforetik  ex ghsh
gia to parap�nw par�doxo, qrhsimopoi¸ntac mÐa diaforetik  prosèggish sth-
n apostrof  sthn abebaiìthta. EpÐshc miac kai ta diajèsima pou ependÔontai
se k�je axÐa exartiìntai apì tic timèc twn θa, aut  h prosèggish susqetÐzei
thn èktash tou par�doxou me ta diaforetik� epÐpeda abebaiìthtac an�mesa
stic di�forec axÐec.

Sto kef�laio autì, jewr¸ntac èna stajerì sÔnolo ependutik¸n epilog¸n
apodeÐxame sunj kec h ikanopoÐhsh ton opoÐwn odhgeÐ se epijetikìterh sumper-
ifor� se sqèsh me to klassikì oikonomikì perib�llon kai d¸same mÐa ex ghsh
gia to {home bias puzzle}. Aut  h epijetikìterh sumperifor� eÐnai h pr¸th
for� h opoÐa apì ìso gnwrÐzoume emfanÐzetai se probl mata bèltisthc epi-
log c qartofulakÐou.

'Epeita sto kef�laio pou akoloujeÐ aux�noume thn poluplokìthta tou
montèlou mac jewr¸ntac stoqastikì sÔnolo ependutik¸n epilog¸n.
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5 Stoqastikì sÔnolo ependutik¸n epilog¸n

Ed¸ montelopoioÔme xan� tic kin seic twn axi¸n me th qr sh gewmetrik¸n
kin sewn Brown, ìpou t¸ra gia th mèsh anamenìmenh tim  kai thn tupik 
apìklish den jewroÔme ìti eÐnai stajerèc all� ìti kai autèc akoloujoÔn
mÐa an�logh stoqastik  diadikasÐa. Arqik�, lÔnoume to prìblhma me mÐ-
a axÐa stajer c apìdoshc kai mÐa pou qarakthrÐzetai apì abebaiìthta kai
apodeiknÔoume sunj kec, h ikanopoÐhsh twn opoÐwn potè den odhgeÐ se epi-
jetikìterh sumperifor� sugkritik� me thn perÐptwsh thc apostrof c ston
kÐnduno. 'Epeita, prosjètoume mÐa epiplèon axÐa kai lÔnoume to prìblhma
tìso me Ðdia ìso kai diaforetik� epÐpeda abebaiìthtac metaxÔ twn dÔo axi¸n.
DeÐqnoume, de, ìti kai ed¸ anaforik� me thn pr¸th perÐptwsh eÐnai efikt  mÐa
epijetikìterh sumperifor� sthn perÐptwsh diaforetik¸n epipèdwn abebaiìth-
tac metaxÔ twn dÔo axi¸n. Epiplèon, ìtan èqoume dÔo axÐec ìpou wc proc
th mÐa apostrefìmaste ton kÐnduno kai wc proc thn �llh apostrefìmaste
thn abebaiìthta, deÐqnoume ìti eÐnai pio pijanì na aux soume ta diajèsima
mac sthn pr¸th ek twn dÔo axi¸n sugkrinìmena me aut� pou dÐnei h lÔsh tou
Merton kai dÐnoume ètsi me ton trìpo autì mÐa diaforetik  ermhneÐa gia to
{home bias puzzle}.

5.1 'Idia epÐpeda abebaiìthtac metaxÔ twn axi¸n.

Sto upokef�laio autì, ìpwc kai sto prohgoÔmeno kef�laio ìpou analÔsame
thn perÐptwsh mh stoqastikoÔ sunìlou ependutik¸n epilog¸n, jewroÔme ar-
qik� ìti h abebaiìthta ofeÐletai se genikoÔc makrooikonomikoÔc par�gontec
sqetizìmenouc me thn exèlixh thc oikonomÐac ìpwc gia par�deigma o pl-
hjwrismìc kai to èlleimma eisagwg¸n exagwg¸n, opìte jewroÔme Ðdiouc
ìrouc diataraq c pou antikatoptrÐzetai se Ðdia epÐpeda abebaiìthtac metaxÔ
twn axi¸n.

5.1.1 EustajeÐc kanìnec katanom c qartofulakÐou me mÐa axÐa
pou qarakthrÐzetai apì abebaiìthta.

JewroÔme ìti h agor� apoteleÐtai apì mÐa axÐa pou qarakthrÐzetai apì sta-
jer  apìdosh kai akoloujeÐ thn:

dS(t) = rS(t)dt S(0) = S0, t ≥ 0,

me r na sumbolÐzoume to epitìkio qwrÐc kÐnduno. 'Opwc se prohgoÔmeno
kef�laio, èstw ìti α1 h mèsh anamenìmenh apìdosh kai σ1 h tupik  apìklish
mÐac axÐac pou qarakthrÐzetai apì abebaiìthta kai pou h exèlixh thc tim c
thc, P1 perigr�fetai apì thn:

dP1

P1
= α1dt+ σ1dB1, (5.1)
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ìpou B1 eÐnai mÐa monodi�stath kÐnhsh Brown orismènh se èna q¸ro pi-
janìthtac (Ω,F), me mètro P1. JewroÔme epÐshc, arqik�, ìti h mèsh ana-
menìmenh apìdosh kineÐtai stoqastik� sto qrìno kai ìti ikanopoieÐ th sto-
qastik  diaforik  exÐswsh.

dα1

α1
= f1dt+ g1dZ1, (5.2)

me f1, g1, na eÐnai stajerèc kai Z1 mÐa �llh Brownian kÐnhsh, h opoÐa eÐ-
nai se susqètish me thn B1. 'Estw, ìti me ρ1 sumbolÐzoume to suntelest 
susqètishc metaxÔ twn dÔo parap�nw stoqastik¸n diadikasi¸n. 13 14 H
lÔsh tou Merton 15 gia to prìblhma thc bèltisthc epilog c qartofulakÐou
sto prìblhma tou �peirou qronikoÔ orÐzonta, mac dÐnei to bèltisto eusta-
jèc posostì w1, tou qartofulakÐou W to opoÐo katanèmetai sthn axÐa pou
qarakthrÐzetai apì abebaiìthta apì thn:

w1W =
A(α1 − r)

σ2
1

+H1
g1ρα1

σ1
(5.3)

A = − VW

VWW
(5.4)

H1 = −Vα1W

VWW
(5.5)

ìpou V eÐnai h sun�rthsh axÐac tou probl matoc, VW , VWW h pr¸thc kai
deÔterhc t�xhc merik  par�gwgo anaforik� me to epÐpedo tou qartofulakÐou
W kai VWα1 eÐnai h merik  par�gwgoc wc proc W kai α1.

Gr�fontac thn dZ1 san ρdB1 +
√

1− ρ2dB2 h exÐswsh (5.2) gÐnetai:

dα1

α1
= f1dt+ g1(ρdB1 +

√
1− ρ2dB2), (5.6)

me B1, B2 na eÐnai dÔo anex�rthtec kin seic Brown orismènec se èna q¸ro
(Ω,F), me mètro P = P1 ⊗ P2.

Akolouj¸ntac th mejodologÐa pou perigr�yame kai efarmìsame sta pro-
hgoÔmena kef�laia, to montèlo (5.1), (5.6) jewreÐtai san to montèlo anafor�c
mac. H anhsuqÐa gia thn eust�jeia tou montèlou mac, antikatoptrÐzetai
apì èna sÔnolo stoqastik¸n diataraq¸n. Epeid  oi kin seic Brown eÐnai
anex�rthtec diatar�ssoume k�je mÐa xeqwrist� kai èqoume.

Bi(t) = B̂i(t) +
∫ t

0
hi(s)ds, i = 1, 2, (5.7)

13EdB1dZ1 = ρdt
14Akolouj¸ntac ton Merton apodeiknÔoume ta apotelèsmata mac jewr¸ntac ìti to α1

kineÐtai b�sei thc parap�nw genik c exÐswshc. Ta apotelèsmata epÐshc isqÔoun kai gia
thn perissìtero realistik  exÐswsh dα1 = (α1f1 − f2) dt + α1g1dZ1. Gia na montelopoi -
soume mÐa tètoia diadikasÐa to mìno pr�gma pou qrei�zetai eÐnai na prosjèsoume stic
apodeÐxeic mac èna diorjwtikì ìro pou sqetÐzetai me to f2, k�ti pou den ephre�zei ta
apotelèsmata mac. To Ðdio isqÔei kai gia th perÐptwsh stoqastik c tupik c apìklishc.

15Blèpe [53], [54]
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ìpou {B̂i(t) : t ≥ 0}, Brownian kin seic kai {hi(t) : t ≥ 0} metr simec
sunart seic. Epomènwc, oi pijanìthtec pou ep�gontai apì tic (5.1), (5.6)
diatar�ssontai. To mètro P antikajÐstatai apì èna �llo mètro pijanìthtac
Q = Q1⊗ Q2. B�sei thc jewrÐac tou eustajoÔc elègqou, h sqetik  entropÐa
dÐnetai apì thn:

R(Q ‖ P) =
2∑

i=1

∫ ∞

0
e−δuEQ

(
h2

i

2

)
du. (5.8)

me ton periorismì entropÐac t¸ra na gÐnetai

EQ
∫ ∞

0
e−δu 1

2
(
h2

1 + h2
2

)
du ≤ ν (5.9)

ìpou ν eÐnai h par�metroc pou kajorÐzei to mègejoc thc entropÐac, dhlad  to
pìso eÐmaste apofasismènoi na apomakrunjoÔme apì to montèlo anafor�c.
K�je ènac apì touc ìrouc diataraq c sqetÐzetai me thn exèlixh wc proc thn
tim  k�je axÐac, kaj¸c epÐshc kai me thn exèlixh thc mèshc anamenìmenhc
tim c. Upojètontac, loipìn ed¸, ìti h abebaiìthta sqetÐzetai me thn exèlixh
twn genik¸n makrooikonomik¸n paragìntwn, autì èqei san apotèlesma aut 
na epidr� kat� ton Ðdio trìpo stic dÔo emfanizìmenec stoqastikèc diadikasÐec.
K�tw apì aut  thn upìjesh, h abebaiìthta eÐnai domhmènh b�sei tou perior-
ismoÔ:

h1 = h2 = h (5.10)

Jewr¸ntac, loipìn, summetrik¸c diataragmèna mètra Q1,Q2 kai exet�zon-
tac thn perÐptwsh me Ðdiouc ìrouc hi, h exÐswsh gia thn exèlixh tou qarto-
fulakÐou kai aut  thc mèshc anamenìmenhc apìdoshc gÐnetai:[

dα1(t)
dW (t)

]
=

[
α1[f1 + g1h(ρ+

√
1− ρ2)]

Ww1(α1 + σ1h− r) + (rW − c)

]
dt (5.11)

+
[
α1g1ρ α1g1

√
1− ρ2

Wσ1w1 0

] [
dB̂1

dB̂2

]
Se aut  thn perÐptwsh h anhsuqÐa gia thn eust�jeia tou montèlou mac,
anaforik� me to prìblhma thc megistopoÐhshc thc wfelimìthtac

max
w1,C

E0

∫ ∞

0
e−δtU(C)dt (5.12)

odhgeÐ sto pollaplasiastikì prìblhma eustajoÔc elègqou, pou orÐzetai se
aut  thn perÐptwsh, wc:

J(θ) = sup
w1,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θ2

h2

2
]
dt (5.13)

m.p. (5.11).
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Se aut , loipìn, thn perÐptwsh prosarmìzontac th mejodologÐa stic a-
pait seic tou probl matoc, h Bellman − Isaacs sunj kh gia th sun�rthsh
V (W,α1, θ) gÐnetai:

δV = max
w1,C

min
h

{
U(C) + θ2

h2

2
+ VW [w1(α1 + σ1h− r)W + (rW − c)]

+Vα1α1[f1 + g1h(ρ+
√

1− ρ2)] + α1g1ρWσ1w1Vα1W + (5.14)
1
2
VWWσ

w
2
1W

2 +
1
2
Vα1α1α

2
1g

2
1

}
.

Me tic sunj kec pr¸thc t�xhc na eÐnai:

U ′(C) = VW , (5.15)

h = −VWWw1σ1 + Vα1α1g1(ρ+
√

1− ρ2)
θ2

, (5.16)

0 = VWw1(α1 + σ1h− r) + VWWσ
Ww1 + α1g1ρσ1Vα1W(5.17)

Apì to parap�nw sÔsthma twn exis¸sewn mporeÐ na deÐqnei ìti kaj¸c θ →∞
h lÔsh eÐnai Ðdia me aut  pou dÐnei to montèlo tou Merton. K�nontac qr sh
thc (5.16) gia na exaleÐyoume to h apì thn (5.17), lamb�noume to bèltisto
eustajèc posostì tou qartofulakÐou to opoÐo ependÔetai sthn axÐa ìpou
qarakthrÐzetai apì abebaiìthta.

w∗1W

(
1−

V 2
W

θ2VWW

)
=
A(α1 − r)

σ2
1

+H1
g1ρα1

σ1
+
VWVα1

θ2VWW

g1α1

σ1
(ρ+

√
1− ρ2)

(5.18)

ìpou sthn parap�nw exÐswsh: A = − VW
VWW

, H1 = −Vα1W

VWW
.

Gia na bg�loume k�poio sumpèrasma anaforik� me th metabol  tou qarto-
fulakÐou an�mesa sthn perÐptwsh thc apostrof c ston kÐnduno kai ekeÐnhc
sthn abebaiìthta, sugkrÐnoume tic sqèseic (5.3) kai (5.18). Apì th sÔgkrish
sumperaÐnoume ìti: O ìroc mèsa stic parenjèseic sto aristerì mèloc thc
parap�nw exÐswshc eÐnai p�ntote ènac arijmìc megalÔteroc tou èna. Epi-
plèon, oi dÔo pr¸toi ìroi eÐnai Ðdioi me autoÔc thc exÐswshc tou Merton

(5.3). Epomènwc ìtan:
Vα1 < 0 an ρ+

√
1− ρ2 < 0

Vα1 > 0 an ρ+
√

1− ρ2 > 0
to opoÐo shmaÐnei ìti

an (ρ+
√

1− ρ2 < 0 ,Vα1 < 0)   (ρ+
√

1− ρ2 > 0, Vα1 > 0) lamb�noun q¸ra
thn Ðdia stigm , tìte w∗1W eÐnai mikrìtero apì to w1W kai epomènwc ènac
ependut c o opoÐoc apostrèfetai thn abebaiìthta mei¸nei ta ependuìmena di-
ajèsima sthn parap�nw axÐa, se sqèsh me ekeÐna thc perÐptwshc apostrof c
ston kÐnduno.

Upojètoume, parak�tw, ìti h mèsh anamenìmenh apìdosh eÐnai stajer 
kai ìti o katanalwt c apostrèfetai thn abebaiìthta pou ofeÐletai sth sto-
qastik  exèlixh thc tupik c apìklishc.

dσ1

σ1
= f2dt+ g2dZ2, (5.19)
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ìpou f2, g2 stajerèc kai Z2, Brownian kÐnhsh. An ρ anafèretai sto sunte-
lest  susqètishc metaxÔ twn dZ2, dB1, tìte akolouj¸ntac thn prohgoÔmenh
prosèggish lamb�noume thn parak�tw Prìtash.

Prìtash 5.1.1 Se mÐa agor� pou apoteleÐtai apì mÐa axÐa stajer c apì-
doshc kai mÐa �llh me abèbaih apìdosh, ìpou o ependÔthc apostrèfetai thn
abebaiìthta h opoÐa ofeÐletai se genikoÔc makrooikonomikoÔc par�gontec kai
h opoÐa sqetÐzetai (i) me thn exèlixh thc tim c thc axÐac (ii) me thn exèlix-
h thc tim c thc mèshc anamenìmenhc apìdoshc eÐte thc tupik c apìklishc,
tìte ja up�rqei èna qwrÐo tou q¸rou katast�sewn to opoÐo kajorÐzetai apì
tic parak�tw sqèseic:

ρ+
√

1− ρ2 < 0 ìtan Vα1 < 0   Vσ1 < 0
ρ+

√
1− ρ2 > 0 ìtan Vα1 > 0   Vσ1 > 0

(5.20)

ìpou o ependÔthc mei¸nei ta diajèsima sthn axÐa me abèbaih apìdosh sug-
kritik� me thn klassik  perÐptwsh tou Merton. Gia to upìloipo tou q¸rou
katast�sewn h metabol  den mporeÐ na kajoristeÐ analutik�.

To parap�nw apotèlesma exart�tai apì to prìshmo twn parag¸gwn thc
sun�rthshc se sqèsh me th mèsh anamenìmenh tim  kai thn tupik  apìklish
kaj¸c epÐshc kai thc tim  tou r. Sthn perÐptwsh ìpou autoÐ oi par�metroi
pou ephre�zoun thn kÐnhsh Brown, eÐnai stajeroÐ arijmoÐ, dhlad  fi = gi =
0, i = 1, 2, aÔxhsh thc epijumÐac gia èlegqo thc eustajeÐac tou montèlou mac,
p�ntote ep�gei sunthrhtikìterh sumperifor�, se sqèsh me thn perÐptwsh thc
apostrof c ston kÐnduno. Se aut  thn perÐptwsh o ependÔthc teÐnei na mei¸-
sei ta ependuìmena diajèsima, k�ti to opoÐo blèpei kaneÐc jètontac gi = 0
sthn (5.18) kai k�nontac thn Ðdia sÔgkrish ìpwc parap�nw. Autì eÐnai to sun-
hjismèno apotèlesma to opoÐo sqetÐzetai me thn apostrof  sthn abebaiìthta
kai th qr sh mejìdwn eustajoÔc elègqou. Parìla aut� ìmwc to apotèlesma
autì de metafèretai sth genikìterh perÐptwsh me stoqastikì sÔnolo epen-
dutik¸n epilog¸n. Sthn perÐptwsh aut  to apotèlesma exart�tai apì to
suntelest  susqètishc kai eidikìtera apì to prìshmo tou ìrou ρ+

√
1− ρ2,

se sunduasmì me tic merikèc paragwgoÔc. 'Ara, to genikì apotèlesma den
isqÔei p�ntote se aut  thn perÐptwsh. 'Iswc, de, me qr sh arijmhtik¸n mejìd-
wn gia thn epÐlush se sugkekrimènec peript¸seic na èqoume kai antistrof 
twn apotelesm�twn kai epomènwc thc sumperifor�c tou ependut .

5.1.2 H perÐptwsh stoqastik c mèshc apìdoshc kai tupik c apìk-
lishc

Se autì to upokef�laio exet�zoume thn perÐptwsh ìpou o ependÔthc apos-
trèfetai thn abebaiìthta pou ofeÐletai sth stoqastik  kÐnhsh tìso thc
anamenìmenhc mèshc tim c ìso kai thc tupik c apìklishc. An B1, B2, B3
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anex�rthtec Brownian kin seic kai an me ρ1, ρ2, ρ3, sumbolÐsoume touc sun-
telestèc susqètishc an�mesa sta zeÔgh (dB1, dZ1), (dB1, dZ2), kai (dZ1, dZ2)
antÐstoiqa, kai orÐsoume to parak�tw sÔsthma twn anisot twn

S =


ρ2 + τ1 + τ2 < (>)0 ìtan Vσ1 < (>)0 antÐstoiqa
ρ1 +

√
1− ρ2

1 > (<)0 ìtan Vα1 > (<)0 antÐstoiqa
(1− ρ2

2)(1− ρ2
1)− (ρ3−ρ1ρ2)2 > 0

1 ≤ ρ2 ≤ 1
−1 ≤ ρ3 ≤ 1

(5.21)

me τ1 = ρ3−ρ1ρ2√
1−ρ2

1

, τ2 =
√

1− ρ2
2 − τ2

1 , to opoÐo shmaÐnei ìti ìtan mÐa apì tic

(ρ2 + τ1 + τ2 > 0 , Vσ1 > 0)   (ρ2 + τ1 + τ2 < 0 , Vσ1 < 0) isqÔei me mÐa
apì tic parak�tw sqèseic (ρ1 +

√
1− ρ2

1 > 0, Vα1 > 0), (ρ1 +
√

1− ρ2
1 < 0,

Vα1 < 0), kai mazÐ me tic teleutaÐec treic anisìthtec, tìte mporoÔme na
diatup¸soume thn parak�tw Prìtash.

Prìtash 5.1.2 An isqÔoun oi Ðdiec upojèseic me thn parap�nw Prìtash kai
to sÔsthma twn anisot twn S ikanopoieÐtai, tìte autì kajorÐzei èna qwriì ìpou
ènac ependÔthc o opoÐoc apostrèfetai thn abebaiìthta gÐnetai sunthrhtikìte-
roc, dhlad  mei¸nei ta ependuìmena diajèsima sthn axÐa ìpou den qarak-
thrÐzetai apì stajer  apìdosh, se sqèsh me thn perÐptwsh thc apostrof c
ston kÐnduno.

H apìdeixh thc Prìtashc sto Par�rthma.

An to parap�nw sÔsthma twn anisot twn den ikanopoieÐtai, den eÐmaste se
jèsh na kajorÐsoume thn kateÔjunsh thc metabol c twn ependuìmenwn dia-
jesÐmwn.

5.1.3 DÔo axÐec pou emperièqoun abebaiìthta

'Estw, ìti h agor� apoteleÐtai apì mÐa axÐa stajer c apìdoshc kai dÔo axÐec
pou emperièqoun abebaiìthta. H exÐswsh (5.1) mazÐ me thn:

dP2

P2
= α2dt+ σ2dB2, (5.22)

ekfr�zei thn exèlixh thc tim c twn dÔo axi¸n, en¸ h sqèsh (5.2) anafèretai
sthn exèlixh thc paramètrou pou perigr�fei th mèsh anamenìmenh tim  thc
pr¸thc axÐac. 'Olec oi �lloi par�metroi pou emfanÐzontai parap�nw, èstw ìti
eÐnai stajerèc kai epÐshc ìti oi treic Brownian kin seic eÐnai susqetismènec
ìpou me ρ1, ρ2, ρ3 oi antÐstoiqoi suntelestèc susqètishc metaxÔ twn zeug¸n
(dB1, dB2), (dB1, dZ1), kai (dB2, dZ1). H lÔsh touMerton, gia to prìblhma
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megistopoÐhshc (5.12) se aut  thn perÐptwsh dÐnetai wc:

w1W =
A(α1 − r)σ2

2

σ2
1σ

2
2(1− ρ2

1)
− A(α2 − r)σ12

σ2
1σ

2
2(1− ρ2

1)
+
H1α1g1σ1σ

2
2 (ρ2 − ρ1ρ3)

σ2
1σ

2
2(1− ρ2

1)
,(5.23)

w2W = −A(α1 − r)σ12

σ2
1σ

2
2(1− ρ2

1)
+
A(α2 − r)σ2

2

σ2
1σ

2
2(1− ρ2

1)
+
H1α1g1σ

2
1σ2 (−ρ2ρ1 + ρ3)

σ2
1σ

2
2(1− ρ2

1)
,(5.24)

A = − VW

VWW
, H1 = −Vα1W

VWW
.

Parak�tw jewroÔme to prìblhma thc bèltisthc eustajoÔc epilog c qarto-
fulakÐou anaforik� me th megistopoÐhsh thc wfelimìthtac se �peiro qronikì
orÐzonta kai lamb�noume sunj kec h ikanopoÐhsh twn opoÐwn odhgeÐ se aÔxhsh
twn ependuìmenwn diajesÐmwn sugkritik� me thn perÐptwsh thc apostrof c
ston kÐnduno. 16 Gia aut  thn eidik  perÐptwsh h exèlixh tou qartofulakÐou
kai tou α1 dÐnontai apì thn:[

dW (t)
dα1(t)

]
=

[
Ww1(α1 − r) + w2W (α2 − r) + (rW − c)

α1f1

]
dt+ (5.25)

[
Wσ1w1 +Wσ2w2ρ1 Wσ2w2

√
1− ρ2

1 0
α1g1ρ2 α1g1τ1 α1g1τ2

]dB̃1

dB̃2

dB̃3


me B̃i i = 1, 2, 3 na sumbolÐzoume treic anex�rthtec kin seic Brown. Jew-
r¸ntac diataraqèc sthn apì koinoÔ katanom  twn dÔo axi¸n kai tou α1 kai
uiojet¸ntac èna koinì periorismì entropÐac h parap�nw sqèsh dÔnatai na
grafeÐ wc: [

dW (t)
dα1(t)

]
=
[
F1

F2

]
dt+G

dB̂1

dB̂2

dB̂3

 (5.26)

ìpou

F1 = w1W (α1 − r + σ1h) + (rW − c)

+w2W

(
α2 − r + σ2h

(
ρ1 +

√
1− ρ2

1

))
F2 = α1f1 + hα1g1 (ρ2 + τ1 + τ2)

G =
[
Wσ1w1 +Wσ2w2ρ1 Wσ2w2

√
1− ρ2

1 0
α1g1ρ2 α1g1τ1 α1g1τ2

]
H Bellman − Isaacs sunj kh, gia autì to stoqastikì paÐgnio metaxÔ

twn dÔo paikt¸n mac dÐnei ìti h sun�rthsh axÐac V (W,α1, θ), ikanopoieÐ thn

δV = max
wi,C

min
h

{
U(C)+θ3

h2

2
+VWF1 +Vα1F2 +

1
2
trace(GT∂2V G)

}
. (5.27)

16Ja d¸soume thn apìdeixh gia stoqastik  mèsh anamenìmenh apìdosh. 'Omoioi tÔpoi
mporoÔn na apodeiqjoÔn kai sthn perÐptwsh pou jewr soume stoqastik  tupik  apìklish.
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ìpou t¸ra ∂2V =
[
VWW VWα1

VWα1 Vα1α1

]
. Oi sunj kec pr¸thc t�xhc gia to para-

p�nw prìblhma eÐnai:

U ′(C) = VW ,

h =
−VWW

(
σ1w

∗
1 + σ2(ρ+

√
1− ρ2)w∗2

)
− α1g1qVα1

θ3
q = ρ2 + τ1 + τ2

2∑
j=1

w∗jWσ1j = A(α1 − r) +Aσ1h+H1α1g1ρ2σ1

2∑
j=1

w∗jWσ2j = A(α2 − r) +Aσ2(ρ1 +
√

1− ρ2
1)h+H1α1g1ρ3σ2.

A = − VW

VWW
, H1 = −Vα1W

VWW

Qrhsimopoi¸ntac sumbolismì pin�kwn h lÔsh tou parap�nw probl matoc
dÔnatai na perigr�fei apì thn:[
w∗1W w∗2W

]
Λ =

[
A(α1 − r) A(α2 − r)

]
+
[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]

+
[
−Aσ1

α1g1(ρ2+τ1+τ2)Vα1
θ3

−Aσ2(ρ1 +
√

1− ρ2
1)

α1g1(ρ2+τ1+τ2)Vα1
θ3

]
ìpou:

Λ =

 σ11(1−
V 2

W
θ3VWW

) σ12

(
1− V 2

W
θ3VWW

ρ1+
√

1−ρ2
1

ρ

)
σ12

(
1− V 2

W
θ3VWW

ρ1+
√

1−ρ2
1

ρ1

)
σ22

(
1− V 2

W
θ3VWW

(1 + 2ρ1

√
1− ρ2

1)
)
 .

(5.28)
An me Σ sumbolÐsoume to diag¸nio pÐnaka me diag¸nia stoiqeia σ1, σ2, tìte:

Λ = Σ

[
(1− V 2

W
θ3VWW

)
(
ρ1 −

V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1)
)(

ρ1 −
V 2

W
θ3VWW

(ρ1 +
√

1− ρ2
1)
) (

1− V 2
W

θ3VWW
(1 + 2ρ1

√
1− ρ2

1)
) ]Σ.

(5.29)
LÔnontac, wc proc ta bèltista eustaj  posost� tou qartofulakÐou pou
ependÔontai se k�je mÐa apì tic dÔo axÐec, lamb�noume ìti.

[
w∗1W w∗2W

]
=

1

(1− ρ2
1)
(
1− 2 V 2

W
θ3VWW

)
MΣ−1 (5.30)

[
1− V 2

W
θ3VWW

(1 + 2ρ1

√
1− ρ2

1) −ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1)

−ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1) 1− V 2
W

θ3VWW

]
Σ−1.
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ìpou M o pÐnakac:

M =
[
A(α1 − r) A(α2 − r)

]
+
[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
+[

−Aσ1
α1g1(ρ2+τ1+τ2)Vα1

θ3
−Aσ2(ρ1 +

√
1− ρ2

1)
α1g1(ρ2+τ1+τ2)Vα1

θ3

]
Parak�tw ìpwc kai stic prohgoÔmenec peript¸seic exet�zoume tic di-

aforèc sta posost� tou qartofulakÐou ∆wi = wi − w∗i , i = 1, 2 an�mesa
sthn perÐptwsh thc apostrof c sthn abebaiìthta, (θ <∞) kai ekeÐnhc thc a-
postrof c ston kÐnduno, (θ →∞) . Qrhsimopoi¸ntac tic (5.23),(5.24),(5.30)
lamb�noume:[

W∆w1 W∆w2

]
=

1
(1− ρ2

1)
M1Σ−1ΞΣ−1 − TM2, (5.31)

ìpou:

Ξ =
[

1 −ρ1

−ρ1 1

]
− 1(

1− 2 V 2
W

θ3VWW
)

(5.32)

[
1− V 2

W
θ3VWW

(1 + 2ρ1

√
1− ρ2

1) −ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1)

−ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1) 1− V 2
W

θ3VWW

]

M1 =
[
A(α1 − r) A(α2 − r)

]
+
[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
M2 = [M21 M22]

M21 = −Aσ1
α1g1(ρ2+τ1+τ2)Vα1

θ3
.

M22 = −Aσ2(ρ1 +
√

1− ρ2
1)
α1g1 (ρ2 + τ1 + τ2)Vα1

θ3

kai

T =
1

(1− ρ2
1)
(
1− 2 V 2

W
θ3VWW

)
Σ−1QΣ−1

Q =

[
1− V 2

W
θ3VWW

(1 + 2ρ1

√
1− ρ2

1) −ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1)

−ρ1 + V 2
W

θ3VWW
(ρ1 +

√
1− ρ2

1) 1− V 2
W

θ3VWW

]

Met� apì upologismoÔc:[
W∆w1 W∆w2

]
= −TM2+ (5.33)

AV 2
W

(1− ρ2
1)(θ3VWW − V 2

W )
M1Σ−1

[
2ρ1

√
1− ρ2

1 − 1 ρ1 −
√

1− ρ2
1

ρ1 −
√

1− ρ2
1 −1

]
Σ−1.
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Apì thn parap�nw exÐswsh mporoÔme na doÔme ìti oi metabolèc sta bèltista
posost� tou qartofulakÐou ephre�zontai apì dÔo sunist¸sec. MÐa pou
sqetÐzetai me ton pÐnaka M1 kai mÐa �llh me ton M2. An h epÐdrash k�je
mÐac xeqwrist� ep�gei mÐa aÔxhsh sta sunolik� diajèsima pou ependÔontai
se k�je mÐa apì tic dÔo axÐec, tìte ta sunolik� diajèsima ja eÐnai auxhmè-
na sugkritik� me thn perÐptwsh thc apostrof c ston kÐnduno. O pÐnakac
M1 perièqei dÔo upopÐnakec, ìpou o pr¸toc emfanÐzetai kai sthn enìthta pou
antimetwpÐsame thn perÐptwsh ìpou h mèsh anamenìmenh apìdosh den  tan s-
toqastik� exelissìmenh all� stajer�. An me (·)1 sumbolÐsoume th metabol 
sto qartoful�kio exaitÐac thc epÐdrashc tou pÐnaka M1, tìte:

(W∆w1)1 =
κ

σ1

[
α1 − r

σ1
(2ρ1

√
1− ρ2

1 − 1) +
α2 − r

σ2
(ρ1 −

√
1− ρ2

1)
]

(5.34)

(W∆w2)1 =
κ

σ2

[
α1 − r

σ1
(ρ1 −

√
1− ρ2

1)−
α2 − r

σ2

]
(5.35)

κ =
AV 2

W

(1− ρ2
1)(θ3VWW − V 2

W )
. (5.36)

Sthn parap�nw sqèsh κ eÐnai p�ntote arnhtikìc arijmìc, epomènwc jètontac:

λ =
α2−r

σ2

α1−r
σ1

, (5.37)

lamb�noume ìti:

(W∆w1)1 < 0 An
ρ1 −

√
1− ρ2

1

1− 2ρ1

√
1− ρ2

1

>
1
λ
, (5.38)

(W∆w2)1 < 0 An ρ1 −
√

1− ρ2
1 > λ. (5.39)

'Omoia an (·)2 anafèretai sthn epÐdrash thc deÔterhc sunist¸sac, sth bèltisth
epilog  qartofulakÐou, tou M1 dhlad  thc

[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
tìte:

(W∆w1)2 =
κ̃

σ1

[
ρ2(2ρ1

√
1− ρ2

1 − 1) + ρ3(ρ1 −
√

1− ρ2
1)
]

(5.40)

(W∆w2)2 =
κ̃

σ2

[
ρ2(ρ1 −

√
1− ρ2

1)− ρ3

]
(5.41)

κ̃ =
H1α1g1V

2
W

(1− ρ2
1)(θ3VWW − V 2

W )
> (<)0 An H1 < (>)0.

'Ara

(W∆w1)2 < 0 An ρ2(2ρ1

√
1− ρ2

1 − 1) + ρ3(ρ1 −
√

1− ρ2
1) < (>)0,(5.42)

(W∆w2)2 < 0 An ρ2(ρ1 −
√

1− ρ2
1)− ρ3 < (>)0. (5.43)

45



ìtan κ̃ > (<)0, antÐstoiqa. Epiplèon, an me (·)3 sumbolÐsoume thn epÐdrash
exaitÐac tou M2, gia Vα1 > 0, èqoume ìti:

(W∆w1)3 < 0 An M21 > (<)0 ⇔ ρ2 + τ1 + τ2 > 0 (5.44)

(W∆w2)3 < 0 An (ρ1 +
√

1− ρ2
1) (ρ2 + τ1 + τ2) > 0 (5.45)

Sundu�zontac tic (5.34)− (5.35) lamb�noume ìti:

(W∆w)1 = (W∆w1)1 + (W∆w2)1 = (5.46)

κ
α1 − r

σ1

1
σ2

[
(2ρ1

√
1− ρ2

1 − 1)σ + λσ(ρ1 −
√

1− ρ2
1)+

(ρ1 −
√

1− ρ2
1)− λ

]
< 0

isodÔnama an:

λ̂(ρ1 −
√

1− ρ2
1 −

1
σ

) > σ(1− 2ρ1

√
1− ρ2

1)− (ρ1 −
√

1− ρ2
1)(5.47)

me λ̂ =
a2 − r

a1 − r
, σ =

σ2

σ1

EpÐshc, apì tic (5.40)− (5.41) gia to (·)2, èqoume:

(W∆w)2 = (W∆w1)2 + (W∆w2)2 (5.48)

=
κ̃

σ1

[
σ

(
ρ2(2ρ1

√
1− ρ2

1 − 1) + ρ3(ρ1 −
√

1− ρ2
1)
)

+ρ2(ρ1 −
√

1− ρ2
1)− ρ3

]
= κ̃P < 0 gia κ̃ > (<)0, an P < (>)0 me

P =
[
σ

(
ρ2(2ρ1

√
1− ρ2

1 − 1) + ρ3(ρ1 −
√

1− ρ2
1)
)

(5.49)

+ρ2(ρ1 −
√

1− ρ2
1)− ρ3

]
.

'Ara, gia tic epitreptèc timèc tou ρi , i = 1, 2, 3 kai anexart twc twn tim¸n thc
paramètrou eust�jeiac θ, eÐmaste se jèsh na diatup¸soume thn parak�tw
Prìtash: 17

Prìtash 5.1.3 Upojètontac ìti eÐte h mèsh anamenìmenh tim  eÐte h tupik 
apìklish kinoÔntai stoqastik� sto qrìno, oi bèltistoi eustajeÐc kanìnec epi-
log c qartofulakÐou, gia mÐa agor� pou apoteleÐtai apì mÐa axÐa stajer c
apìdoshc kai dÔo axÐec pou qarakthrÐzontai apì abebaiìthta h opoÐa ofeÐletai
se genikoÔc makrooikonomikoÔc par�gontec, ep�goun ta parak�tw

17Qrhsimopoi¸ntac to pakèto majhmatik¸n efarmog¸n Mathematica, eÐmaste se jèsh
na apodeÐxoume ìti up�rqoun timèc twn ρi pou ikanopoioÔn tic ikanèc sunj kec thc
parak�tw prìtashc.
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1. An oi (5.38), (5.42), (5.44) ikanopoioÔntai tautìqrona, tìte autèc orÐ-
zoun èna qwrÐo tou q¸rou katast�sewn, ìpou up�rqei mÐa aÔxhsh sta
ependuìmena diajèsima sthn pr¸th apì tic dÔo axÐec pou den qarak-
thrÐzontai apì stajer  apìdosh   ∆w1 = (W∆w1)1 + (W∆w1)2 +
(W∆w1)3 < 0.

2. An oi (5.39), (5.43), (5.45) ikanopoioÔntai tautìqrona, tìte autèc orÐ-
zoun èna qwrÐo tou q¸rou katast�sewn, ìpou up�rqei mÐa aÔxhsh sta
ependuìmena diajèsima sth deÔterh apì tic dÔo axÐec pou den qarak-
thrÐzontai apì stajer  apìdosh   ∆w2 = (W∆w2)1 + (W∆w2)2 +
(W∆w2)3 < 0.

3. An oi (5.44)− (5.45) kai (5.47), (5.48) ikanopoioÔntai tautìqrona, tìte
autèc orÐzoun èna qwrÐo tou q¸rou katast�sewn, ìpou up�rqei mÐa
aÔxhsh sta sunolik� ependuìmena diajèsima se sqèsh me thn perÐptwsh
thc apostrof c ston kÐnduno   ∆w < 0.

4. 'Otan h anhsuqÐa gia thn eust�jeia tou montèlou mac den up�rqei
θ → ∞, tìte h diafor� twn ependuìmenwn diajèsimwn an�mesa sth-
n apostrof  ston kÐnduno kai thn abebaiìthta mhdenÐzetai   ∆w =
∆w1 + ∆w2 → 0, (∆w1,∆w2) → 0

Ja prèpei na tonisteÐ, xan�, ìti èxw apì kajèna apì ta parap�nw qwrÐa
den eÐmaste se jèsh na kajorÐsoume analutik� thn kateÔjunsh thc metabol c
tou qartofulakÐou. Sthn parap�nw Prìtash oi sunj kec 1,2 den mporoÔn
na isqÔoun potè tautìqrono, �ra epomènwc potè den aux�noume ta diajèsima
twn dÔo axi¸n thn Ðdia qronik  stigm . To kÔrio apotèlesma dÐnetai apì to
trÐto mèroc thc parap�nw prìtashc, ìpou sÔmfwna me to opoÐo k�tw apì
kat�llhlec sunj kec dÔnatai ta sunolik� ependuìmena diajèsima stic axÐec
pou emperièqoun kÐnduno na eÐnai auxhmèna se sqèsh me ekeÐna thc perÐptwshc
tou Merton, pou antistoiqeÐ sthn klasik  perÐptwsh apostrof c kindÔnou.
Aut  h epijetikìterh sumperifor� eÐnai h pr¸th for� h opoÐa apì ìso gnwrÐ-
zoume emfanÐzetai se probl mata bèltisthc epilog c qartofulakÐou. Autì
to apotèlesma, eÐnai parìmoio me ekeÐno to opoÐo afor� thn epijetikìter-
h sumperifor� sth q�raxh nomismatik c politik c. Aut  h epijetikìter-
h sumperifor� ofeÐletai sth dom  thc abebaiìthtac, sto ìti dhlad  aut 
exart�tai apì makrooikonomikoÔc par�gontec, ìpou se sun�rthsh me thn
kat�llhlh dom  twn paramètrwn tou probl matoc, mporeÐ na odhg sei se
sqetik� megalÔterh aÔxhsh twn ependuìmenwn diajesÐmwn sth mÐa axÐa sug-
kritik� me thn meÐwsh sth �llh, gegonìc pou èqei san apotèlesma ta suno-
lik� diajèsima na emfanÐzontai auxhmèna se sqèsh me to klasikì oikonomikì
perib�llon.

IdiaÐterh èmfash ja prèpei na dojeÐ epÐshc sto gegonìc ìti h epijetikìthta
aut  den exart�tai apì to stoqastikì sÔnolo ependutik¸n epilog¸n, afoÔ
eÔkola mporeÐ kaneÐc na dei ìti up�rqei kai jètontac ρ2 = ρ3 = 0, to opoÐo
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eÐnai isodÔnamo me to na jèsoume Vσ1W = Va1W = 0. AutoÐ oi periorismoÐ
apokleÐoun thn stoqastik  kÐnhsh thc mèshc anamenìmenhc tim c kai tupik c
apìklishc kai ep�goun èna nteterministikì sÔnolo stoqastik¸n epilog¸n.

5.2 EustajeÐc kanìnec katanom c qartofulakÐou. Diafore-
tik� epÐpeda abebaiìthtac

Se autì to upokef�laio antikajistoÔme thn upìjesh ìti h dom  thc abebaiìth-
tac exart�tai apì genikoÔc par�gontec anaforik� me thn exèlixh thc oikonomÐ-
ac, apì thn upìjesh ìti dhlad  aut  kajorÐzetai apì par�gontec pou sqetÐ-
zontai me ton mikrìkosmo k�je mÐac axÐac (etairÐac) qwrist�, ìpwc eÐnai gia
par�deigma oi drasthriìthtec thc etairÐac, h teqnologÐa kai �llec. Aut 
h upìjesh antistoiqeÐ sthn prosèggish twn Hansen kai Sargent, anaforik�
me thn Ôparxh enìc genikoÔ dianÔsmatoc h, ìrwn diataraq c. Epomènwc o
periorismìc hi = hj = h, i 6= j, apaleÐfetai kai h entropÐa èqei thn morf :

EQ

∫ ∞

0
e−δu 1

2

〈
h
′
h
〉
du ≤ ν (5.50)

5.2.1 MÐa axÐa pou qarakthrÐzetai apì abebaiìthta, me stoqastik 
mèsh tim    tupik  apìklish

Upojètoume parak�tw ìti h agor� apoteleÐtai apì mÐa axÐa pou qarakthrÐze-
tai apì abebaiìthta, ìpou h mèsh anamenìmenh tim  thc eÐnai stoqastik . Di-
atar�ssontac to arqikì mac sÔsthma pou dÐnetai apì tic (5.1), (5.6), qrhsi-
mopoi¸ntac diaforetikoÔc ìrouc diataraq c hi, i = 1, 2,, tìte h exÐswsh gia
ta α1,W, paÐrnei th morf :

[
dα1(t)
dW (t)

]
=

[
α1[f1 + g1h1ρ+ g1h2

√
1− ρ2)]

Ww1(α1 + σ1h1 − r) + (rW − c)

]
dt

+
[
α1g1ρ α1g1

√
1− ρ2

Wσ1w1 0

] [
dB̂1

dB̂2

]
ìpou, t¸ra, to antÐstoiqo isodÔnamo pollaplasiastikì prìblhma eustajoÔc
elègqou to opoÐo mporeÐ na susqetisteÐ me to prìblhma thc megistopoÐhshc
thc paroÔsac tim c thc anamenìmenhc wfelimìthtac  

max
w1,C

E0

∫ ∞

0
e−δtU(C)dt.

b�sei tou periorismoÔ entropÐac (5.50) kai twn dunamik¸n tou sust matoc,
gÐnetai:

J(θ) = sup
w1,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θ(

h2
1

2
+
h2

2

2
)
]
dt
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H sun�rthsh axÐac t¸ra ikanopoieÐ thn parak�tw exÐswsh.

δV = max
w1,C

min
hi

{
U(C) + θ(

h2
1

2
+
h2

2

2
) + VW [w1(α1 + σ1h1 − r)W + (rW − c)]

+Vα1α1[f1 + g1(h1ρ+ h2

√
1− ρ2)] + α1g1ρWσ1w1Vα1W +

1
2
VWWσ

w
2
1W

2 +
1
2
Vα1α1α

2
1g

2
1

}
.

Oi sunj kec pr¸thc t�xhc oi opoÐec perigr�foun th lÔsh tou parap�nw di-
aforikoÔ paignÐou metaxÔ dÔo paikt¸n eÐnai:

U ′(C) = VW ,

h1 = −VWWw1σ1 + Vα1α1g1ρ

θ
,

h2 = −Vα1α1g1
√

1− ρ2

θ
0 = VW (α1 + σ1h1 − r) + VWWσ

Ww1 + α1g1ρσ1Vα1W

ìpou sthn perÐptwsh aut  lamb�noume ìti to bèltisto eustajèc posostì,
isodÔnama to posostì tou qartofulakÐou pou ependÔete sthn axÐa pou qarak-
thrÐzetai apì abebaiìthta san sun�rthsh thc paramètrou eust�jeiac θ, eÐnai:

w∗1W

(
1−

V 2
W

θ
VWW

)
=
A(α1 − r)

σ2
1

+H1
g1ρα1

σ1
+
VWVα1

θVWW

g1α1

σ1
ρ

ìpou sthn parap�nw exÐswsh: A = − VW
VWW

, H1 = −Vα1W

VWW
. Qrhsimopoi¸ntac

mÐa parìmoia prosèggish ìpwc sto prohgoÔmeno upokef�laio, mporoÔme na
kajorÐsoume th metabol  sta bèltista eustaj  posost� tou qartofulakÐou
ta opoÐa ep�gontai apì thn apostrof  sthn abebaiìthta sugkrinìmena me
ekeÐna ta opoÐa mac dÐnei h efarmog  thc klassik c jewrÐac, pou antistoiqeÐ
sthn perÐptwsh apostrof c kindÔnou kai na l�boume ètsi thn parak�tw Prì-
tash:

Prìtash 5.2.1 Se mÐa agor� pou perièqei mÐa axÐa stajer c apìdoshc kai
mÐa axÐa ìpou h apìdosh thc qarakthrÐzetai apì abebaiìthta h opoÐa ofeÐletai
se kajar� par�gontec pou sqetÐzontai me thn k�je axÐa xeqwrist� tìte An:

ρ < 0 ìtan Vα1 < 0
  ρ > 0 ìtan Vα1 > 0.

tìte apì tic parap�nw sqèseic kajorÐzetai èna qwrÐo tou q¸rou katast�sewn,
ìpou h sumperifor� tou ependÔth eÐnai pio sunthrhtik  sugkrinìmenh me
ekeÐnh pou antistoiqeÐ sthn apostrof  kindÔnou, dhlad  w∗1W eÐnai mikrìtero
apì to w1W.
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5.2.2 Stoqastik  mèsh anamenìmenh tim  kai tupik  apìklish

Se aut  thn perÐptwsh upojètoume ìti tìso h mèsh anamenìmenh tim  ìso
kai h tupik  apìklish eÐnai stoqastikèc, opìte ta dunamik� tou sust matoc
mac eÐnai:

dS = Adt+ ΣdB̂

S =

W (t)
α1(t)
σ1(t)



A =

Ww1(α1 + σ1h1 − r) + (rW − c)
α1[f1 + g1h1ρ1 + g1h2

√
1− ρ2

1]
σ1[f2 + g2(h1ρ2 + h2τ1 + h3τ2)]


Σ =

Wσ1w1 0 0
α1g1ρ1 α1g1(ρ1 +

√
1− ρ2

1) 0
σ1g2ρ2 σ1g2τ1 σ1g2τ2


B̂ =

B̂1

B̂2

B̂3


To antÐstoiqo pollaplasiastikì prìblhma eustajoÔc elègqou eÐnai:

J(θ) = sup
w1,C

inf
hi

EQ
∫ ∞

0
e−δt

[
U(C) + θ(

h2
1

2
+
h2

2

2
+
h2

3

2
)
]
dt

b�sei twn dunamik¸n exis¸sewn tou sust matoc. Epanalamb�nontac touc
antÐstoiqouc upologismoÔc prosarmosmènouc sthn nèa dom  tou probl ma-
toc mac, lamb�noume èna sÔsthma exis¸sewn pou t¸ra eÐnai to:

ρ2 > (<)0 ìtan Vσ1 > (<)0 antÐstoiqa
ρ1 > (<)0 ìtan Vα1 > (<)0 antÐstoiqa

(1− ρ2
2)(1− ρ2

1)− (ρ3−ρ1ρ2)2 > 0
(1− ρ2

2 − τ2
1 ) > 0

τ1 = ρ3−ρ1ρ2√
1−ρ2

1

,

(5.51)

me thn antÐstoiqh prìtash se aut  thn perÐptwsh na gÐnetai wc:

Prìtash 5.2.2 Me thn dom  thc abebaiìthtac ìpwc orÐsthke sthn para-
p�nw Prìtash, to sÔsthma twn anisot twn (5.51) gia tic paramètrouc tou
probl matoc orÐzei èna qwrÐo ston q¸ro katast�sewn, ìpou ènac ependÔthc
o opoÐoc apostrèfetai thn abebaiìthta mei¸nei ta ependuìmena diajèsima tou
sthn axÐa pou emperièqei kÐnduno, sugkrinìmena me ekeÐna pou ja epèlege na
ependÔsei sthn perÐptwsh ekeÐnh ìpou apl� apostrefìtan ton kÐnduno. An to
parap�nw sÔsthma twn anisot twn den ikanopoieÐtai, h metabol  sth sÔnjesh
tou qartofulakÐou den mporeÐ na kajoristeÐ analutik�.
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SugkrÐnontac tic parap�nw dÔo Prot�seic me tic dÔo pr¸tec autoÔ tou ke-
falaÐou, ìpou h abebaiìthta ofeilìtan se genikìterouc makrooikonomikoÔc
par�gontec, mporeÐ kaneÐc na dei ìti h dom  thc abebaiìthtac den ephre�zei
to basikì apotèlesma kai den dÐnei epijetikìterh sumperifor�. Apl� mÐa
sunthrhtikìterh sumperifor� se èna qwriì tou q¸rou katast�sewn. Epi-
jetikìterh sumperifor� Ðswc all� Ðswc kai ìqi mporeÐ na dÐnetai ektìc tou
qwrioÔ autoÔ, all� gia na faneÐ pragmatik� autì apaitoÔntai arijmhtikoÐ
upologismoÐ.

5.2.3 DÔo axÐec pou emperièqoun abebaiìthta

Upojètoume, ìti h agor� mac apoteleÐtai apì dÔo axÐec ìpou h exèlixh thc
tim c touc den sunodeÔetai apì stajer  apìdosh kai mÐa axÐa stajer c apì-
doshc, me th mèsh anamenìmenh tim  thc mÐac ek twn dÔo axi¸n na ikanopoieÐ
mÐa stoqastik  diaforik  exÐswsh. Jewr¸ntac, xan�, diaforetikoÔc ìrouc
diataraq c to opoÐo eÐnai se sunèpeia me to gegonìc ìti h abebaiìthta ofeÐle-
tai se par�gontec eswterikoÔc se k�je epiqeÐrhsh, oi exis¸seic gia to W kai
to α1 gÐnontai:

[
dW (t)
dα1(t)

]
=
[
F1

F2

]
dt+G

dB̂1

dB̂2

dB̂3


ìpou t¸ra:

F1 = Ww1(α1 − r + σ1h1) + (rW − c)+

Ww2

(
α2 − r + σ2

(
h1ρ1 + h2

√
1− ρ2

1

))
F2 = α1f1 + α1g1 (h1ρ2 + h2τ1 + h3τ2)

G =
[
Wσ1w1 +Wσ2w2ρ1 Wσ2w2

√
1− ρ2

1 0
α1g1ρ2 α1g1τ1 α1g1τ2

]
.

Oi sunj kec Bellman-Isaacs gia autì to paiqnÐdi, ep�goun ìti h sun�rthsh
axÐac V (W,α1, θ) ikanopoieÐ thn parak�tw exÐswsh:

δV = max
wi,C

min
hi

{
U(C) + θ(

h2
1

2
+
h2

2

2
+
h2

3

2
) + VWF1 + Vα1F2 +

1
2
trace(GT∂2V G)

}

ìpou t¸ra xan� ∂2V =
[
VWW VWα1

VWα1 Vα1α1

]
. Oi sunj kec pr¸thc t�xhc gia to
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parap�nw paÐgnio metaxÔ twn dÔo paikt¸n eÐnai:

U ′(C) = VW ,

h1 =
−VWW [σ1w

∗
1 + σ2ρ1w

∗
2]− α1g1ρ2Vα1

θ

h2 =
−VWWσ2

√
1− ρ2

1w
∗
2 − α1g1τ1Vα1

θ

h3 =
−α1g1τ2Vα1

θ
2∑

j=1

w∗jWσ1j = A(α1 − r) +Aσ1h1 +H1α1g1ρ2σ1

2∑
j=1

w∗jWσ2j = A(α2 − r) +Aσ2(ρ1h1 +
√

1− ρ2
1h2) +H1α1g1ρ3σ2.

A = − VW

VWW
, H1 = −Vα1W

VWW
.

Qrhsimopoi¸ntac sumbolismì pin�kwn, h lÔsh tou parap�nw probl matoc
mporeÐ na perigr�fei apì thn parak�tw exÐswsh:[

w∗1W w∗2W
]
Σ =

λ
[
A(α1 − r) A(α2 − r)

]
+ λ

[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
+λ
[
−Aσ1

α1g1ρ2Vα1
θ −Aσ2

α1g1ρ3Vα1
θ

]
, me λ =

1

1− V 2
W

θVWW

< 1

ìpou:

Σ =
[
σ11 σ12

σ12 σ22

]
.

H bèltisth lÔsh pou dÐnetai apì ton tÔpo tou Merton eÐnai:[
w1W w2W

]
Σ =[

A(α1 − r) A(α2 − r)
]
+
[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
SugkrÐnontac tic parap�nw dÔo exis¸seic, exaitÐac tou ìti λ = 1

1−
V 2

W
θVWW

< 1,

eÐmaste se jèsh na poÔme ìti an oi posìthtec ρ2,Vα1 , èqoun Ðdia prìshma kai
to Ðdio epÐshc isqÔei kai gia tic ρ3, Vα1 tìte w∗1W w∗2W eÐnai mikrìtera
apì ta w1W w2W . Epomènwc, mporeÐ na diatupwjeÐ h parak�tw Prìtash.

Prìtash 5.2.3 Se mÐa agor� me dÔo axÐec ìpou den qarakthrÐzontai apì
stajer  apìdosh kai mÐa axÐa stajer c apìdoshc kai èna ependÔth pou a-
postrèfetai thn abebaiìthta wc proc: (i) thn exèlixh thc tim c twn ax-
i¸n (ii) eÐte thn exèlixh thc mèshc anamenìmenhc tim c eÐte thn exèlixh thc
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tupik c apìklishc thc mÐac ek twn dÔo axi¸n, ja up�rqei èna qwriì tou q¸rou
katast�sewn to opoÐo kajorÐzetai apì thn parak�tw sunj kh:

ρ2Vα1 > 0 , ρ3 Vσ1 > 0

ìpou o ependÔthc mei¸nei ta sunolik� diajèsima twn axi¸n pou qarakthrÐ-
zontai apì abebaiìthta, se sqèsh me èna ependÔth pou apostrèfetai ton kÐn-
duno. Gia to upìloipo tou q¸rou katast�sewn h metabol  twn ependuìmenwn
posost¸n eÐnai abèbaih kai den mporeÐ na qarakthristeÐ analutik�.

SugkrÐnontac thn parap�nw prìtash me thn antÐstoiqh ekeÐnh tou pro-
hgoÔmenou upokefalaÐou, ìpou eÐqame jewr sei ìti h abebaiìthta ofeÐletai
se genikoÔc makrooikonomikoÔc par�gontec kai eÐqame jewr sei Ðdiouc ìrouc
diataraq c hi gia na enswmat¸soume aut  sto montèlo mac, tìte mporeÐ
kaneÐc na dei ìti h dom  thc abebaiìthtac kai eidikìtera an h abebaiìthta
mac sqetik� me thn poreÐa exèlixhc thc oikonomÐac metatrapeÐ se abebaiìth-
ta ofeilìmenh se mikrooikonomikoÔc par�gontec, exaleÐfetai to qwriì epi-
jetik c sumperifor�c. Epomènwc, ìpwc kai sthn perÐptwsh pou antistoiqeÐ
sth q�raxh nomismatik c politik c [58], h epijetikìterh sumperifor� faÐnetai
na exart�tai apì ton trìpo me ton opoÐo domeÐtai h abebaiìthta.

5.3 Abebaiìthta wc proc mÐa axÐa. To ”home bias puzzle”

JewroÔme t¸ra èna parìmoio prìblhma me to arqikì, ìpou h pr¸th ek twn
dÔo axi¸n eklamb�netai wc mÐa axÐa h opoÐa diapragmateÔetai se mÐa xènh
agor� gia thn opoÐa up�rqei anhsuqÐa sqetik� me thn axiopistÐa tou mon-
tèlou pou perigr�fei thn exèlixh thc tim c thc. H �llh axÐa, jewroÔme ìti
eÐnai mÐa axÐa pou diapragmateÔetai sthn egq¸ria agor� kai upojètoume ìti
gnwrÐzoume me sigouri� thn exèlixh thc tim c thc pou perigr�fetai apì to
montèlo anafor�c. 'Ara, se aut  thn perÐptwsh anaforik� wc proc thn mÐa
axÐa, thn egq¸ria, o ependut c apostrèfetai ton kÐnduno, en¸ wc proc thn
�llh, autìc apostrèfetai thn abebaiìthta kai anhsuqeÐ gia thn eust�jeia
tou montèlou anafor�c, pou perigr�fei thn exèlixh thc tim c thc.

Se aut  thn perÐptwsh, h qr sh eustaj¸n kanìnwn katanom c qartofu-
lakÐou, apaiteÐ thn diataraq  mìno twn Brownian kin sewn pou sqetÐzontai
me thn exèlixh thc tim c thc pr¸thc axÐac, kaj¸c kai thc mèshc anamenìmen-
hc apìdoshc aut c α1. 18 H sqèsh (5.25), epÐshc isqÔei kai se aut  thn
perÐptwsh en¸ h antÐstoiqh thc (5.26) t¸ra gÐnetai:

F1 = Ww1(α1 − r + σ1h) + (rW − c)

+Ww2

(
α2 − r + σ2hρ1 + σ2

√
1− ρ2

1

)
F2 = α1f1 + τ1α1g1 + hα1g1 (ρ2 + τ2) , (5.52)

18Ta apotelèsmata se aut  thn upoenìthta den exartioÔntai apì to an jewr soume
ìmoia h diaforetik� epÐpeda abebaiìthtac metaxÔ twn axi¸n. EmeÐc parousi�zoume thn
perÐptwsh me diaforetik� epÐpeda abebaiìthtac.
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en¸ to G paramènei to Ðdio. H Bellman− Isaacs dhl¸nei ìti h V (W,α1, θ)
ikanopoieÐ xan� thn (5.27), en¸ oi sunj kec pr¸thc t�xhc t¸ra eÐnai:

U ′(C) = VW , (5.53)

h = −
VWW

(
σ1w

∗
1 + σ2ρ1w

∗
2

)
+ (α1g1 (ρ2 + τ2)Vα1)

θ3
2∑

j=1

w∗jWσ1j = A(α1 − r) +Aσ1h+H1α1g1ρ2σ1

2∑
j=1

w∗jWσ2j = A(α2 − r) +Aσ2(ρ1h+
√

1− ρ2
1) +H1α1g1ρ3σ2.

A = − VW

VWW
, H1 = −Vα1W

VWW

Qrhsimopoi¸ntac sumbolismì pin�kwn, h lÔsh tou parap�nw probl ma-
toc dÔnatai na perigr�fei apì thn:[

w∗1W w∗2W
]
Λ =

[
A(α1 − r) A(α2 − r + σ2

√
1− ρ2

1)
]
+

[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
+
[
−Aσ1

α1g1(ρ2+τ2)Vα1
θ3

−Aσ2ρ1
α1g1(ρ2+τ2)Vα1

θ3

]
ìpou

Λ =

[
σ11(1−

V 2
W

θ3VWW
) σ12(1−

V 2
W

θ3VWW
)

σ12(1−
V 2

W
θ3VWW

) σ22

(
1− V 2

W
θ3VWW

ρ2
1

) ] .
An Σ eÐnai diag¸nioc pÐnakac me σ1, σ2 sthn kÔria diag¸nio tìte

Λ = Σ

[
(1− V 2

W
θ3VWW

) (1− V 2
W

θ3VWW
)

(1− V 2
W

θ3VWW
)
(
1− V 2

W
θ3VWW

ρ2
1

) ]Σ.

LÔnontac, to parap�nw sÔsthma, eÐmaste se jèsh na kajorÐsoume ta
bèltista eustaj  posost� tou qartofulakÐou pou ependÔontai se k�je mÐa
apì tic dÔo axÐec san:

[
w∗1W w∗2W

]
=

1

(1− ρ2
1)
(
1− V 2

W
θ3VWW

) V 2
W

θ3VWW

MΣ−1 (5.54)

[ (
1− V 2

W
θ3VWW

ρ2
1

)
−(1− V 2

W
θ3VWW

)

−(1− V 2
W

θ3VWW
) (1− V 2

W
θ3VWW

) ]
Σ−1.

ìpou t¸ra o pÐnakac M eÐnai o:
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M =
[
A(α1 − r) A(α2 − r + σ2

√
1− ρ2

1)
]
+
[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
+
[
−Aσ1

α1g1(ρ2+τ2)Vα1
θ3

−Aσ2ρ1
α1g1(ρ2+τ2)Vα1

θ3

]
Parak�tw, exet�zoume tic di�forec ∆wi = wi − w∗i , i = 1, 2, an�mesa sthn
perÐptwsh thc apostrof c kindÔnou kai ekeÐnhc pou afor� thn apostrof 
sthn abebaiìthta. Qrhsimopoi¸ntac tic (5.23),(5.24),(5.54), lamb�noume ìti:

[
W∆w1 W∆w2

]
=

1
(1− ρ2

1)
M1Σ−1ΞΣ−1 − TM2, (5.55)

ìpou se aut  thn eidik  perÐptwsh:

Ξ =
[

1 −ρ1

−ρ1 1

]
− 1(

1− V 2
W

θ3VWW
) V 2

W
θ3VWW

[ (
1− V 2

W
θ3VWW

ρ2
1

)
( V 2

W
θ3VWW

− 1)

−(1− V 2
W

θ3VWW
) (1− V 2

W
θ3VWW

) ]

M1 =
[
A(α1 − r) A(α2 − r + σ2

√
1− ρ2

1)
]
+[

H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
M2 = [M21 M22]

M21 = −Aσ1
α1g1 (ρ2 + τ2)Vα1

θ3
,M22 = −Aσ2ρ1

α1g1 (ρ2 + τ2)Vα1

θ3

kai

T =
1

(1− ρ2
1)
(
1− V 2

W
θ3VWW

) V 2
W

θ3VWW

Σ−1QΣ−1

Q =

[ (
1− V 2

W
θ3VWW

ρ2
1

)
−(1− V 2

W
θ3VWW

)

−(1− V 2
W

θ3VWW
) (1− V 2

W
θ3VWW

) ]

Met� apì k�poiouc upologismoÔc:

[
W∆w1 W∆w2

]
= −TM2 +

1
(1− ρ2

1)
M1Σ−1

[
ξ x− ρ1

x− ρ1 1− x

]
Σ−1.

(5.56)

me ξ = 1 +
x(ρ2

1−x)
x−1 > 0, x = θ3VWW

V 2
W

.

55



Apì thn parap�nw exÐswsh, blèpoume ìti ta bèltista eustaj  posost� tou
qartofulakÐou ephre�zontai apì dÔo sunist¸sec M1 kai M2, ìpou o pÐnakac
M1 apoteleÐtai apì dÔo upopÐnakec. Ergazìmenoi omoÐwc ìpwc kai sto pro-
hgoÔmeno upokef�laio, lamb�noume ìti:

(W∆w1)1 =
κ

σ1

[
α1 − r

σ1
ξ +

α2 − r + σ2

√
1− ρ2

1

σ2
(x− ρ1)

]
(5.57)

(W∆w2)1 =
κ

σ2

[
α1 − r

σ1
(x− ρ1)−

α2 − r + σ2

√
1− ρ2

1

σ2
(1− x)

]
(5.58)

ìpou t¸ra κ =
1

(1− ρ2
1)
.

Sth parap�nw exÐswsh κ jetikì, opìte jètontac

λ̂ =
α2−r+σ2

√
1−ρ2

1

σ2

α1−r
σ1

, (5.59)

lamb�noume ìti:

(W∆w1)1 < 0 An ξ < λ̂(x− ρ1) (5.60)

(W∆w2)1 < 0 An
x− ρ1

1− x
< λ̂. (5.61)

H parap�nw exÐswsh upodhl¸nei ìti p�ntote mei¸noume ta diajèsima sth
deÔterh axÐa, an ρ1 > 0 kai λ̂ > 0   diaforetik� ìtan λ̂ > 1.

Jewr¸ntac thn perÐptwsh ìpou Vα1 > 0,H1 < 0, tìte an (·)2 anafèretai
ston ìro pou sqetÐzetai me ton pÐnaka

[
H1α1g1ρ2σ1 H1α1g1ρ3σ2

]
, tìte:

(W∆w1)2 =
κ̃

σ1

[
ρ2ξ + ρ3(x− ρ1)

]
(5.62)

(W∆w2)2 =
κ̃

σ2

[
ρ2(x− ρ1) + ρ3(1− x)

]
(5.63)

ìpou t¸ra κ̃ =
H1α1g1
(1− ρ2

1)
< 0

'Etsi

(W∆w1)2 < 0 An ρ2 > 0, ρ1 > 0, ρ3 < 0. (5.64)

(W∆w2)2 < 0 An 0 < ρ2 < ρ3, ρ1 > 0 eÐte

ρ1 > 0, ρ2 < 0 , ρ3 > 0. (5.65)

Telik�, an (·)3 anafèretai ston ìro −TM2 o opoÐoc sqetÐzetai me ton pÐnaka[
M21 M22

]
, tìte:
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(W∆w1)3 =
κ̃′

σ1

[
(ρ2 + τ2)

(
ρ2
1 − x

)
x

1− x
− ρ1 (ρ2 + τ2)x

]
(W∆w2)3 =

κ̃′

σ2

[
− (ρ2 + τ2)x+ ρ1 (ρ2 + τ2)x

]
ìpou κ̃′ = −

−Aα1g1Vα1
θ3

(1− ρ2
1)

> 0

Epomènwc

(W∆w1)3 < 0 An ρ1 < 0, (ρ2 + τ2) > 0. (5.66)

(W∆w2)3 < 0 An ρ1 (ρ2 + τ2) > (ρ2 + τ2) (5.67)

H (5.60) mazÐ me tic (5.64),(5.66) den eÐnai dunatìn na isqÔoun potè tautì-
qrona. Epomènwc, se aut  thn perÐptwsh den eÐmaste se jèsh na deÐxoume
èna genikì kanìna sÔmfwna me ton opoÐo aux�noume ta diajèsima sugkritik�
me thn perÐptwsh thc apostrof c ston kÐnduno. 'Ara, sthn perÐptwsh ìpou o
ependut c parousi�zei apostrof  sthn abebaiìthta, anaforik� me thn exèlix-
h thc tim c thc pr¸thc axÐac, èqoume deÐxei ìti, ìtan Vα1 > 0,H1 > 0 isqÔei
h parak�tw prìtash.

Prìtash 5.3.1 Gia mÐa agor� pou apoteleÐtai apì mÐa axÐa stajer c apì-
doshc kai dÔo �llec, ìpou wc proc thn pr¸th o ependÔthc apostrèfetai thn
abebaiìthta pou sqetÐzetai me thn exèlixh thc tim c thc, en¸ wc proc th
deÔterh apostrèfetai ton kÐnduno, tìte oi eustajeÐc kanìnec katanom c qarto-
fulakÐou ep�goun ta parak�tw:

1. An oi (5.61), (5.65), (5.67) ikanopoioÔntai, tìte orÐzoun èna qwrÐo tou
q¸rou katast�sewn ìpou up�rqei mÐa aÔxhsh sta ependuìmena diajèsi-
ma sth deÔterh axÐa sugkritik� me thn perÐptwsh thc apostrof c ston
kÐnduno   ∆w2 = (W∆w2)1 + (W∆w2)2 + (W∆w2)3 < 0.

2. 'Otan h anhsuqÐa gia thn eust�jeia tou montèlou den up�rqei θ →∞,
tìte h metabol  sta bèltista posost� tou qartofulakÐou an�mesa sth-
n perÐptwsh thc apostrof c sthn abebaiìthta kai ekeÐnhc sthn apos-
trof  ston kÐnduno, pou ofeÐletai ousiastik� sthn exèlixh thc tim c
thc mÐac mìno apì tic dÔo axÐec pou den qarakthrÐzontai apì stajer 
apìdosh   ∆w = ∆w1 + ∆w2 → 0, (∆w1,∆w2) → 0.

Epomènwc, h apostrof  sthn abebaiìthta wc proc thn mÐa mìno axÐa
ep�gei ìti ta diajèsima gia thn axÐa wc proc thn opoÐa den èqoume apostrof 
sthn abebaiìthta, ja eÐnai auxhmèna sugkritik� me thn perÐptwsh ìpou o
ependut c jewroÔme ìti apostrèfetai ton kÐnduno kai stic dÔo axÐec.
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Efarmìzontac thn Ðdia mejodologÐa kai stic �llec treic anaforik� me ta
prìshma an�mesa sta H1 kai Va1 peript¸seic,19 ìtan up�rqei abebaiìthta
wc proc th mèsh anamenìmenh apìdosh thc tim c thc mÐac axÐac, lamb�noume
ta parak�tw apotelèsmata: 20.

Prìtash 5.3.2 Gia mÐa agor� h opoÐa apoteleÐtai apì mÐa axÐa stajer c
apìdoshc kai dÔo �llec oi opoÐec exelÐssontai stoqastik� kai wc proc thn
mÐa mìno èqoume abebaiìthta anaforik� me thn exèlixh thc tim c thc, oi
eustajeÐc kanìnec katanom c qartofulakÐou ep�goun ta parak�tw

1. EÐnai perissìtero pijanìn na aux soume ta diajèsima sthn deÔterh axÐa
wc proc thn opoÐa apl� apostrefìmaste ton kÐnduno wc proc thn exèlixh
thc tim c thc, sugkritik� me thn perÐptwsh ìpou up�rqei apostrof 
abebaiìthtac wc proc thn exèlixh thc tim c thc pr¸thc axÐac   ∆w2 =
(W∆w2)1 + (W∆w2)2 + (W∆w2)3 < 0.

2. 'Otan h anhsuqÐa sqetik� me thn eust�jeia tou montèlou anafor�c
exafanÐzetai   θ → ∞, tìte h diafor� an�mesa sthn apostrof  ston
kÐnduno kai thn apostrof  sthn abebaiìthta mhdenÐzetai   ∆w =
∆w1 + ∆w2 → 0, (∆w1,∆w2) → 0.

H apìdeixh dÐnetai sto par�rthma <

H parap�nw prìtash, proteÐnei ìti o ependut c-katanalwt c eÐnai peris-
sìtero pijanìn na aux sei ta diajèsima sthn deÔterh axÐa, pou jewroÔme
ìti diapragmateÔetai sthn egq¸ria agor� kai wc proc thn opoÐa den èqoume
apostrof  abebaiìthtac wc proc thn exèlixh thc tim c thc kai ìpou o epen-
dut c pisteÔei ìti to montèlo anafor�c perigr�fei epark¸c thn exèlixh thc
tim c thc, kai anhsuqeÐ mìno gia thn eust�jeia tou montèlou pou dÐnei thn
exèlixhc thc �llhc axÐac pou diapragmateÔetai se mÐa xènh agor�. Autì to
apotèlesma isqÔei tìso gia thn perÐptwsh stoqastik c mèshc anamenìmenhc
tim c kai stoqastik c tupik c apìklishc. 'Ara, to apotèlesma autì mporeÐ
na jewrhjeÐ san mÐa epiplèon ex ghsh gia to {home bias puzzle}.

19Oi �llec treic peript¸seic eÐnai:
H1 > 0, Vα1 < 0
H1 > 0, Vα1 > 0
H1 < 0, Vα1 < 0

20An upojèsoume ìti up�rqei abebaiìthta se sqèsh me th stoqastik  kÐnhsh pou
sqetÐzetai me thn tupik  apìklish thc �xiac antÐ gia th mèsh anamenìmenh tim , tìte
to apotèlesma paramènei to Ðdio. Gia thn apìdeixh arkeÐ na antikatast soume to H2 me
to H1 kai to Vσ1 me to Va1
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6 Abebaiìthta kai diaqeÐrish oikosusthm�twn

Ta teleutaÐa qrìnia o ìroc biopoikilìthta o opoÐoc anafèretai sthn ekd lw-
sh zw c se ìlec tic morfèc thc, èqei arqÐsei na gÐnetai idiaÐtera diadedomènoc.
ShmasÐa èqei apodojeÐ se aut n apì periballontologikèc om�dec, politikoÔc,
apì ton tÔpo kai thn episthmonik  koinìthta. 'Eqei diapistwjeÐ ìti h biopoik-
ilìthta eÐnai h phg  thc biologik c ugeÐac kai parèqei thn b�sh gia th zw 
sth gh, perieqìmenhc kai aut c tou anjr¸pou. Oi biologikoÐ pìroi parèqoun
ìlh mac thn trof  kai to nerì, bohjoÔn sthn upost rixh twn basik¸n parag-
wgik¸n diadikasi¸n, kaj¸c epÐshc sth diat rhsh thc isorropÐac sth g inh
atmìsfaira. H biopoikilìthta, epÐshc, apoteleÐ basikì sustatikì gia mÐa
kal  zw , ugeÐa, armonikèc koinwnikèc sqèseic kai asf�leia. Oi basikèc e-
jnikèc, koinwnikèc, politismikèc axÐec twn biologik¸n apojem�twn, ìso kai h
sumbol  touc sthn oikonomik  an�ptuxh h opoÐa metriètai se nomismatikoÔc
ìrouc, èqoun epÐshc anagnwristeÐ. 21 Epomènwc h diat rhsh thc biopoik-
ilìthtac eÐnai basik  gia thn eÔrujmh mellontik  zw  ston plan th, kaj¸c h
ex�leiyh thc leitourgeÐ arnhtik� sth leitourgÐa twn g inwn oikosusthm�twn.
H ex�leiyh arket¸n eid¸n, kaj¸c epÐshc kai to gegonìc ìti èqei arqÐsei na
q�netai h biopikoilìthta eÐnai èna pragmatikì fainìmeno. 'Opwc faÐnetai kai
apì ta sumper�smata thc prìsfathc anafor�c tou Millennium Ecosystem
Assessment (MEA), [55], tic teleutaÐec ekatont�dec qrìnia, o �njrwpoc mèsw
twn paremb�sewn tou kai twn apof�sewn tou wc proc th diaqeÐrish twn oiko-
susthm�twn, eÐqe san apotèlesma na auxhjeÐ o rujmìc exaf�nishc twn eid¸n
kat� 1000 forèc se sqèsh me touc rujmoÔc pou up rqan kat� th di�rkeia thc
istorÐac tou planhtikoÔ mac sust matoc. EpÐshc, h genetik  poikilìthta èqei
meiwjeÐ kajolik� eidikìtera an�mesa sta eÐdh pou mporoÔme na par�goume
me {kallièrgeia} 22

Gia na èqei ìmwc praktik  shmasÐa o ìroc eÐnai aparaÐthth h mètrhsh tou
kai posotikopoÐhsh tou kat� k�poia morf . H idanik  mètrhsh thc biopoik-
ilìthtac eÐnai arket� dÔskolh afoÔ den up�rqei èna aplì antikeimenikì mètro,
all� mìno mètra ta opoÐa sqetÐzontai me eidikèc efarmogèc. Parìla aut�,
to pìso ploÔsia se eÐdh eÐnai mÐa plhjusmiak  kathgìria pou exet�zoume,
(species richness), dhlad  poio to pl joc tou sunolikoÔ arijmoÔ twn eid¸n
thc to opoÐo eÐnai en zw , apoteleÐ èna mètro to opoÐo èqei melethjeÐ eurÔ-
tata sth bibliografÐa kai kat� k�poio trìpo apoteleÐ èna koinì nìmisma gia
th mètrhsh thc biopoikilìthtac 23. Autì ja uiojet soume kai emeÐc gia th
melèth thc biopoikilìthtac sthn parak�tw prosèggish.

H exaf�nish twn eid¸n mporeÐ na epitaqunjeÐ apì ta sun jwc uyhl� epÐpe-
da abebaiìthtac, sqetik� me tic oikologikèc, koinwnikèc, kai tic pagkìs-

21DeÐte gia par�deigma Perrings et. al. [60] gia thn axÐa thc diat rhshc twn pìrwn
sthn koinwnÐa.

22 'Eqei ektimhjeÐ ìti to 50% thc biotik c poikilìthtac ja qajeÐ autì ton ai¸na (Soule
[70])

23DeÐte gia par�deigma Gaston [29]
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miec oikonomikèc exelÐxeic, gegonìc to opoÐo èqei wc sunèpeia thn pijan 
apì koinoÔ dr�sh gegonìtwn pou den perimènoume, par�llhla me akraÐa
sen�ria. Aut�, ta mh programmatismèna gegonìta, ìtan sunduastoÔn me
anjr¸pinec enèrgeiec ston tomèa thc diaqeÐrishc Ðswc prokalèsoun epit�qun-
sh tou rujmoÔ exaf�nishc k�poiwn eid¸n. H abebaiìthta, loipìn, wc proc thn
exèlixh twn dunamik¸n tou sust matoc mac, dhmiourgeÐ thn an�gkh na pro-
fulaqjoÔme apì tic aprìsmenec sunèpeiec oi opoÐec mporeÐ na prokalèsoun
thn exaf�nish k�poiwn eid¸n. Ta parap�nw genoÔn thn an�gkh na elègxoume
ta dunamik� tou sust matoc mac k�tw apì abebaiìthta kai akraÐa sen�ria.

Genik�, an kai oi oikonomolìgoi prospajoÔn na elègxoun ta oikosust ma-
ta kai th diaqeÐrish thc biopoikilìthtac kat� bèltisto trìpo, arketèc forèc
eÐnai dÔskolo na gÐnei autì akìma kai se jewrhtikì epÐpedo. Epomènwc,
sthn perÐptwsh pou endiaferìmaste gia th diat rhsh thc biopoikilìthtac,
eÐnai kalÔtero na k�noume qr sh asfal¸n kanìnwn (safety rules), oi opoÐoi
egguoÔntai, ìti ìtan efarmostoÔn k�poia eÐdh den ja odhghjoÔn se exaf�n-
ish. 24 Oi asfaleÐc kanìnec sth diaqeÐrish biopikoilothtac qr zoun idi-
aÐterhc shmasÐac ìtan o diaqeirist c tou oikosust matoc den eÐnai sÐgouroc
gia to arqikì montèlo anafor�c tou kai den mporeÐ me sigouri� na elègxei
touc kindÔnouc apì ta mh problèyima gegonìta kai akraÐa sen�ria ta opoÐ-
a Ðswc emfanistoÔn. Epeid  ìmwc aut� ta akraÐa sen�ria sumbaÐnoun sthn
pragmatikìthta, h diaqeÐrish oikosusthm�twn kai h diat rhsh thc biopoik-
ilìthtac sqetÐzontai me mÐa idèa profÔlaxhc (precautionary principle), ¸ste
na mhn odhghjoÔme se ex�leiyh eid¸n.

AfoÔ, ìmwc, sthn pragmatikìthta ta eÐdh suqn� odhgoÔntai se exaf�n-
ish lìgw energei¸n pou sqetÐzontai me th diaqeÐrish tou oikosust matoc,
stìqoc eÐnai na anaptÔxoume kanìnec sÔmfwna me touc opoÐouc diathroÔmai
th biopikoilìthta se èna perib�llon, ìpou ekeÐ ta eÐdh kalliergoÔntai kai
alieÔontai kai antimetwpÐzoume katast�seic k�tw apì bebaiìthta ìso kai
abebaiìthta. 25 Eidikìtera, sth deÔterh perÐptwsh antimetwpÐzoume tìso
thn kat�stash ekeÐnh ìpou apostrefìmaste ton kÐnduno ìso kai ekeÐnh ìpou
apostrefìmaste thn abebaiìthta, ìpou eis�goume thn ènnoia thc profÔlaxhc
kai blèpoume pwc aut  epidr� sto sqhmatismì twn kanìnwn sthn perÐptwsh
apostrof c sthn abebaiìthta.

To pr¸to mèroc thc an�lushc sqetik� me th diaqeÐrish oikosusthm�twn
èqei domhjeÐ wc ex c: Arqik� parousi�zoume èna nteterministikì montèlo
me dÔo eÐdh, ìpou epitrèpoume allhlepidr�seic metaxÔ twn eid¸n, to opoÐo
qrhsimopoioÔme wc ìqhma gia thn eisagwg  enìc pio polÔplokou montèlou
sth sunèqeia. Eidikìtera, parak�tw, epekteÐnoume to upìdeigma eis�gontac
abebaiìthta kai apodeiknÔoume �nw kai k�tw fr�gmata gia tic pijanìthtec
twn dÔo biomaz¸n na eÐnai se uyhlìtera epÐpeda apì mÐa proapofasismènh

24Gia mÐa genik  suz thsh anaforik� me to rìlo thc oikonomik c an�lushc sthn an�p-
tuxh periballontologik c ugeÐac kai asfal c rÔjmishc, deÐte Arrow et al. [5]. Anaforik�
me ta prìtupa sthn prostasÐa twn eid¸n deÐte: Holt Tisdell [42].

25DeÐte Regan et. al. , [61], gia th diaqeÐrish biopikoilothtac se plhjusmiak� montèla.
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analogÐa twn arqik¸n biomaz¸n. Ta �nw kai k�tw fr�gmata exartioÔntai
kajoristik� apì thn epilog  twn kanìnwn alieÐac kai thn katanom  ghc kai
apoteloÔn touc asfaleÐc mac kanìnec gia th diat rhsh thc biopikoilìthtac.
'Epeita epekteÐnoume to upìdeigma sthn perÐptwsh n to pl joc biomaz¸n
ìpou apodeiknÔoume th morf  twn fragm�twn sthn genik  perÐptwsh. Sth
sunèqeia jewr¸ntac ìti autìc pou kaleÐtai na l�bei mÐa apìfash antimetw-
pÐzei abebaiìthta kat� Knight anaforik� me to arqikì montèlo anafor�c
tou, uiojet¸ntac thn k − Ignorance mejodologÐa h opoÐa eÐnai se sunèpeia
me to axÐwma thc apostrof c thc abebaiìthta, deÐqnoume pwc ephre�zetai o
kajorismìc twn parap�nw fragm�twn. H di�fora stic timèc twn fragm�twn
stic dÔo peript¸seic mporeÐ na ermhneujeÐ san èna mètro thc precautionary
principle, sth diaqeÐrish biopoikilìthtac.

To parap�nw apoteleÐ thn pr¸th efarmog  sqetik� me thn diaqeÐrish
oikosusthm�twn. Sto kef�laio 8 parousi�zoume th deÔterh efarmog  mac.

Sthn efarmog  aut , se antÐjesh me thn pr¸th k�noume qr sh ennoi¸n
beltistopoÐhshc. Ed¸, prospajoÔme na prostateutoÔme apènanti sthn �g-
noia kai thn abebaiìthta, h opoÐa t¸ra èqei diatupwjeÐ me th qr sh thc
ε − contamination prosèggishc, pou se sunduasmì me kakèc apof�seic di-
aqeÐrishc kai akraÐa fainìmena eÐnai pijanì na prokalèsoun exaf�nish eid¸n,
26 diatar�ssontac ètsi me ton trìpo autì th leitourgÐa tou oikosust matoc,
h opoÐa basÐzetai p�nw sth biopoikilìthta, ìpwc èqei epishmanjeÐ kai apì
thn prìsfath anafor� tou MEA, [55].

Eidikìtera afoÔ eis�goume èna statikì montèlo me dÔo biom�zec, epek-
teÐnoume autì se dunamikì, ìpou analÔoume èna idiwtik� kai èna koinwnik�
bèltisto prìblhma tìso sthn klassik  perÐptwsh apostrof c kindÔnou ìso
kai apostrof c sthn abebaiìthta, ìpou kai exet�zoume pwc oi apof�seic mac
ephre�zontai k�tw apì thn Ôparxh �gnoiac kai abebaiìthtac. Ed¸ kai p�li oi
diaforèc stic timèc an�mesa stic dÔo peript¸seic mporoÔn na parastajoÔn
san èna mètro profÔlaxhc apènanti sthn abebaiìthta. Tèloc exet�zontac
èna rujmistikì prìblhma, gr�foume th lÔsh autoÔ se mÐa morf  ìpou oi
par�metroi pou deÐqnoun to kat� pìso pisteÔoume sto arqikì montèlo èqoun
endogenopoihjeÐ.

Sto pr¸to mèroc, loipìn, sto epìmeno kef�laio, gia na prostateutoÔme
apènanti sthn epÐdrash thc abebaiìthtac kai twn akraÐwn senarÐwn, ta opoÐ-
a pijanìn na prokalèsoun exaf�nish poll¸n eid¸n, anaptÔssoume asfaleÐc
kanìnec gia th diat rhsh thc biopikoilothtac. AutoÐ oi kanìnec mporoÔn
na p�roun th morf  stajer¸n kanìnwn katanom c ghc kai kanìnwn alieÐac.
Ed¸, ereunoÔme pwc h abebaiìthta wc proc to montèlo anafor�c ephre�zei
autoÔc touc kanìnec kai pwc èna mètro prìlhyhc en�ntia sta akraÐa fainìm-
ena mporeÐ na diatupwjeÐ.

26DeÐte gia par�deigma Holling [40], [41].
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7 Kanìnec diat rhshc thc biopoikilìthtac k�tw apì
abebaiìthta

Sto kef�laio autì ja apodeÐxoume asfaleÐc kanìnec gia th diat rhsh thc
biopoikilìthtac, lamb�nontac upìyh thn Ôparxh abebaiìthtac anaforik� me
thn exèlixh twn tim¸n twn biomaz¸n. Sth suneqeÐa ja exet�soume pwc
ephre�zontai autoÐ oi kanìnec ìtan o diaqeirist c tou oikosust matoc apos-
trèfetai thn abebaiìthta kat� Knight. Ed¸, de ja k�noume qr sh ennoi¸n
beltistopoÐhshc.

7.1 Diat rhsh thc biopoikilìthtac

Sto kef�laio autì arqik� ja parousi�soume èna nteterministikì montèlo
dÔo biomaz¸n me allhlepidr�seic, to opoÐo ja epekteÐnoume sthn suneqeÐa
eis�gontac abebaiìthta kai èpeita ja genikeÔsoume autì sthn perÐptwsh n
to pl joc biomaz¸n.

7.1.1 'Ena nteterministikì montèlo me allhlepidr�seic

JewroÔme èna topÐo to opoÐo èqei kanonikopoihjeÐ wc proc th mon�da kai ìpou
dÔo eÐdh dÔnatai na sunup�rqoun. 'Estw, Bi gia i=1,2 oi arqikèc biom�zac twn
dÔo eid¸n. Sthn perÐptwsh aut  h exèlixh twn arqik¸n biomaz¸n B1τ,B2τ ,
mèsa sto qrìno dÔnatai na perigr�fei apì to parak�tw sÔsthma twn nteter-
ministik¸n diaforik¸n exis¸sewn:27

dB1 = B1[f1(w)− d1]dτ − a12B2dτ − h1dτ (7.1)

dB2 = B2[f2(w)− d2]dτ − a21B1dτ − h2dτ,

to opoÐo mporeÐ na xanagr�fei wc:

dB/dτ = AB − h,

A =
[
f1(w)− d1 −a12

−a21 f2(w)− d2

]
, B =

[
B1

B2

]
, h =

[
h1

h2

]
Sthn parap�nw exÐswsh fi(w) − di, i = 1, 2, eÐnai oi kajaroÐ apì jan�touc
rujmoÐ an�ptuxhc, me w =(w1, w2) sumbolÐzoume thn katanom  ghc metaxÔ
twn dÔo eid¸n, me (h = (h1, h2)) touc rujmoÔc alieÐac 28 kai tèloc ta a12 kai
a21 anafèrontai stouc suntelestèc allhlepÐdrashc ìpwc ston V andermeer,

27DeÐte tic ergasÐec twn Brock Xepapadea [13] kai Benyes [6].
28O ìroc alieÐa pou anafèretai parak�tw sthn paroÔsa diatrib  afor� ston agglikì

ìro harvestinng, pou mporeÐ na anafèretai kai se fut�.
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[74]. Arqik�, jewr¸ntac thn exÐswsh:

|A− λI| = 0 ⇔ [f1(w)− d1 − λ][f2(w)− d2 − λ]− a12a21 = 0 ⇔

λ12 =
+[(f1(w)− d1) + (f2(w)− d2)]±

√
∆

2
∆ = [(f1(w)− d1) + (f2(w)− d2)]2 + 4(f1(w)− d1)(f2(w)− d2)a12a21

upologÐzoume tic idiotimèc λ1,λ2 tou pÐnaka A. Me kat�llhlh epilog  twn
tim¸n (w, h) mporoÔme na petÔqoume ta parak�tw:

• Arnhtikèc qarakthristikèc rÐzec λi, i = 1, 2,

• Na èqoume mÐa lÔsh tou parap�nw 2x2 sust matoc sun jwn diaforik¸n
exis¸sewn pou ikanopoieÐ:

B1t ≥ B1, B2t ≥ B2

ìpou (B1, B2) > 0 eÐnai k�poia proapofasismèna epijumht� epÐpeda.

Aut  h lÔsh èqei thn morf : (B1t,B2t) = ΩeΛtc−A−1h, me Ω na eÐnai
o pÐnakac twn qarakthristik¸n dianusm�twn x (Ax = λx), kai eΛt ènac
diag¸nioc pÐnakac me diag¸nia stoiqeÐa eλit, me c = Ω−1B0 +Ω−1A−1h
èna di�nusma apì stajerèc to opoÐo upologÐzoume k�nontac qr sh twn
arqik¸n sunjhk¸n, (B0 eÐnai ènac dosmènoc pÐnakac me tic arqikèc timèc
twn dÔo biomaz¸n),

• kaj¸c to t aux�nei oi oriakèc timèc, (B1,B2) = −A−1h, eÐnai megalÔterec
me thn seir� touc apì aut� ta proapofasismèna epÐpeda tim¸n.

An oi parap�nw sunj kec ikanopoioÔntai, tìte èqoume ìti, sthn apl 
nteterministik  perÐptwsh epitugq�noume jetikèc biom�zec gia ìla ta eÐdh
se ìlec tic qronikèc stigmèc. Epilègontac, loipìn, kat�llhla tic timèc twn
metablht¸n elègqou tou sust matoc mac (w1, w2, h1,h2) mporoÔme na èqoume
asfaleÐc kanìnec gia th diat rhsh thc biopikoilìthtac sto topÐo.

To parap�nw montèlo, eÐnai èna sqetik� aplì montèlo to opoÐo qrhsi-
mopoioÔme san ìqhma gia thn eisagwg  enìc pio kat�llhlou montèlou gia th
melèth thc biopikoilìthtac. 'Ena pio endiafèron kai perissìtero realistikì
eÐnai autì to opoÐo exet�zetai sto parak�tw upokef�laio, ìpou o diaqeirist c
tou topÐou lamb�nei upìyh thn abebaiìthta anaforik� me thn exèlixh twn dÔo
biomaz¸n mèsa sto qrìno.

7.1.2 Abebaiìthta kai diaqeÐrish biopoikilìthtac

Epomènwc, se autì to upokef�laio epekteÐnontac to montèlo mac eis�gontac
abebaiìthta, to opoÐo eÐnai èna kalÔtero xekÐnhma gia na melet soume th
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biopikoilìthta, apodeiknÔoume asfaleÐc kanìnec gia th diat rhsh thc biopoik-
ilìthtac, arqik� sthn perÐptwsh 2 biomaz¸n kai èpeita sth genik  perÐptwsh
me n to pl joc.

Sthn perÐptwsh loipìn aut , oi arqikèc biom�zec B10,B20, mèsa sto qrìno
exelÐssontai b�sei tou parak�tw sust matoc stoqastik¸n diaforik¸n ex-
is¸sewn.

dB1 = B1[f1(w)− d1]dt− a12B2dt− h1dt− σ1(w)dz1 (7.2)

dB2 = B2[f2(w)− d2]dt− a21B1dt− h2dt− σ2(w)dz2

me tic par�merouc na orÐzontai ìpwc parap�nw. Me σ2
i (w) > 0 sumbolÐ-

zoume th diakÔmansh an� mon�da qrìnou kai me dz1, dz2 dÔo susqetismènec
Brownian kin seic kai èstw ρ o metaxÔ touc suntelest c susqètishc. Sto
parap�nw sÔsthma (7.2), se k�je mÐa apì tic dÔo exis¸seic up�rqei ènac
epiplèon ìroc sugkritik� me tic antÐstoiqec exis¸seic pou qrhsimopoi jhkan
sto prohgoÔmeno upokef�laio, o opoÐoc qrhsimopoieÐtai gia na eis�goume
abebaiìthta wc proc to q¸ro katast�sewn, sto prohgoÔmeno nteterminis-
tikì montèlo.

Qrhsimopoi¸ntac sumbolismì pin�kwn h exÐswsh (7.2), dÔnatai na xana-
gr�fei wc:

dB = ABdt− hdt+ ΣdZ where (7.3)

dB =
[
dB1

dB2

]
,

A =
[
f1(w)− d1 −a12

−a21 f2(w)− d2

]
,

Σ =
[
−σ1(w) 0

0 −σ2(w)

]
, h =

[
h1

h2

]
dZ =

[
dz1
dz2

]
,

H parap�nw exÐswsh (7.3), pollaplasiazìmenh apì arister� apì èna kat�llh-
lo pÐnaka qrhsimopoi¸ntac to disdi�stato kanìna tou Ito (dec Oksedall [56],
Jewr. 4.2.1 sel. 48), gÐnetai: 29

29Sthn perÐptwsh mac F eÐnai o pÐnakac −At, ìpou fusik� ta stoiqeÐa tou sugklÐnoun se
k�poio pragmatikì arijmì. Autì, isqÔei epeid  k�je èna apì ta stoiqeÐa autoÔ tou pÐnaka
eÐnai fragmèno �nw apì to �jroisma ak =

∑∞
k=1

2k−1

k!
(−tq)k, me q na eÐnai to megalÔtero

ek twn tess�rwn stoiqeÐwn tou pÐnaka A sthn exÐswsh (7.3). Gia ton parap�nw genikì
ìro isqÔei èna gnwstì krit rio sÔgklishc: lim sup |ak+1

ak
| < 1 kai �ra, epomènwc, h seir�

sugklÐnei.
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d(e−AtBt) = e−AtdB − e−AtABdt = −e−Athdt+ e−AtΣdZ, (7.4)

me eF =
∞∑

n=1

1
n!
Fn = F +

1
2!
F 2 +

1
3!
F 3 + ..... (7.5)

F = −At (7.6)

IsodÔnama:

e−AtBt −B0 = −
∫ t

0
e−Ashsds+

∫ t

0
e−AsΣdZs

Bt = eAtB0 −
∫ t

0
eA(t−s)hsds+

∫ t

0
eA(t−s)ΣdZs (7.7)

me B0 =
[
B10

B20

]
.

ìpou èstw:

eAt =
[
A1 A2

A3 A4

]
(7.8)

me Ai gia i = 1, .., 4, na exartioÔntai apì tic timèc twn suntelest¸n allh-
lepÐdrashc aij , kaj¸c epÐshc apì ta fi, hi, pou mporoÔme na upologÐsoume
b�sei thc (7.5). Epomènwc, k�nontac qr sh twn sqèsewn (7.7), (7.8), lam-
b�noume ìti:

B1t = A1B10 +A2B20 + g1(h1,h2) +
∫ t

0
G1dZ1 +

∫ t

0
G2dZ2, (7.9)

B2t = A3B10 +A4B20 + g2(h1,h2) +
∫ t

0
G3dZ1 +

∫ t

0
G4dZ2. (7.10)

me Gi na eÐnai sunart seic twn fi , hi, kai σi, me thn idiìthta na an koun
sthn kl�sh V = V (0, T ).3031 Ta tèssera oloklhr¸mata stic dÔo parap�nw
exis¸seic eÐnai stoqastik� oloklhr¸mata, me thn idiìthta gia ìlouc touc
pijanoÔc sunduasmoÔc twn i, j

E

∫ t

0
GidZj = 0. (7.11)

Sth sunèqeia, upojètoume ìti o diaqeirist c tou topÐou anhsuqeÐ gia th di-
at rhsh thc biopoikilìthtac h kalÔtera o sqediast c endiafèretai gia thn

30Oi posìthtec g1(h1,h2), g2(h1,h2) ofeÐlontai sta oloklhr¸mata
∫ t

0
eA(t−s)hsds.

31V eÐnai to sÔnolo twn metr simwn prosarmosmènwn sunart sewn f me thn idiìth-
ta E

∫ T

0
f(t, ω)2dt < ∞. Tìte, gia to antÐstoiqo stoqastikì olokl rwma isqÔei ìti:

E
∫ T

0
f(t, ω)dZt = 0.
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aeiforeÐa tou sust matoc kai epijumeÐ thn diat rhsh twn biomaz¸n se uyh-
lìtera epÐpeda apì k�poio posostì, èstw to 1

n twn arqik¸n tim¸n. K�nontac
qr sh twn (7.9) kai (7.10), exaitÐac thc (7.11) kai tou gegonìtoc ìti oi timèc
twn biomaz¸n eÐnai fragmènec apì tic arqikèc touc timèc, qrhsimopoi¸ntac
sunhjismènouc qeirismoÔc apì th jewrÐa pijanot twn, eÐmaste se jèsh na
l�boume �nw kai k�tw fr�gmata wc proc to endeqìmeno oi biom�zec na eÐnai
se uyhlìtera apì ta epijumht� epÐpeda. Tìte èqoume ìti:

(A1 +
A2

l
+

g1
B10

)− 1
n

≤ Pr(B1t >
1
n
B10) ≤

n

B10
(A1B10 +A2B20 + g1)

= n(A1 +
A2

l
+

g1
B10

) (7.12)

(lA3 +A4 +
g2
B20

)− 1
n

≤ Pr(B2t >
1
n
B20) ≤

n

B20
(A3B10 +A4B20 + g2)

= n(lA3 +A4 +
g2
B20

) (7.13)

ìpou l =
B10

B20

Apì ta parap�nw apotelèsmata exaitÐac tou ìti k�je mÐa apì toic posìthtec
eÐnai thc morf c Ai = Ai(w1,w2, h1, h2), blèpoume ìti h sumperifor� tou
diaqeirist  kai ta sqetik� fr�gmata exartioÔntai kajoristik� sta posost�
wi kaj¸c epÐshc kai thn epilog  twn kanìnwn alieÐac hi. Epomènwc, o di-
aqeirist c tou oikosust matoc mporeÐ kat�llhla na kajorÐsei tic parap�nw
posìthtec ¸ste na epitÔqei ta epijumht� epÐpeda tim¸n kai thn ikanopoÐhsh
twn sqetik¸n anisot twn. 32 Epomènwc me tic timèc twn paramètrwn an
orÐzontai ìpwc parap�nw èqoume thn parak�tw Prìtash:

Prìtash 7.1.1 Dojèntoc mÐac arqik c katanom c ghc kai enìc kanìna alieÐ-
ac (w1,w2, h1, h2), ta �nw kai k�tw fr�gmata ètsi ¸ste oi pijanìthtec twn
biomaz¸n twn dÔo eid¸n 1, 2, na eÐnai se uyhlìtera epÐpeda apì to 1

n twn
arqik¸n touc tim¸n, dÐnontai apì tic exis¸seic (7.12) kai (7.13) antÐstoiqa.

'Ara h katanom  ghc kai o kanìnac alieÐac (w1,w2, h1, h2) o opoÐoc ikanopoieÐ
thn parap�nw prìtash, eÐnai ènac asfal c kanìnac o opoÐoc eggu�tai th
diat rhsh twn biomaz¸n p�nw apì to 1

nBi0, i = 1, 2, me thn pijanìthta autoÔ
tou gegonìtoc na fr�ssetai �nw kai k�tw apì sugkekrimènec timèc.

7.1.3 H genik  perÐptwsh n eid¸n

To montèlo mac dÔnatai na epektajeÐ sthn perÐptwsh me n to pl joc biom�zec,
opìte h genik  exÐswsh pou perigr�fei thn exèlixh tou k eÐdouc dÐnetai apì

32Gia ton kajorismì twn tim¸n twn stoiqeÐwn Ai, apaiteÐtai qr sh arijmhtik¸n mejìdwn
pou den eÐnai stouc stìqouc thc paroÔsac ergasÐac.
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thn parak�tw exÐswsh:

dBk = Bk[fk(w)− dk]dt− hkdt−
∑
j 6=k

j=1,...,n

akjBjdt− σk(w)dzk k = 1, ...., n

(7.14)
me w =(w1, ..., wn) na eÐnai o kanìnac katanom c ghc. Qrhsimopoi¸ntac
sumbolismì pin�kwn to antÐstoiqo sÔsthma exis¸sewn gÐnetai:

dB = ABdt− hdt+ ΣdZ ìpou (7.15)

dB =

dB1

......
dBn

 ,

A =


f1(w)− d1 −a12 ... ... −a1n

−a21 f2(w)− d2 ... ... −a2n

..... ... .... .... ....
−an1 −an2 ... .. fn(w)− dn


Σ =

−σ1(w) 0 0
0 ... 0
0 0 −σn(w)

 , h =

 h1

......
hn


dZ =

dZ1

....
dZn


Efarmìzontac thn Ðdia mejodologÐa ìpwc parap�nw èqoume ìti:

B(t) = eAtB0 −
∫ t

0
eA(t−s)hsds+

∫ t

0
eA(t−s)ΣdZs

ìpou t¸ra B0 =

B10

....
Bn0


me ton ekjetikì pÐnaka na eÐnai t¸ra o nxn:

eAt =

A11 ... A1n

.. Akj ..
An1 ... Ann


Epomènwc h k biom�za dÐnetai apì thn:

Bkt =
n∑

i=1

AkiBi0 + gk(h1,.., hn) +
n∑

i=1

∫ t

0
GidZi k = 1, ..n
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kai ta antÐstoiqa �nw kai k�tw fr�gmata apì thn parak�tw exÐswsh:

(
A1

l1k
+Ak +

An

lnk
+

gk

Bk0
)− 1

γ
≤ Pr(Bkt >

1
γ
Bk0) ≤ γ(

A1

l1k
+Ak +

An

lnk
+

gk

Bk0
)

me ljk =
Bk0

Bj0
k = 1, ...n j 6= k (7.16)

Epomènwc me tic timèc twn paramètrwn na orÐzontai ìpwc parap�nw èqoume
apodeÐxei ìti:

Prìtash 7.1.2 Oi asfaleÐc kanìnec katanom c ghc kai alieÐac dhlad  oi:
(w1, ..., wn;h1, ..., hn), orÐzoun �nw kai k�tw fr�gmata pou dÐnontai apì thn
exÐswsh (7.16), twn pijanot twn twn biomaz¸n k�je enìc ek twn n eid¸n na
eÐnai se uyhlìtera epÐpeda apì to 1

γ twn arqik¸n tim¸n.

7.2 AsfaleÐc kanìnec k�tw apì abebaiìthta kat� Knight

Upojètoume parak�tw ìti autìc pou kaleÐtai na l�bei mÐa apìfash den eÐnai
sÐgouroc gia to montèlo anafor�c tou kai antimetwpÐzei abebaiìthta kat�
Knight. To sÔsthma twn exis¸sewn pou dÐnetai apì thn (7.3), t¸ra mporeÐ
na grafeÐ san:

dB = ABdt− hdt+ ΣRdZ ìpou (7.17)

dB =
[
dB1

dB2

]
,

A =
[
f1(w1)− d1 −a12

−a21 f2(w2)− d2

]
,

Σ =
[
−σ1 0
0 −σ2

]
, R =

[
1 0
ρ
√

1− ρ2

]
h =

[
h1

h2

]
, dZ =

[
dZ1

dZ2

]
ìpou ρ eÐnai o suntelest c susqètishc an�mesa stic dÔo brownian kin seic
sto arqikì sÔsthma (7.3), kai dZ1, dZ2 eÐnai dÔo anex�rthtec kin seic brown.
Uiojet¸ntac thn orologÐa tou eustajoÔc elègqou, jewroÔme metr simec di-
ataraqèc. Eidikìtera oi arqikèc kin seic brown, dZi i = 1, 2, antikajÐstantai
apì tic:

Zi(t) = Ẑi(t) +
∫ t

0
εi(s)ds , i = 1, 2, (7.18)

ìpou Ẑi eÐnai k�poiec �llec kin seic brown kai εi metr simec sunart seic.
K�nontac autì, to sÔsthma (7.17) paÐrnei thn morf :

dB = ABdt− hdt+ ΣREdt+ ΣRdẐ ìpou

E =
[
ε1
ε2

]
(7.19)
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Efarmìzontac thn Ðdia mejodologÐa ìpwc parap�nw, to parap�nw sÔsthma
isodÔnama gr�fetai wc:

d(e−AtBt) = e−AtdB − e−AtABdt = −e−Athdt+ e−AtΣRdẐ, (7.20)

e−AtBt −B0 = −
∫ t

0
e−Ashsds+

∫ t

0
e−AsΣREds+

∫ t

0
e−AsΣRdẐs

Bt = eAtB0 −
∫ t

0
eA(t−s)hsds+

∫ t

0
eA(t−s)ΣRDds+

∫ t

0
eA(t−s)ΣRdẐs

SugkrÐnontac thn parap�nw exÐswsh me thn (7.7), blèpoume, ìti up�rqei
epiplèon ènac ìroc

∫ t
0 e

A(t−s)ΣREdt o opoÐoc dra san èna mètro prìlhyhc
kai antikatoptrÐzei thn epÐdrash thc apostrof c sthn abebaiìthta. Autì,
èqei san apotèlesma thn eisagwg  dÔo nèwn ìrwn se k�je mÐa apì tic (7.9),
(7.10) antÐstoiqa. Epomènwc, ta �nw kai k�tw fr�gmata all�zoun b�sei twn
tim¸n twn paramètrwn tou probl matoc.

Sto parap�nw montèlo, afìtou jewr soume tic diataraqèc to arqikì
mètro pijanìthtac P antikajÐstatai apì èna �llo mètro Q. H apìstash
metaxÔ aut¸n twn dÔo mètrwn dÐnetai apì th sqetik  entropÐa, ìpou sth-
n perÐptwsh pou jewr soume thn k − ignorance mejodologÐa, dÐnetai apì
thn R(Q//P ) =

∫ +∞
0 e−δtEQ[12ε

2
t ]dt, ìpou o periorismìc sthn entropÐa: 33

Q(τ) = {Q : EQ[12ε
2
t ] ≤ τ, gia k�je t} periorÐzei to sÔnolo twn montèlwn ta

opoÐa to �tomo pou lamb�nei apof�seic jewreÐ k�je stigm . Sthn perÐptwsh
aut  h qeirìterh diataraq  eÔkola upologÐzetai ìti eÐnai h:

ε∗it = −
√

2τi

Efarmìzontac aut  thn prosèggish, oi diataraqèc eÐnai arnhtikoÐ stajeroÐ
arijmoÐ kai epomènwc arqik� upologÐzoume to nèo olokl rwma kai èpeita ta
nèa fr�gmata. Eidikìtera, exet�zontac tic pijanèc peript¸seic twn pros mwn
tou pÐnaka pou ofeÐletai sto

∫ t
0 e

A(t−s)ΣREdt, lamb�noume ìti:

eA(t−s) =
[
+ −
− +

]
,Σ =

[
− 0
0 −

]
, eA(t−s)Σ =

[
− +
+ −

]
R =

[
1 0
ρ
√

1− ρ2

]
, E∗ =

[
−
√

2τ1
−
√

2τ2

]
RE∗ =

[
−
√

2τi
−
√

2τ1ρ−
√

2τ2
√

1− ρ2

]
eA(t−s)ΣRE∗ =

[
positive− (

√
2τ1ρ+

√
2τ2
√

1− ρ2)positive
negative+ (

√
2τ1ρ+

√
2τ2
√

1− ρ2)positive

]
ìpou ekeÐ pou emfanÐzetai positive shmaÐnei ìti up�rqei k�poia jetik  posìth-
ta kai antÐstoiqa ekeÐ ìpou emfanÐzetai negative arnhtik . Epomènwc, apì

33Autì eÐnai se antÐjesh me thn mejodologÐa tou robust control, ìpou jewroÔme èna
pantotinì periorismì.
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thn teleutaÐa exÐswsh lamb�noume ìti: Sthn perÐptwsh ìpou o ìroc (
√

2τ1ρ+√
2τ2
√

1− ρ2) eÐnai arnhtikìc to pr¸to stoiqeÐo tou pÐnaka eÐnai jetikì
kai to deÔtero arnhtikì, (ìpou ìtan τ1 = τ2 autì lamb�nei q¸ra ìtan

ρ +
√

1− ρ2 < 0 ⇐⇒ ρ < −
√

2
2 ) 34, tìte oi sqèseic (7.12) kai (7.13)

gÐnontai:

p+ (A1 +
A2

l
+

g1
B10

)− 1
n

≤ Pr(B1t >
1
n
B10) ≤ n(A1 +

A2

l
+

g1
B10

) + p

n+ (lA3 +A4 +
g2
B20

)− 1
n

≤ Pr(B2t >
1
n
B20) ≤ n(lA3 +A4 +

g2
B20

) + n

me l =
B10

B20
, p = positive, n = negative.

Epomènwc, mporoÔme na doÔme apì thn parap�nw exÐswsh ìti gia èna di-
aqeirist  o opoÐoc apostrèfetai thn abebaiìthta, tìte gia dosmènh katanom 
ghc kai asfal¸n kanìnwn alieÐac, ta fr�gmata gia th diat rhsh thc biopoik-
ilìthtac pou antistoiqoÔn sthn perÐptwsh apostrof c sthn abebaiìthta eÐnai
diaforetik� apì ta parap�nw pou antistoiqoÔsan sthn perÐptwsh apostrof c
ston kÐnduno. Eidikìtera, sthn perÐptwsh ìpou:

√
2τ1ρ+

√
2τ2
√

1− ρ2 < 0
gia thn pr¸th apì tic dÔo biom�zec to �nw kai k�tw fr�gma eÐnai uyhlìter-
a, en¸ gia th deÔterh eÐnai qamhlìtera, sugkrinìmena me ta fr�gmata pou
dÐnontai sthn perÐptwsh parap�nw pou antistoiqeÐ sthn klasik  apostrof 
ston kÐnduno. Ed¸, axÐzei na shmeiwjeÐ ìti to apotèlesma eÐnai se sum-
fwnÐa me ta apotelèsmata mac anaforik� me th diaqeÐrish qartofulakÐou,
ìpou mporoÔsame na broÔme sunj kec, sÔmfwna me tic opoÐec ginìmaste epi-
jetikìteroi se sqèsh me thn klassik  perÐptwsh, sth mÐa mìno apì tic dÔo
axÐec. 'Etsi kai ed¸ sth mÐa biom�za ta fr�gmata aux�noun kai sthn �llh
mei¸nontai wc proc to klassikì montèlo apostrof c kÐndunou.

Ston pÐnaka pou akoloujeÐ blèpoume sunoptik� pwc epidr� sto �nw kai
k�tw fr�gma h Ôparxh abebaiìthtac se sqèsh me to montèlo anafor�c sthn
perÐptwsh pou ikanopoieÐtai h sunj kh (

√
2τ1ρ+

√
2τ2
√

1− ρ2): K�tw Fr�gma 'Anw Fr�gma
Biom�za 1 ↑ ↑
Biom�za 2 ↓ ↓


Sth sunèqeia, se antÐjesh me thn parap�nw efarmog  ja k�noume qr sh

ennoi¸n beltistopoÐhshc kai ja anaptÔxoume èna dunamikì montèlo gia th
diaqeÐrish thc biopikoilothtac k�tw apì �gnoia kai abebaiìthta, wc proc to
montèlo anafor�c. To parak�tw montèlo, èqei kataskeuasteÐ gia na l�bei
upìyh thn Ôparxh �gnoiac kai abebaiìthtac, h opoÐa ìtan sunduasteÐ me mh
rujmistikèc apof�seic Ðswc prokalèsei exaf�nish arket¸n eid¸n. EpÐshc, ex-
et�zoume pwc h Ôparxh abebaiìthtac ephre�zei ta bèltista epÐpeda biomaz¸n

34Sthn perÐptwsh ìpou aut  h sunj kh den ikanopoieÐtai, den eÐmaste se jèsh na
apodeÐxoume èna parìmoio apotèlesma.
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pou prèpei na diathr soume sto oikosÔsthma kai tic antÐstoiqec prosp�jeiec
pou prèpei na katab�loume gia na epitÔqoume aut�, ìpou kai diatup¸noume
thn Ôparxh enìc mètrou prìlhyhc en�ntia sthn �gnoia kai thn abebaiìthta.
Tèloc, jewr¸ntac èna rujmistikì prìblhma, h lÔsh autoÔ gr�fetai se morf 
ìpou oi par�metroi ε pou dhl¸noun thn empistosÔnh mac sto arqikì montèlo
èqoun endogenopoihjeÐ.
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8 DiaqeÐrish biopikoilìthtac: Abebaiìthta kai prìl-
hyh

Arqik�, sto pr¸to upokef�laio eis�goume èna statikì montèlo kai antimetw-
pÐzoume èna prìblhma diaqeÐrishc biopikoilothtac me dÔo eÐdh ta opoÐa dÔ-
natai na sunup�rqoun se èna topÐo. K�nontac qr sh thc e-contamination,
prosèggishc twn Epstein kai Wang, apodeiknÔoume ìti h apostrof  sthn
abebaiìthta mporeÐ na odhg sei se antistrof  thc apìfashc tou koinwnikoÔ
sqediast  se sÔgkrish me thn perÐptwsh apostrof c kindÔnou.

8.1 Apostrof  sthn abebaiìthta kai diaqeÐrish biopoik-
ilìthtac. 'Ena statikì montèlo

JewroÔme èna topÐo, to opoÐo eÐnai kanonikopoihmèno wc proc thn mon�da,
ìpou dÔo diaforetik� eÐdh eÐnai dunatìn na sunup�rqoun. 'Estw, B0i gia
i=1,2 oi arqikèc touc biom�zec kai èstw g̃i dhl¸nei ton tuqaÐo rujmì an�p-
tuxhc touc sth mÐa perÐodo. An, analogik�, to posostì tou topÐou, èstw
wiε[0, 1], me w1 + w2 = 1 katanemìtan sthn an�ptuxh k�je mÐac apì tic dÔo
biom�zec i, tìte sto tèloc thc mÐac periìdou oi biom�zec ja  tan antÐstoiqa
wig̃iB0i. 'Estw, ìti sto tèloc thc periìdou oi biom�zec eÐte af nontai sto
topÐo kai tìte èqoun mÐa jetik  an� mon�da axÐa, èstw pi, eÐte yareÔontai,
ìpote tìte h axÐa touc kajorÐzetai apì mÐa gnwst  exwgen  agoraÐa tim 
pm

i ≥ 0 gia i = 1, 2. O koinwnikìc sqediast c   diaforetik� o diaqeirist c
tou topÐou yareÔei mÐa analogÐa hi ε[0, 1] sto tèloc thc periìdou b�sei en¸
kanìna alieÐac, opìte tìte h sunolik  axÐa twn biomaz¸n twn dÔo eid¸n sto
tèloc thc periìdou orÐzetai san:

tv =
2∑

i=1

(pm
i hiwig̃iB0i + pi(1− hi)wig̃iB0i) (8.1)

Uiojet¸ntac thn legìmenh e − contamination prosèggish twn Epstein
kai Wang, [25], h opoÐa eÐnai se sunèpeia me to axÐwma thc apostrof c
sthn abebaiìthta, upojètoume ìti o koinwnikìc sqediast c de gnwrÐzei thn
katanom  pijanìthtac twn tuqaÐwn rujm¸n an�ptuxhc g̃i epakrib¸c, all� eÐ-
nai se jèsh na k�nei mÐa arqik  ektÐmhsh aut¸n, èstw gi gia i = 1, 2. B�sei
thc parap�nw prosèggishc ta pisteÔw autoÔ pou kaleÐtai na l�bei mÐa apì-
fash sqetik� me thn katanom  pijanìthtac eÐnai dunatìn na perigr�foun apì
thn parak�tw sqèsh:

P1 = P g1
ε1

= {(1− ε1)g1 + ε1m1, m1εM1} (8.2)

P2 = P g2
ε2

= {(1− ε2)g2 + ε2m2, m2εM2} (8.3)

me εiε[0, 1], kai Mi na antiproswpeÔei to sÔnolo twn mètrwn pijanìthtac me
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forèa 35 [gi− bi, gi + bi]. H apostrof  sth abebaiìthta pou qarakthrÐzei ton
koinwnikì sqediast  eÐnai mÐa aÔxousa sun�rthsh tou εi, ìpou mÐa tim  tou
εi = 0 antistoiqeÐ sthn perÐptwsh ekeÐnh thc mhdenik c abebaiìthtac wc proc
ton rujmì an�ptuxhc. 'Estw, u mÐa sunhjismènh sun�rthsh qrhsimìthtac me
u′(·) > 0, u′′(·) < 0. O stìqoc tou koinwnikoÔ sqediast  eÐnai na epilèx-
ei bèltista ta w1, w2, ¸ste na megistopoi sei thn el�qisth anamenìmenh
qrhsimìthta tou tv, h opoÐa dÐnetai apì thn (8.1), k�tw apì thn upìjesh
thc apostrof c sthn abebaiìthta. Se aut  thn perÐptwsh h anamenìmenh
qrhsimìthta, Eu(tv), gr�fetai wc:

Eu(tv) ≡
∫ ∫

u(tv)dP g1
ε1
dP g2

ε2
= min

µ2εP2

∫
min
µ1εP1

∫
u(tv)dµ1dµ2 (8.4)

'Estw, ìti o stìqoc tou koinwnikoÔ sqediast  eÐnai na diathr sei thn
biopoikilìthta sto topÐo, to opoÐo shmaÐnei ìti jèlei: wi> 0 . Tìte, sthn
perÐptwsh aut  h sun�rthsh qrhsimìthtac eÐnai aÔxousa sun�rthsh twn w1

kai w2 kai up�rqei èna monadikì mètro pijanìthtac me thn idiìthta na sug-
kentr¸nei thn m�za pijanìthtac me pijanìthta 1, sto aristerì �kro tou di-
ast matoc pou antistoiqeÐ sta pisteÔw tou koinwnikoÔ sqediast  anaforik�
me thn katanom  tou rujmoÔ an�ptuxhc, dhlad  sto gi − bi. 'Etsi, tìte, h
exÐswsh (8.4) gÐnetai:

u(w1[p1 + (pm
1 − p1)h1]B01(g1 − b1)ε1 +w2[p2 + (pm

2 − p2)h2]B02(g2 − b2)ε2)

Epomènwc, to prìblhma megistopoÐhshc thc qrhsimìthtac, exaitÐac tou
ìti u eÐnai mÐa aÔxousa sun�rthsh, eÐnai isodÔnamo me th megistopoÐhsh thc
parak�tw posìthtac:

w1[p1+(pm
1 −p1)h1]B01(g1−b1)ε1+w2[p2+(pm

2 −p2)h2]B02(g2−b2)ε2 (8.5)

An o koinwnikìc sqediast c den apostrefìtan thn abebaiìthta all� apos-
trefìtan apl� ton kÐnduno sÔmfwna me thn sunhjismènh ènnoia, tìte to an-
tÐstoiqo tou parap�nw probl matoc, ja  tan h bèltisth epilog  twn wi ¸ste
na megistopoihjeÐ h par�stash:

w1[p1 + (pm
1 − p1)h1]B01g1 + w2[p2 + (pm

2 − p2)h2]B02g2

Gia k�poio dedomèno kanìna alieÐac, èstw (h1, h2), h parap�nw posìthta
paÐrnei th morf :

a1w1 + a2w2 (8.6)

ìpou a1, a2 paÐrnoun timèc b�sei gnwst¸n paramètrwn me:

a1 = [p1 + (pm
1 − p1)h1]B01g1

a2 = [p2 + (pm
2 − p2)h2]B02g2

35Me ton ìro forèa ennooÔme èna sÔnolo sto opoÐo mporeÐ na paÐrnei timèc k�poia
sun�rthsh.
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ExaitÐac thc grammik c morf c thc parap�nw exÐswshc, sthn perÐptwsh ìpou
emeÐc den endiaferìmaste gia th diat rhsh thc biopoikilìthtac sto topÐo, tìte
b�sei thc (8.6): An

a1 > a2, w1 = 0, w2 = 1
a1 < a2, w1 = 1, w2 = 0
a1 = a2, w1 = 0.5, w2 = 0.5

ìpou se aut  thn sugkekrimènh perÐptwsh oi biom�zec twn dÔo eid¸n sto
tèloc thc periìdou ja eÐnai antÐstoiqa

An
a1 > a2, tìte B1 = 0, B2 = B02g2
a1 < a2, tìte B1 = B01g1, B2 = 0

a1 = a2, tìte B1 = 0.5B01g1, B2 = 0.5B02g2

An endiaferìmastan gia th diat rish thc biopoikilìthtac sto topÐo, to opoÐo
shmaÐnei ìti jèloume wi > 0 kai na eÐnai toul�qiston p�nw apì k�poio
posostì tou topÐou, èstw γ, me 0 < γ < 0.5 gia i = 1, 2, tìte sthn perÐptwsh
aut  lamb�noume ìti:

An
a1 > a2, tìte w1 = 1− γ, w2 = γ
a1 < a2, tìte w1 = γ, w2 = γ

a1 = a2, tìte w1 = 0.5, w2 = 0.5
(8.7)

Sthn perÐptwsh aut , oi dÔo biomazec sto tèloc thc periìdou ja eÐnai antÐs-
toiqa:

An
a1 > a2, tìte B1 = (1− γ)B01g1, B2 = γB02g2
a1 < a2, tìte B1 = γB01g1, B2 = (1− γ)B02g2
a1 = a2, tìte B1 = 0.5B01g1, B2 = 0.5B02g2

H trÐth perÐptwsh stic parap�nw exis¸seic eÐnai mÐa eidik  perÐptwsh kai
deÐqnei ìti eÐmaste se jèsh na kajorÐsoume èna kanìna alieÐac (h∗1, h

∗
2), tètoio

¸ste a1 = a2, o opoÐoc antistoiqeÐ sthn perÐptwsh ekeÐnh ìpou moir�zoume
exÐsou to topÐo sta dÔo parap�nw eÐdh.

Sth suneqeÐa, jewr¸ntac thn exÐswsh (8.5) h opoÐa antistoiqeÐ sth-
n perÐptwsh thc apostrof c sthn abebaiìthta, diatup¸noume to prìblh-
ma qrhsimopoi¸ntac thn e-contamination prosèggish. Qrhsimopoi¸ntac
ton Ðdio kanìna ìpwc sthn parap�nw perÐptwsh, lamb�noume thn antÐstoiqh
exÐswsh (8.6), h opoÐa t¸ra dÐnetai apì thn:

a1(1−
b1ε1
g1

)w1 + a2(1−
b2ε2
g2

)w2 (8.8)

Apì thn parap�nw exÐswsh blèpoume ìti: An h dom  tou montèlou tou prob-
l matoc eÐnai kat�llhlh, pou shmaÐnei ìti oi timèc twn paramètrwn gi, bi, εi,
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oi opoÐec antikatoptrÐzoun thn axiopistÐa mac apènanti sto arqik¸c ektimoÔ-
meno montèlo eÐnai tètoiec ¸ste:

a1(1− b1ε1
g1

) < a2(1− b2ε2
g2

), tìte w1 = γ, w2 = 1− γ

a1(1− b1ε1
g1

) > a2(1− b2ε2
g2

), tìte w1 = 1− γ, w2 = 1− γ

a1(1− b1ε1
g1

) = a2(1− b2ε2
g2

), tìte w1 = 0.5, w2 = 0.5
(8.9)

Apì thn teleutaÐa gramm  thc parap�nw exÐswshc, lamb�noume ìti gia k�poio
kanìna h1 up�rqei ènac antÐstoiqoc kanìnac h2 tètoioc ¸ste: w1 = 0.5,
w2 = 0.5. Epomènwc, sugkrÐnontac tic exis¸seic (8.7), (8.9), lamb�noume thn
parak�tw Prìtash:

Prìtash 8.1.1 Gia èna l pth apof�sewn o opoÐoc apostrèfetai thn abebaiìth-
ta kai lamb�nei apof�seic b�sei thc megistopoÐhshc thc el�qisthc anamenìmen-
hc tim c thc qrhsimìthtac, h opoÐa dÐnetai apì thn (8.1) kai ìpou h apostrof 
sthn abebaiìthta èqei diatupwjeÐ qrhsimopoi¸ntac thn e-contamination prosèg-
gish, tìte h dom  twn paramètrwn tou probl matoc eÐnai pijanìn na an-
tistrèyei thn sumperifor� tou koinwnikoÔ sqediast  sugkrinìmenh me thn
perÐptwsh thc apostrof c ston kÐnduno.

Parak�tw, jewr¸ntac èna dunamikì montèlo blèpoume pwc h apostrof 
sthn abebaiìthta ephre�zei tic apof�seic tou koinwnikoÔ sqediast .

8.2 DiaqeÐrish biopoikilìthtac. 'Ena dunamikì montèlo

Se autì to upokef�laio qrhsimopoi¸ntac wc ìqhma to montèlo to opoÐo anap-
tÔxame sto parap�nw upokef�laio, ìpou eÐdame ìti h abebaiìthta ephre�zei
kajoristik� thn sumperifor� tou diaqeirist , epekteÐnoume autì se dunamikì
plaÐsio, ìpou arqik� antimetwpÐzoume èna idiwtikì kai èpeita èna koinwnik�
bèltisto prìblhma.

8.2.1 'Ena idiwtik� bèltisto prìblhma diaqeÐrishc biopoikilìth-
tac

EpekteÐnontac, loipìn, to montèlo jewroÔme ìti oi dÔo biom�zec ikanopoioÔn
sthn perÐptwsh aut  tic parak�tw exis¸seic:

dB1

dt
= w1g̃1f1(B1)−H1 − d1B1 = w1g̃1f1(B1)− E1B1q1 − d1B1

(8.10)
dB2

dt
= w2g̃2f2(B2)−H2 − d2B2 = w2g̃2f2(B2)− E2B2q2 − d2B2

(8.11)

ìpou Bi, wi, kai g̃i, gia i = 1, 2 orÐzontai ìpwc sto parap�nw upokef�laio,
fi(Bi) eÐnai dÔo koÐlec sunart seic twn dÔo biomaz¸n me f

′
i > 0 kai fi

′′
<
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0, Hi eÐnai oi antÐstoiqoi rujmoÐ alieÐac, qi eÐnai o suntelest c eukolÐac
sthn alieÐa, kai Ei oi antÐstoiqec prosp�jeiec pou prèpei na katablhjoÔn.
Tèloc, oi par�metroi di sumbolÐzoun touc rujmoÔc jnhsimìthtac twn dÔo
biomaz¸n. To prìblhma to opoÐo èqei na antimetwpÐsei o diaqeirist c se aut 
thn perÐptwsh to opoÐo onom�zoume idiwtikì bèltisto prìblhma diaqeÐrishc
biopoikilìthtac, PO, epeid  o koinwnikìc sqediast c megistopoieÐ mìno ta
kèrdh pou proèrqontai apì thn p¸lhsh tou alieÔmatoc, orÐzetai wc:

max
Ei

∫ +∞

0
e−δt{

2∑
i=1

(pm
i Hi − C(Bi)Hi)}dt

 

max
Ei

∫ +∞

0
e−δt{

2∑
i=1

EiBiqi(pm
i − C(Bi))}dt (8.12)

me 0 ≤ Ei ≤ Emax
i m.p. (8.10),(8.11), me pm

i na eÐnai h tim  tou alieÔmatoc
sthn agor� kai C(Bi) mÐa sun�rthsh h opoÐa ekfr�zei to kìstoc an� mon�da
m�zac kai eÐnai fjÐnousa, giatÐ kaj¸c mei¸netai h posìthta pou eÐnai diajès-
imh proc alieÐa sto topÐo eÐnai pio dÔskolo gia mac na th broÔme kai na thn
alieusoume. Qrhsimopoi¸ntac tic exis¸seic (8.10), (8.11), ¸ste na lÔsoume
wc proc Ei gia i = 1, 2, isodÔnama lamb�noume ìti:

−dBi

dt
+ wig̃i fi(Bi) = EiBiqi + diBi

Ei =
−dBi

dt + wig̃ifi(Bi)− diBi

Biqi
(8.13)

Antikajist¸ntac thn parap�nw exÐswsh sthn (8.12) met� apì k�poiouc up-
ologismoÔc h teleutaÐa gÐnetai:

max
Bi

∫ +∞

0
e−δt{

2∑
i=1

(pm
i − C(Bi))(−

dBi

dt
+ wig̃ifi(Bi)− diBi)}dt (8.14)

Oloklhr¸nontac kat� mèlh, to parap�nw prìblhma dÔnatai na xanagrafeÐ
wc:

max
Bi

∫ +∞

0
e−δt{

2∑
i=1

(pm
i − C(Bi))(−δBi + wig̃ifi(Bi)− diBi)}dt (8.15)

me 0 ≤ Bi ≤ Bmax
i

Tìte, h bèltisth st�simh stajer  kat�stash kajorÐzetai apì thn:

max
B1,B2

W (B1, B2, g̃1, g̃2) = max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wig̃ifi(Bi)− diBi)

(8.16)
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Ed¸, ìpwc faÐnetai apì thn parap�nw exÐswsh, me to metasqhmatismì
pou k�name epilègoume tic bèltistec biom�zec se statikì prìblhma.

Sthn perÐptwsh, ìpou autìc o opoÐoc kaleÐtai na l�bei k�poia apìfash
pisteÔei ìti gnwrÐzei me sigouri� thn tim , èstw gi, tìte to parap�nw prìblh-
ma gÐnetai:

max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wigifi(Bi)− diBi) (8.17)

me tic sunj kec pr¸tec t�xhc na dÐnontai apì to parak�tw sÔnolo exis¸sewn:

0 = −C ′
(Bi)(wigifi(Bi)− δBi − diBi) + (pm

i − C(Bi))(wigif
′
i (Bi)− δ − di)

(8.18)

IsodÔnama pm
i (−δ − di) + pm

i wigif
′
i (Bi) =

[C
′
(Bi)Bi + C(Bi)](−δ − di) + wigiC(Bi)f

′
i (Bi) + wigiC

′
(Bi)fi(Bi)

pm
i − pm

i wigif
′
i (Bi)

δ + di
= C

′
(Bi)Bi + C(Bi)−

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di

(8.19)

pm
i − [C

′
(Bi)Bi −

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))− pm

i wigif
′
i (Bi)

δ + di
] = C(Bi)

(8.20)

(C(Bi)Bi −
wigiC(Bi)fi(Bi)− pm

i wigifi(Bi)
δ + di

)
′
= pm

i i = 1, 2  

C(Bi)Bi −
wigiC(Bi)fi(Bi)− pm

i wigifi(Bi)
δ + di

= pm
i Bi + c me c stajer�

(8.21)

Sthn perÐptwsh ekeÐnh ìpou h sun�rthsh kìstouc eÐnai fjÐnousa kai kurt 
tìte up�rqei mÐa monadik  lÔsh sthn parap�nw exÐswsh. 36 Sth sunèqeia, to
prìblhma gÐnetai parak�tw pio endiafèron, an upojèsoume ìti h sun�rthsh
eÐnai koÐlh-kurt . Enall�ssetai dhlad . Dojèntoc aut c thc mh grammik c
morf c thc C(Bi), up�rqoun pijanìn perissìtera apì èna shmeÐa pou ja eÐnai
lÔseic thc parap�nw exÐswshc. ExaitÐac tou ìti h antikeimenik  sun�rthsh
(8.16) mporeÐ na jewrhjeÐ san �jroisma dÔo sunart sewn twn dÔo biomaz¸n
Bi kai an h sun�rthsh kìstouc ikanopoieÐ C(0) = +∞, C(∞) = 0, èqoume

36Dhlad  mÐa kai mìno tim  gia k�je mÐa apì tic dÔo biom�zec, pou megistopoieÐ thn
antikeimenik  mac sun�rthsh pou dÐnetai apì thn (8.17).
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ìti: H sqèsh (8.20) eÐnai thc morf c:

pm
i −W (Bi) = Ki(Bi), i = 1, 2

W (Bi) = {C(Bi) +
pm

i wigif
′
i (Bi)

δ + di
}

Ki(Bi)=C
′
(Bi)Bi −

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di
,

 

Ki(Bi) = C
′
(Bi)Bi −

wigi(C(Bi)fi(Bi))
′

δ + di

me C(Bi), f
′
i (Bi) fjÐnousec sunart seic. Epomènwc h sun�rthsh W (Bi) eÐ-

nai fjÐnousa kai h Ki(Bi) èqei thn idiìthta ìti up�rqei èna shmeÐo Bw me
K ′

i(Bi) < 0 ìtan B < Bw kai K ′
i(Bi) > 0 ìtan B > Bw gia i = 1, 2.

37 Tìte, b�sei twn Brock Starret [11], mporoÔme me kat�llhlh epilog 
sun�rthshc kìstouc na deÐxoume ìti up�rqoun toul�qiston dÔo mègista kai
ìti oi lÔseic twn megÐstwn kai elaqÐstwn shmeÐwn enall�ssontai b�sei twn
(8.16) kai (8.20). QwrÐc bl�bh thc genikìthtac upojètoume parak�tw ìti up-
�rqoun akrib¸c dÔo shmeÐa mègistou san lÔseic thc parap�nw exÐswshc gia
k�je mÐa apì tic dÔo biom�zec, ìpou o �nw deÐkthc deÐqnei aÔxousa diatetag-
mènh seir� kai èstw (B1

1,B
1
2), (B

3
1,B

3
2), eÐnai topik� mègista kai (B2

1,B
2
2) èna

zeÔgoc topik¸n elaqÐstwn. Eidikìtera an

−(W
′
(Bi) +K

′
i(Bi)) < 0 tìte Bi eÐnai topikì mègisto

−(W
′
(Bi) +K

′
i(Bi)) > 0 tìte Bi eÐnai topikì el�qisto

An upojèsoume èna mhqanismì prosarmog c se mÐa geitoni� thc bèltisthc
st�simhc stajer c kat�stashc, OSS, tou tÔpou dB/dt=ϕ[pm

i − Ki(Bi) −
C(Bi)] me ϕ > 0, tìte ta topik� mègista eÐnai eustaj  shmeÐa isorropÐac
kai ta topik� el�qista eÐnai astaj . Upojètontac ìti èna kajolikì mègis-
to zeÔgoc up�rqei, èstw (Bc

1, B
c
2), anaforik� me thn perÐptwsh apostrof c

kindÔnou èqoume ìti:

ERA
i =

Emax
i An Bi > Bc

i
wigifi(B

c
i )−diB

c
i

qiBc
i

An Bi = Bc
i

0 An Bi < Bc
i

(8.22)

37Autì isqÔei diìti k�je mÐa ek twn Ki(Bi) mporeÐ na jewrhjeÐ san èna �jroisma dÔo
sunart sewn, C

′
(Bi)Bi,−wigi(C(Bi)fi(Bi))

′

δ+di
. H sun�rthsh kìstouc C, eÐnai koÐlh-kurt ,

kai oi sunart seic fi eÐnai austhr� koÐlec. EpÐshc qrhsimopoi¸ntac basikì logismì
lamb�noume ìti h par�gwgoc tou deÔterou ìrou ìtan C eÐnai kurt  eÐnai jetikìc arijmìc
kai ìtan eÐnai koÐlh eÐnai arnhtikìc arijmìc. Epomènwc me kat�llhlh sun�rthsh kìstouc
èqoume ìti: up�rqei shmeÐo ètsi ¸ste Bw me K′

i(Bi) < 0 ìtan B < Bw kai K′
i(Bi) > 0

ìtan B > Bw,
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H parap�nw sqèsh apoteleÐ to MRAP (mosr rapid approach path), dhlad 
to pio sÔntomo monop�ti prosèggishc Autì shmaÐnei praktik� ìti ìtan eÐ-
maste se meg�lec biom�zec kai se uyhlìterec apì tic bèltistec timèc twn
biomaz¸n, h prosp�jeia pou katab�loume gia thn alieÐa aut¸n eÐnai mègisth,
mèqri na ft�soume to bèltisto, Bc

i , opìte h prosp�jeia ekeÐ stajeropoieÐ-
tai gia na diathrhjeÐ to sÔsthma sth bèltisth tim . 'Otan eÐmaste se timèc
mikrìterec apì th bèltisth tìte h prosp�jeia pou katab�loume eÐnai mhdèn.
H eikìna 13 sto Par�rthma parèqei mÐa grafik  apeikìnish tou pio sÔntomou
monopatioÔ prosèggishc {MRAP}.

Sth suneqeÐa, upojètoume ìpwc kai sto prohgoÔmeno upokef�laio ìti
autìc o opoÐoc diaqeirÐzetai to topÐo den xèrei thn pragmatik  katanom 
pijanìthtac twn tuqaÐwn rujm¸n an�ptuxhc g̃i epakrib¸c, all� eÐnai se jèsh
na k�nei mÐa arqik  ektÐmhsh gia aut�, èstw gi gia i = 1, 2. Uiojet¸ntac thn
e-contamination prosèggish twn Epstein kai Wang qrhsimopoi¸ntac tic
exis¸seic (8.2), (8.3), tìte h sqèsh (8.17) gr�fetai wc:

max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wi(gi − biεi)fi(Bi)− diBi)

H sunj kh pr¸thc t�xhc sthn perÐptwsh aut , met� apì upologismoÔc eÐnai:

pm
i − pm

i wi(gi − biεi)f
′
i (Bi)

δ + di
=

C
′
(Bi)Bi + C(Bi)−

wi(gi − biεi)(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di

pm
i − C(Bi) = (8.23)

[C
′
(Bi)Bi −

wi(gi − biεi)(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi)− pm

i f
′
i (Bi))

δ + di
]

(C(Bi)Bi −
wi(gi − biεi)C(Bi)fi(Bi)− pm

i wi(gi − biεi)fi(Bi)
δ + di

)
′
= pm

i i = 1, 2

C(Bi)Bi −
wi(gi − biεi)C(Bi)fi(Bi)− pm

i wi(gi − biεi)fi(Bi)
δ + di

= pm
i Bi + c ,

(8.24)

c stajer�

Efarmìzontac ton Ðdio sullogismì ìpwc prin gia to prìblhma thc apos-
trof c sthn abebaiìthta, to opoÐo to sumbolÐzoume me UA, upojètontac thn
Ôparxh enìc kajolikoÔ megÐstou tìte èqoume:

EUA
i =

Emax
i An Bi > Bc

i
wi(gi−biεi)fi(B

c
i )−diB

c
i

qiBc
i

An Bi = Bc
i

0 An Bi < Bc
i

(8.25)

79



Sth sunèqeia, sugkrÐnontac thn (8.23), me thn (8.19), kai xanagr�fontac thn
pr¸th san:

pm
i − pm

i wigif
′
i (Bi)

δ + di
= C

′
(Bi)Bi + C(Bi)−

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di

(8.26)

+
wibiεi(C(Bi)f

′
i (Bi) + C

′
(Bi)fi(Bi)− pm

i f
′
i (Bi))

δ + di

lamb�noume ìti sthn �nw exÐswsh (8.26), sth deÔterh gramm  up�rqei ènac

akìma ìroc, +wibiεi(C(Bi)f
′
i (Bi)+C

′
(Bi)fi(Bi)−pm

i f
′
i (Bi))

δ+di
, se sqèsh me thn (8.19).

Epomènwc an antikatast soume th bèltisth lÔsh tou probl matoc RA, 38

pou antistoiqeÐ se èna topik� eustajèc shmeÐo èstw BRA
i , se autì ton ìro

kai upologÐsoume thn arijmhtik  tim , tìte: An to apotèlesma eÐnai jetikìc
arijmìc h bèltisth lÔsh pou antistoiqeÐ sto prìblhma apostrof c kindÔnou,
BRA

i , ja eÐnai mikrìterh apì thn antÐstoiqh lÔsh tou probl matoc apos-
trof c sthn abebaiìthta, èstw BUA

i . Diaforetik�, an to apotèlesma eÐnai
arnhtikìc arijmìc, tìte h bèltisth lÔsh sto pr¸to RA prìblhma ja eÐnai
megalÔterh apì thn antÐstoiqh lÔsh sto deÔtero UA prìblhma. Eidikìtera,
h diafor� stic timèc exart�tai apì to prìshmo thc sun�rthshc:

C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi)− pm

i f
′
i (Bi)   (8.27)

C
′
(Bi)fi(Bi) + {C(Bi)− pm

i }f
′
i (Bi)

B�sei thc monotonÐac twn sunart sewn C(Bi) kai fi(Bi), to pijanìtero eÐnai
39, ìti ìtan h bèltisth lÔsh BRAc

i , paÐrnei mikrèc timèc dhlad  eÐmaste sth
lek�nh èlxhc pou antistoiqeÐ se mikrèc biom�zec, tìte h parap�nw sun�rthsh
eÐnai jetik  to opoÐo shmaÐnei ìti BRA

i < BUA
i . Epomènwc, sthn perÐptwsh

apostrof c sthn abebaiìthta ginìmaste perissìtero amuntikoÐ stic apof�-
seic mac se sqèsh me thn klassik  perÐptwsh. Afèterou, ìtan oi timèc
twn biomaz¸n eÐnai meg�lec, dhlad  eÐmaste sth lek�nh èlxhc pou antis-
toiqeÐ se meg�lec biom�zec, lamb�noume ìti BRA

i > BUA
i , pou shmaÐnei ìti

eÐmaste pio epijetikoÐ se sqèsh me thn perÐptwsh apostrof c kindÔnou. Mia
pijan  ex ghsh gia to gegonìc autì eÐnai ìti gia mikrèc biom�zec eÐmaste
pio sunthrhtikoÐ diìti mÐa kaki� katanom  pijanìn na odhg sei se exaf�n-
ish arket� eÐdh. AntÐjeta, ìso megal¸noun oi biom�zec o fìboc exaleÐfe-
tai kai ginìmaste pio epijetikoÐ. To parap�nw endiafèron apotèlesma eÐnai
sunèpeia thc mh grammikìthtac stic sunart seic mac. Epiplèon h posìth-

ta |wibiεi(C(Bi)f
′
i (Bi)+C

′
(Bi)fi(Bi)−pm

i f
′
i (Bi))

δ+di
|, sthn parap�nw èkfrash mporeÐ

38Anaferìmaste sto prìblhma pou antistoiqeÐ sthn perÐptwsh apostrof c kindÔnou,
to opoÐo perigr�fetai apì thn exÐswsh (8.16).

39 'Iswc na up�rqoun sunart seic pou sumbaÐnei to antÐstrofo. Ed¸ analÔoume thn pio
pijan  perÐptwsh.
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na parousiasteÐ san èna mètro profÔlaxhc apènanti sthn �gnoia kai thn
abebaiìthta.

SumbolÐzontac me BRA
i kai BUA

i tic bèltistec lÔseic sto prìblhma a-
postrof c kindÔnou kai abebaiìthtac antÐstoiqa, an emeÐc epijumoÔsame thn
sÔgkrish twn antÐstoiqwn prospajei¸n pou o diaqeirist c tou topÐou prèpei
na katab�lei kai oi opoÐec dÐnontai apì tic (8.22), (8.25), lamb�noume ìti:

ERA
i − EUA

i =
wigi

qi
{fi(BRA

i )
BRA

i

− fi(BUA
i )

BUA
i

}+ wibiεifi(BUA
i )

Epomènwc, b�sei thc monotonÐac thc sun�rthshc f , sthn perÐptwsh ìpou
BRA

i < BUA
i to opoÐo lamb�nei q¸ra gia mikrèc timèc twn biomaz¸n, h di-

afor� ERA
i −EUA

i ja eÐnai megalÔterh tou mhdèn, en¸ ìtan BRA
i > BUA

i pou
sumbaÐnei gia meg�lec biom�zec èqoume pijanìtera ìti ERA

i − EUA
i < 0,

ERA
i < EUA

i . 40 Epomènwc gia mikrèc biom�zec h prosp�jeia pou o di-
aqeirist c prèpei na katab�lei sthn perÐptwsh apostrof c kindÔnou eÐnai
megalÔterh apì ìti sthn perÐptwsh apostrof c sthn abebaiìthta. 41

8.2.2 'Ena koinwnik� bèltisto prìblhma diaqeÐrishc biopoikilìth-
tac

Sth sunèqeia lamb�noume upìyh tìso tic timèc pou prokÔptoun apì thn
p¸lhsh tou alieÔmatoc, ìso kai tic timèc Ôparxhc twn biomaz¸n pou af -
nontai sto topÐo kai den alieÔontai, antimetwpÐzoume to koinwnik� bèltisto
prìblhma diaqeÐrishc biopoikilìthtac, èstw SO to opoÐo orÐzetai wc:

max
Ei

∫ +∞

0
e−δt{

2∑
i=1

(pm
i Hi − C(Bi)Hi) +

2∑
i=1

piBi}dt

 

max
Ei

∫ +∞

0
e−δt{

2∑
i=1

EiBiqi(pm
i − C(Bi)) +

2∑
i=1

piBi}dt (8.28)

me 0 ≤ Ei ≤ Emax
i m.p. (8.10), (8.11),

40H diafor� eÐnai: ERA
i − EUA

i = wigi
qi
{ fi(B

RA
i )

BRA
i

− fi(B
UA
i )

BUA
i

}+ wibiεifi(B
UA
i ).

O deÔteroc ìroc eÐnai jetikìc all� to prìshmo tou pr¸tou exart�tai apì to prìsh-
mo thc sun�rthshc: { fi(B

RA
i )

BRA
i

− fi(B
UA
i )

BUA
i

}. JewroÔme thn par�gwgo aut c. ( fi(x)
x

)′ =

f ′i(x)x−fi(x)

x2 . H par�gwgoc eÐnai arnhtikìc arijmìc. Sthn perÐptwsh loipìn ìpou BRA
i <

BUA
i , to opoÐo lamb�nei q¸ra gia mikrèc biom�zec, fi(B

RA
i )

BRA
i

− fi(B
UA
i )

BUA
i

> 0
41Sthn melèth tou parap�nw montèlou qrhsimopoi same mÐa genik� koÐlh sun�rthsh

fi, i = 1, 2, axÐzei ìmwc na shmeiwjeÐ ìti ta apotelèsmata ja isqÔoun kai gia thn:
fi (Bi) = Bi (1− γiBi) . 'Opou g̃i eÐnai o stoqastikìc rujmìc an�ptuxhc, kai 1/γi eÐnai h
fèrousa qwrhtikìthta tou perib�llontoc gia k�je eÐdoc.
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me pi thn tim  pou èqoun oi biom�zec oi opoÐec mènoun sto topÐo. Qrhsi-
mopoi¸ntac thn sqèsh (8.13), kai to MRAP sth sunèqeia tìte h (8.28),
arqik� gÐnetai:

max
Bi

∫ +∞

0
e−δt{

2∑
i=1

(pm
i − C(Bi))(−δBi + wig̃ifi(Bi)− diBi) +

2∑
i=1

piBi}dt

(8.29)

me 0 ≤ Bi ≤ Bmax
i

Tìte, h bèltisth stajer  kat�stash kajorÐzetai apì thn sqèsh:

max
B1,B2

W (B1, B2, g̃1, g̃2) = (8.30)

max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wig̃ifi(Bi)− diBi) +

2∑
i=1

piBi

Sthn perÐptwsh ìpou autìc o opoÐoc kaleÐtai na l�bei mÐa apìfash pis-
teÔei ìti gnwrÐzei me bebaiìthta thn tim  twn rujm¸n exèlixhc èstw gi, twn
rujm¸n an�ptuxhc, tìte to parap�nw prìblhma gÐnetai:

max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wig̃ifi(Bi)− diBi) +

2∑
i=1

piBi (8.31)

me sunj kh pr¸thc t�xhc thn:

0 = −C ′
(Bi)(wigifi(Bi)− δBi − diBi) +  

(pm
i − C(Bi))(wigif

′
i (Bi)− δ − di) + pi,

pm
i − pi

δ + di
− pm

i wigif
′
i (Bi)

δ + di
=

C
′
(Bi)Bi + C(Bi)−

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di

pm
i − pi

δ + di
− C(Bi) = (8.32)

[C
′
(Bi)Bi −

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))− pm

i wigif
′
i (Bi)

δ + di
]

(C(Bi)Bi −
wigiC(Bi)fi(Bi)− pm

i wigifi(Bi)
δ + di

)
′
= pm

i − pi

δ + di
i = 1, 2  

C(Bi)Bi −
wigiC(Bi)fi(Bi)− pm

i wigifi(Bi)
δ + di

= (pm
i − pi

δ + di
)Bi + c

Sth sunèqeia, upojètoume ìti autìc o opoÐoc kaleÐtai na l�bei mÐa apìfash de
gnwrÐzei thn katanom  pijanìthtac twn g̃i epakrib¸c, all� dÔnatai na k�nei
k�poia ektÐmhsh èstw gi gia i = 1, 2. Akolouj¸ntac thn e-contamination,
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prosèggish k�nontac qr sh twn exis¸sewn (8.2), (8.3), tìte h (8.30) gr�fetai
san:

max
B1,B2

2∑
i=1

(pm
i − C(Bi))(−δBi + wi(gi − biεi)fi(Bi)− diBi) +

2∑
i=1

piBi

Me sunj kec pr¸thc t�xhc:

(C(Bi)Bi −
wi(gi − biεi)C(Bi)fi(Bi)− pm

i wi(gi − biεi)fi(Bi)
δ + di

)
′
= pm

i − pi

δ + di

(8.33)

  pm
i − pi

δ + di
− C(Bi) =

C
′
(Bi)Bi −

wi(gi − biεi)(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi)− pm

i f
′
i (Bi))

δ + di

Sthn perÐptwsh t¸ra ìpou sugkrÐnoume tic (8.32), (8.33), dhlad  th lÔsh
tou koinwnik� bèltistou probl matoc biopoikilìthtac sthn perÐptwsh apos-
trof c kindÔnou kai abebaiìthtac, lamb�noume met� apì upologismoÔc ìti
up�rqei akrib¸c autìc o parap�nw ìroc sth deÔterh perÐptwsh ìpwc kai s-
to prohgoÔmeno upokef�laio, �ra mporoÔme na efarmìsoume akrib¸c ton
Ðdio sullogismì ìpwc parap�nw kai epomènwc na p�roume akrib¸c to Ðdio
apotèlesma.

Jewr¸ntac parak�tw ìti up�rqei èna kajolikì mègisto (global), èstw
(BRAc

1 , BRAc
2 ) sto (8.32) kai (BUAc

1 , BUAc
2 ) sto (8.33), tìte oi exis¸seic

(8.22), (8.25), kaj¸c epÐshc kai ta apotelèsmata anaforik� me thn sÔgkrish
twn ERA

i , EUA
i isqÔoun epÐshc t¸ra.

EpÐshc, an emeÐc epijumoÔsame th sÔgkrish twn lÔsewn metaxÔ twn (8.32)
kai (8.33) me tic antÐstoiqec (8.20) (8.23), mporoÔme na doÔme ìti up�rqei
ènac epiplèon ìroc, − pi

δ+di
< 0, sto dexÐ mèroc twn exis¸sewn oi opoÐec

antistoiqoÔn sto koinwnik� bèltisto prìblhma kai epomènwc oi bèltistec
timèc twn biomaz¸n sto oikosÔsthma, sto idiwtik� bèltisto prìblhma, eÐnai
mikrìterec apì tic antÐstoiqec biom�zec sto koinwnik� bèltisto prìblhma,
anex�rthta twn sunart sewn C, fi. EpÐshc epeid  h lÔsh, dhlad  oi bèltistec
biom�zec pou antistoiqoÔn sto PO prìblhma eÐnai mikrìterh apì thn antÐs-
toiqh SO lÔsh, an jewr soume th diafor� an�mesa stic antÐstoiqec prosp�-

jeiec, epeid  h par�gwgoc thc sun�rthshc fi(x)
x èqei arnhtikèc timèc, èpetai ìti

oi prosp�jeiec pou antistoiqoÔn sto PO prìblhma ja eÐnai megalÔterec apì
tic antÐstoiqec prosp�jeiec sto SO prìblhma. SunoyÐzontac ta apotelès-
mata mac mporoÔme na p�roume thn parak�tw Prìtash:

Prìtash 8.2.1 Gia to parap�nw montèlo diaqeÐrishc biopoikilìthtac ìtan
sugkrÐnoume ta bèltista epÐpeda biom�zac kai tic antÐstoiqec prosp�jeiec pou
prèpei na katablhjoÔn apì ton diaqeirist  ¸ste na epiteuqjoÔn aut�, tìso sto
koinwnik� ìso kai idiwtik� bèltisto prìblhma, sthn perÐptwsh apostrof c
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kindÔnou kai apostrof c sthn abebaiìthta, ìpou aut  èqei diatupwjeÐ me th
bo jeia thc ε− contamination prosèggishc, lamb�noume ta parak�tw:

1. Ta bèltista epÐpeda biomaz¸n, pou antistoiqoÔn sto PO prìblhma eÐnai
mikrìtera apì ta antÐstoiqa epÐpeda pou antistoiqoÔn sto koinwnik�
bèltisto prìblhma SO, tìso sthn perÐptwsh apostrof c kindÔnou ìso
kai abebaiìthtac, dhlad : BPORA

i < BSORA
i , BPOUA

i < BSOUA
i

2. Ta antÐstoiqa epÐpeda prosp�jeiac pou prèpei na afierwjoÔn kai pou
antistoiqoÔn sto PO prìblhma, eÐnai megalÔtera apì ta antÐstoiqa
epÐpeda sto SO prìblhma, tìso sthn perÐptwsh apostrof c kindÔnou
ìso kai abebaiìthtac, dhlad : EPORA

i > ESORA
i , EPOUA

i > ESOUA
i

3. H diafor� sta bèltista epÐpeda biomaz¸n an�mesa sthn perÐptwsh a-
postrof c kindÔnou kai abebaiìthtac kai sta dÔo probl mata, dhlad :
BPORA

i −BPOUA
i , BSORA

i −BSOUA
i , gia mikrèc biom�zec eÐnai arnhtikìc

arijmìc pou shmaÐnei ìti ginìmaste sunthrhtikìteroi, en¸ gia meg�lec
biom�zec eÐnai jetikìc arijmìc pou shmaÐnei epijetikìterh sumperifor�.

4. H diafor� sta bèltista epÐpeda prosp�jeiac, EPORA
i −EPOUA

i , ESORA
i −

ESOUA
i , anaforik� me èna topik� eustajèc mègisto shmeÐo pou antis-

toiqeÐ se mikrèc biom�zec, eÐnai jetikìc arijmìc.

5. H diafor� an�mesa sta bèltista epÐpeda biomaz¸n kai tic antÐstoiqec
prosp�jeiec, an�mesa sthn perÐptwsh apostrof c kindÔnou kai apos-
trof c sthn abebaiìthta, mporoÔn na ermhneujoÔn san èna mètro profÔ-
laxhc apènanti sthn �gnoia kai thn abebaiìthta.

Eidikìtera b�sei tou shmeÐou 3, thc parap�nw Prìtashc, sumperaÐnoume
ìti ìtan eÐmaste sth lek�nh (basin) èlxhc pou antistoiqeÐ se mikrèc biom�zec,
tìte eÐmaste sunthrhtikìteroi, en¸ antÐjeta gia th lek�nh èlxhc pou antis-
toiqeÐ se meg�lec biom�zec, ginìmaste pio epijetikoÐ. 42 Epomènwc ìtan gia
par�deigma k�poio akraÐo fainìmeno ìpwc gia par�deigma to prìsfato El-
NÐnio, prokalèsei afanismì arket¸n biomaz¸n kai metafèrei to sÔsthma mac
apì th mÐa lek�nh èlxhc sthn �llh, tìte anagkastik� emeÐc ja prèpei autìma-
ta na gÐnoume sunthrhtikìteroi se sqèsh me thn politik  pou akoloujoÔsame
prin thn ekd lwsh tou fainomènou.

8.3 EndogenopoÐhsh tou ε

'Estw, ìti o rujmist c prospajeÐ na b�lei se efarmog  th bèltisth stajer c
kat�stashc lÔsh, OSS, tou probl matoc SO, jètontac èna grammikì fìro,

42Gia par�deigma sthn Eikìna 14, to shmeÐo H eÐnai topikì mègisto pou antistoiqeÐ se
mikrèc biom�zec, ìpou h antÐstoiqh lek�nh èlxhc eÐnai h HJ , en¸ to K eÐnai to kajolikì
mègisto, me lek�nh èlxhc thn JK. To shmeÐo J eÐnai topikì el�qisto. Analutikìterh
parousÐash tou diagr�mmatoc ja dojeÐ sto epìmeno upokef�laio.
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èstw τi sthn tim  agor�c pm
i . Tìte, h PO OSS kajorÐzetai apì thn exÐswsh:

max
B1,B2

2∑
i=1

(pm
i (1− τi)− C(Bi))(−δBi + wig̃ifi(Bi)− diBi) (8.34)

me sunj kh pr¸thc t�xhc thn:

pm
i (1− τi)−

pm
i wigif

′
i (Bi)

δ + di
(8.35)

= C
′
(Bi)Bi + C(Bi)−

wigi(C(Bi)f
′
i (Bi) + C

′
(Bi)fi(Bi))

δ + di

H parap�nw sunj kh ep�gei ìti o bèltistoc fìroc τi, ja prèpei na epilègei
ètsi ¸ste h lÔsh pou antistoiqeÐ sto prìblhma (8.35) na sumpÐptei me ekeÐnh
tou (8.33). 'Enac trìpoc na to katafèroume autì eÐnai na sugkrÐnoume thn
parap�nw sqèsh me thn (8.33), ìpou blèpoume ìti h parak�tw exÐswsh prèpei
na ikanopoieÐtai:

−pm
i τi =

pi

−δ − di
+
wibiεi(C(Bi)f

′
i (Bi) + C

′
(Bi)fi(Bi)− pm

i f
′
i (Bi))

δ + di

me Bi na eÐnai h lÔsh thc (8.33).

8.3.1 H perÐptwsh meg�lwn diataraq¸n kai akraÐwn fainomènwn

Parak�tw, lamb�noume upìyh ìti meg�lec aifnÐdiec diataraqèc se sunèrgia
me akraÐa fainìmena dÔnatai na metakin soun tic arqikèc sunj kec apì mÐa
lek�nh èlxhc se mÐa �llh. ExaitÐac thc eidik c morf c thc sun�rthshc kìs-
touc ìpwc anafèrjhke sto prohgoÔmeno upokef�laio h lÔsh stic (8.16) kai
(8.19) eÐte thn (8.20) enall�ssontai. 'Eqoume upojèsei ìti (B1

1,B
1
2), (B

3
1,B

3
2),

eÐnai topik� mègista kai (B2
1,B

2
2) eÐnai èna zeÔgoc apì topik� el�qista, me ta

topik� mègista na eÐnai eustaj  shmeÐa isorropÐac, en¸ ta topik� el�qista
astaj . 'Estw, ìti meg�lec diataraqèc me akraÐa fainìmena metakinoÔn me
pijanìthtec, èstw (1 − πi), tic arqikèc timèc B0

i gia i = 1, 2 tou sust ma-
toc mac, sthn antÐstoiqh sunist¸sa tou zeÔgouc pou perigr�fei th lek�nh
èlxhc pou antistoiqeÐ se mikrèc biom�zec. Epomènwc, me pijanìthta (1− π1)
(1 − π2) to sÔsthma mac ja kinhjeÐ stic lek�nec èlxhc pou antistoiqoÔn
se mikrèc biom�zec. Upojètoume, ìti den up�rqei kajìlou apostrof  sthn
abebaiìthta, epomènwc εi = 0 kai gi = g̃i. Tìte, to bèltisto prìblhma gia to
rujmist  eÐnai na kajorÐsei èna bèltisto fìro tètoio ¸ste: 43

τ∗i = arg max{(1− πi)W (B1s
i ) + πiW (B3s

i )}, i = 1, 2 (8.36)

me W (Bks
i ) = W (δ1iB

ks
1 , δ2iB

ks
2 , δ1ig1, δ2ig2), k = 1, 3 kai i = 1, 2

ìpou δkl = 1{k=l} me to W na dÐnetai apì thn (8.16)
43To δ, paÐrnei thn tim  èna ìtan oi deÐktec eÐnai Ðdioi, alli¸c lamb�nei thn tim  mhdèn.

Opìte, b�sei aut c thc parat rhshc paÐrnoume thn antÐstoiqh èkfrash gia to W gia k�je
mÐa apì tic dÔo biom�zec b�sei thc (8.16) kai met� lÔnoume to prìblhma (8.36).
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H grafik  parousÐash tou rujmizìmenou sust matoc parèqetai apì thn
eikìna 14, sthn opoÐa parousi�zetai h kat�stash ekeÐnh ìpou dÔo mègista
shmeÐa enall�ssontai me èna elaqisto. 44 Ta shmeÐo H,J,K, èqoun epilegeÐ
kat� tètoio trìpo, ètsi ¸ste h lÔsh pou antistoiqeÐ sto prìblhma (8.33) na
eÐnai Ðdia me th lÔsh tou probl matoc (8.35). Eidikìtera, to shmeÐo H eÐnai
shmeÐo topikoÔ megÐstou to opoÐo eÐnai eustajèc kai antistoiqeÐ se mikrèc
biom�zec. To shmeÐo J eÐnai shmeÐo topikoÔ elaqÐstou kai eÐnai astajèc, me
th lek�nh HJ na eÐnai h lek�nh èlxhc pou antistoiqeÐ se mikrèc biom�zec.
To shmeÐo K, eÐnai shmeÐo megÐstou to opoÐo eÐnai kai autì eustajèc. Ed¸ h
lek�nh èlxhc anaforik� se autì eÐnai h JK.

To parap�nw prìblhma, dÔnatai na parousiasteÐ kat� tètoio trìpo pou
na eÐnai ìmoioc me thn ε−contamination diatÔpwsh.

Gia na kajorÐsoume to bèltisto fìro, èstw FSi(z) = Pr(Si > z) h
sun�rthsh katanom c mÐac aifnÐdiac diataraq c thn opoÐa sumbolÐzoume me
Si. QwrÐc bl�bh thc genikìthtac mporoÔme na poÔme ìti an B0

i + Si <
B2s

i (τi), ìpou (B2s
1 (τ1), B2s

2 (τ2)) eÐnai oi topik� mh stajerèc katast�seic tou
rujmizìmenou sust matoc, tìte to sÔsthma mac ja metakinhjeÐ sthn top-
ik� stajer  qamhl c biom�zac kat�stash (B1s

1 (τ1), B1s
2 (τ2)). Diaforetika,

an B0
i + Si > B2s

i (τi) tìte to sÔsthma mac sugklÐnei sthn uyhl c biom�zac
stajer  kat�stash (B3s

1 (τ1), B3s
2 (τ2)). Tìte to prìblhma bèltisthc epilog c

fìrou orÐzetai apì th sqèsh:

max
τi

2∑
i=1

{FSi(B
2s
i (τi))W (B1s

i ) + (1− FSi(B
2s
i (τi)))W (B3s

i )} (8.37)

me sunj kh pr¸thc t�xhc thn:

0 = FSi(B
2s
i (τi))

dB2s
i (τi)
dτ

(W (B1s
i )−W (B3s

i ))+ (8.38)

FSi(B
2s
i (τi))

∂W (B1s
i (τi))

∂B1s
i
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i (τi)
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+(1− FSi(B
2s
i (τi)))

∂W (B3s
i (τi))

∂B3s
i

dB3s
i (τi)
dτ

SugkrÐnontac thn (8.37) me thn (8.36) kai thn ε− contamination diatÔpw-
sh, blèpoume ìti oi par�metroi εi t¸ra kajorÐzontai apì thn FSi(B

2s
i (τi))

kai èqoun endogenopoihjeÐ afoÔ h pijanìthta sÔmfwna me thn opoÐa h fÔsh
dialègei thn lek�nh èlxhc pou antistoiqeÐ se mikrèc biom�zec exart�tai apì
thn bèltisth epilog  fìrou.

44Oi sunart seic R, P , dÐnontai mèsw twn sunjhk¸n pr¸thc t�xhc pou dÐnontai apì thn
(8.35).
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Se autì to kef�laio kai me stìqo th melèth thc biopikoilìthtac k�non-
tac qr sh ennoi¸n beltistopoÐhshc, arqik� eis�game èna statikì montèlo me
dÔo biom�zec to opoÐo kai epekteÐname sth suneqeÐa se èna dunamikì mon-
tèlo. Melet same èna idiwtikì kai èna koinwnikì prìblhma bèltisthc epi-
log c, tìso sthn perÐptwsh pou apostrefìmaste ton kÐnduno ìso kai sth-
n perÐptwsh ekeÐnh pou apostrefìmaste thn abebaiìthta, ìpou sugkrÐname
th bèltisth posìthta biom�zac pou prèpei na diathr soume sto oikosÔsth-
ma ìso kai thn antÐstoiqh prosp�jeia pou prèpei na dapan soume gia na
epitÔqoume autì. Eidikìtera, sugkrÐnontac tic lÔseic mac an�mesa sto idi-
wtikì, PO, prìblhma kai sto koinwnikì, SO, blèpoume ìti h di�fora an�mesa
stic bèltistec posìthtec twn biomaz¸n eÐnai arnhtikìc arijmìc. Anaforik�
wc proc tic antÐstoiqec prosp�jeiec pou prèpei na katablhjoÔn, h diafor�
thc pr¸thc apì th deÔterh eÐnai ènac jetikìc arijmìc. An, t¸ra, sug-
krÐnoume th di�fora an�mesa sthn apostrof  kÐndunou kai abebaiìthtac
ìpou sth deÔterh perÐptwsh èqoume qrhsimopoi sei thn ε − contamination
prosèggish gia na diatup¸soume aut , blèpoume ìti gia mikrèc biom�zec ginì-
maste pio sunthrhtikoÐ sthn perÐptwsh apostrof c sthn abebaiìthta, en¸
gia meg�lec ginìmaste pio epijetikoÐ sugkrÐnontac th lÔsh mac me thn klas-
sik  perÐptwsh, ìpou o ìroc epijetikìteroc shmaÐnei megalÔtero posostì
alieÐac. EpÐshc, exet�zontac èna rujmistikì prìblhma sthn perÐptwsh pou
o rujmist c antimetwpÐzei thn pijanìthta meg�lwn diataraq¸n me akraÐa
fainìmena, perigr�foume th lÔsh mac me tètoio trìpo ¸ste h par�metroc pou
deÐqnei thn sigouri� mac sto arqikì montèlo anafor�c na èqei endogenopoih-
jeÐ. To �nw montèlo mporeÐ na epektajeÐ jewr¸ntac allhlepidr�seic metaxÔ
twn dÔo biomaz¸n.
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9 Efarmog  twn parap�nw sto diadÐktuo

'Enac apì touc q¸rouc o opoÐoc qarakthrÐzetai apì idiaÐtera èntonh abebaiìth-
ta kai o opoÐoc ta teleutaÐa qrìnia èqei apokt sei exairetik� shmantik 
shmasÐa gia ton �njrwpo kai thn exèlixh thc zw c p�nw ston plan th, lìgw
tou idiaÐtera shmantikoÔ arijmoÔ efarmog¸n oi opoÐec lamb�noun q¸ra se
autìn, eÐnai autìc tou diadiktÔou. 45 'Ena apì ta kÔria qarakthristik� ta
opoÐa dièpei thn exèlixh arket¸n diadikasi¸n kai fainomènwn ta opoÐa ka-
jhmerin� lamb�noun q¸ra sto dÐktuo eÐnai h èntonh abebaiìthta pou èqoume
sqetik� me aut�. Epomènwc, epitaktik  krÐnetai h an�gkh na enswmat¸soume
aut  sthn diadikasÐa epilog c kai l yhc apof�sewn oi opoÐec sqetÐzontai me
diadikasÐec pou diadramatÐzontai sto q¸ro autì. Prosarmìzontac, loipìn,
kat�llhla ta apotelèsmata mac stic prohgoÔmenec enìthtec eÐmaste se jèsh
na ta efarmìsoume �mesa sto diadÐktuo.

9.1 Sunallagèc mèsw diadiktÔou

H almat¸dhc teqnologik  prìodoc eÐqe san apotèlesma ta teleutaÐa qrìnia
to diadÐktuo na gÐnei prositì kai eurèwc diadedomèno sto kìsmo. Autì, eÐqe
wc apotèlesma na all�xei se meg�lo bajmì o paradosiakìc trìpoc sunal-
lag¸n kai ependÔsewn tou kajenìc apì em�c. Pollèc sunallagèc agorèc kai
ependÔseic pragmatopoioÔntai plèon kajhmerin� apì to diadÐktuo. P�rte gia
par�deigma agorèc biblÐwn eid¸n epèndushc akìma kai spiti¸n pou agor�-
zontai qwrÐc na ta èqoume potè dei apì kont�. Perissìtero   ligìtero or-
ganwmènec agorèc èqoun dhmiourghjeÐ, tìso apì èllhnec ìso kai xènouc
epiqeirhmatÐec, pou stìqo èqoun na diekdik soun èna shmantikì mèroc twn
paradosiak¸n mac sunallag¸n. Blèpoume, loipìn, tic timèc k�poiwn agaj¸n
  uphresi¸n na metab�llontai suneq¸c, san na eprìkeito gia mÐa paradosiak 
agor�.

Poll� loipìn apì ta agaj� ta opoÐa emeÐc suqn� agor�zoume apì to
dÐktuo qwrÐc na ta èqoume dei apì kont�   kalÔtera ta blèpoume mìno apì
k�poiec fwtografÐec, sÐgoura emperièqoun uyhl� epÐpeda abebaiìthtac. Apì
ta parap�nw faÐnetai ìti prèpei na enswmat¸soume thn abebaiìthta sth di-
adikasÐa l yhc apof�sewn mac. 'Ara, ed¸, se arketèc ek twn peript¸sewn
idiaÐtera, de, ìtan ta agaj� proorÐzontai gia epèndush mporoÔme na efar-
mìsoume ta apotelèsmata twn prohgoÔmenwn enot twn, ìpou an�loga me
thn abebaiìthta pou èqoume, ja prèpei na qrhsimopoioÔme èna diaforetikì
θ gia ton kajorismì tou skopoÔ epèndushc, to opoÐo antikatoptrÐzei ta di-
aforetik� epÐpeda.

45Endeiktik� mporeÐ k�poioc na dei, [2], [15] [45], [72]
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9.2 Epilog  metoq¸n nèwn teqnologi¸n

'Ena �llo jèma, gia to opoÐo ègine idiaÐterh anafor� kai apasqìlhse ekten¸c
thn prohgoÔmenh eptaetÐa tìso ton aplì laì ìso kai touc epaggelmatÐec
diaqeiristèc kefalaÐwn,  tan autì thc epilog c metoq¸n pou èqoun san an-
tikeÐmeno drasthriopoÐhshc touc efarmogèc pou sqetÐzontai me to dÐktuo.
Eidikìtera, eÐdame touc ependÔtec na epilègoun arqik� mazik� thn epèndush
se autèc tic etairÐec en¸ metèpeita na tic apofeÔgoun. 'Ena �llo er¸thma pou
bas�nize autoÔc  tan pia eÐnai h katallhlìterh metaxÔ aut¸n twn etairi¸n
ìtan eÐqan apofasÐsei pio posì ja epènduan se etairÐec nèwn teqnologi¸n.
KÔrio, de, qarakthristikì aut¸n  tan h meg�lh abebaiìthta pou sqetÐzontan
anaforik� me thn exèlixh thc tim c touc. 'Ara, eÐnai endiafèron na doÔme pwc
sundèetai h jewrÐa mac me th l yh apof�sewn, sqetik� me thn epilog  gia
epèndush se autèc tic etairÐec.

Eidikìtera, ekeÐna ta qrìnia arqik� parathr jhke mÐa entupwsiak  aÔxhsh
sta pos� epèndushc se autèc tic etairÐec tìso sth q¸ra mac ìso kai s-
ton diejn  q¸ro. EpÐshc, oi ependÔtec k�je q¸rac suqnìtera epèlegan
axÐec pou diapragmateÔontai sth diki� touc agor�. Ed¸, eÐdame oi timèc
twn metoq¸n ìlwn twn etairi¸n qwrÐc kamÐa exaÐresh na anebaÐnoun k�ti to
opoÐo fainomenik� den  tan kai tìso fusiologikì. Sthn sunèqeia, ìmwc, oi
deÐktec aut¸n twn metoq¸n eÐdame na {katarrèoun} ìpwc gia par�deigma o
teqnologikìc deÐkthc Nasdaq sto qrhmatist rio thc Nèac Uìrkhc. All�,
oÔte ed¸ ta pr�gmata  tan kalÔtera. Pollèc apì tic etairÐec autèc diaprag-
mateÔontai s mera kai touc teleutaÐouc m nec genikìtera se timèc k�tw tou
enìc eur¸, pou antistoiqeÐ se posostì ligìtero tou 1/10 thc mègisthc tim c
touc.

Mia pijan  ex ghsh sta plaÐsia tou upodeÐgmatoc mac eÐnai h parak�tw:
Par' ìlo pou oi ependÔtec  tan {uncertainty averse}, dhlad  apostrefìtan
thn abebaiìthta, ìpwc kai ja anamenìtan epeid  oi etairÐec  tan �gnwstec
wc proc to pedÐo drasthriopoÐhshc touc kai qarakthrizìtan apì {model
uncertainty}, dhlad  den mporoÔsame na montelopoi soume thn exèlixh thc
tim c touc me sigouri� ja  tan dikaiologhmènh mÐa sunthrhtikìterh sumper-
ifor�. Autì pou odhgoÔse touc ependÔtec na ependÔsoun perissìtera qr -
mata se autèc tic kainoÔrgiec kai sqetik� �gnwstec se autoÔc etairÐec, apì
ìti se k�poiec �llec paradosiakìterec axÐec, b�sei tou jewrhtikoÔ upìba-
jrou pou anaptÔxame,  tan pijanìn h dom  twn paramètrwn, dhlad  h mèsh
anamenìmenh tim  kai h tupik  apìklish pou èdine aut  thn epijetikìterh
sumperifor�, pou ìpwc eÐdame eÐnai anex�rthth thc tim c thc paramètrou
eust�jeiac. Sto Ðdio gegonìc, dhlad  sth dom  twn paramètrwn ofeilìtan
kai to gegonìc ìti ìlec oi timèc twn metoq¸n tou kl�dou, en¸ sÐgoura ìlec
oi etairÐec den  tan Ðdiec kai den eÐqame Ðdia plhrofìrhsh kai sigouri� gi-
a autèc mÐa kai pollèc  tan exairetik� nèec, kinoÔtan tautìqrona anodik�.
'Otan oi par�metroi metabl jhkan kai �rqisan na kinoÔntai proc thn antÐjeth
kateÔjunsh autì ègine gia ìlec tic etairÐec tou kl�dou tautìqrona.
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Oi algìrijmoi kai oi k¸dikec gia thn epilog  qartofulakÐou k�tw apì
sunj kec abebaiìthtac me b�sh to jewrhtikì upìbajro pou anaptÔxame m-
poroÔn na prosarmostoÔn kat�llhla sthn fÔsh tou probl matoc pou kaloÔ-
maste na antimetwpÐsoume kai na gÐnoun ergaleÐa sto diadÐktuo. Sto par�rth-
ma paratÐjentai oi k¸dikec, ìpou mporoÔn na antikatastajoÔn oi timèc twn
paramètrwn ¸ste na èqoume apotelèsmata.

EÐdame, loipìn, ìti prosarmìzontac kat�llhla ta apotelèsmata mac m-
poroÔn na efarmostoÔn kai se �llouc tomeÐc ìpwc to diadÐktuo.
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10 Sumper�smata

O Knight  tan o pr¸toc o opoÐoc exèfrase thn �poyh ìti h abebaiìthta,
dhlad  h mh Ôparxh enìc antikeimenikoÔ mètrou pijanìthtac gia thn peri-
graf  enìc fainomènou, eÐnai aut  h opoÐa qarakthrÐzei thn pleionìthta twn
oikonomik¸n efarmog¸n. EkeÐnoc  tan o pr¸toc pou apèdwse ton ìro autì
gia to diaqwrismì twn parap�nw problhm�twn, apì ta probl mata kindÔ-
nou, ta opoÐa qarakthrÐzontai apì thn Ôparxh mÐac antikeimenik c katanom c
pijanìthtac gia thn perigraf  enìc gegonìtoc.

O mh diaqwrismìc twn diafìrwn problhm�twn pou antimetwpÐzontan sthn
oikonomik  jewrÐa eÐqe san apotèlesma pollèc forèc ta apotelèsmata, ta
opoÐa èdinan ta jewrhtik� montèla, na eÐnai se asunèpeia me ta peiramatik�
apotelèsmata kai ta pragmatik� gegonìta ta opoÐa emfanÐzontan sth fÔsh.
To gegonìc autì eÐqe san apotèlesma autoÐ oi opoÐoi èprepe na l�boun k�poia
apìfash   na qar�xoun k�poia politik  na arqÐsoun na enswmat¸noun thn
abebaiìthta thn opoÐa kai apostrèfontan, ìpwc kai ton kÐnduno, sta mon-
tèla apof�sewn, ta opoÐa dhmiourgoÔsan gia thn perigraf  kai ermhneÐa
twn problhm�twn pou kaloÔntan na antimetwpÐsoun. Pollèc  tan oi pros-
eggÐseic, oi opoÐec eÐqan akoloujhjeÐ kat� to pareljìn, h ergasÐa, ìmwc h
opoÐa jemelÐwse axiwmatik� thn apostrof  sthn abebaiìthta (Uncertainty
Aversion) kai h opoÐa apotèlese kat� k�poio trìpo orìshmo, anaforik� me
th sÔgqronh mejodologÐa pou akoloujeÐtai gia thn antimet¸pish tètoiou eÐ-
douc katast�sewn kai problhm�twn  tan aut  twn Gilboa kai Schmeidler
[31].

'Epeita, loipìn, apì thn parap�nw ergasÐa ìloi prospajoÔsan na eÐnai se
sumfwnÐa me to axÐwma thc apostrof c sthn abebaiìthta stic proseggÐseic
kai mejodologÐec tic opoÐec èqoun anaptÔxei èwc s mera. DÔo, ìmwc, eÐnai
oi kÔriec proseggÐseic, oi opoÐec èqoun kat� k�poio trìpo kuriarq sei sthn
parap�nw bibliografÐa. Ta montèla me pollapl� mètra pijanìthtac kai h
jewrÐa tou eustajoÔc elègqou.

Ta men pr¸ta montèla (multiple priors models), èqoun eisaqjeÐ pr¸ta
sthn bibliografÐa apì touc Epstein kai Wang [25], me touc dÔo shman-
tikìterouc kai plèon diadedomènouc ekpros¸pouc aut¸n twn montèlwn na eÐ-
nai h ε − contamination prosèggish kai h k-ignorance mejodologia. Sth
men pr¸th prosèggish o l pthc apof�sewn diatup¸nei thn antikeimenik 
tou sun�rthsh dÐnontac pijanìthta (1 − e) se èna basikì mètro pijanìth-
tac kai e sto infimum mÐac oikogèneiac mètrwn pijanìthtac. H men �llh
k − ignorance mejodologÐa periorÐzei to sÔnolo twn montèlwn, ta opoÐa o
l pthc apof�sewn jewreÐ k�je stigm .

Thn �llh prosèggish apoteleÐ h qr sh mejìdwn eustajoÔc elègqou (ro-
bust control), oi opoÐec eis qjhsan gia pr¸th for� se oikonomikèc efarmogèc
apì touc Hansen kai Sargent [32]. SÔmfwna me aut  thn ekdoq , o l pthc
apof�sewn eÐnai abèbaioc gia to arqikì tou montèlo apì thn �poyh ìti up�r-
qei èna meg�lo sÔnolo proseggistik¸n montèlwn, ta opoÐa mporoÔn epÐshc na
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jewrhjoÔn wc pijan�, dedomènou enìc arqikoÔ sunìlou stoiqeÐwn-dedomènwn,
ta opoÐa qrhsimopoioÔntai gia thn ektÐmhsh tou arqikoÔ mac montèlou. To
sÔnolo aut¸n twn montèlwn lamb�netai diatar�ssontac k�poio arqikì mon-
tèlo anafor�c (Benchmark model), ìpou oi pijanèc diataraqèc antikatop-
trÐzoun to sÔnolo twn pijan¸n katanom¸n pou o l pthc apof�sewn eÐnai
prìjumoc na jewr sei   enallaktik� to pìso sÐgouroc eÐnai gia to arqikì
tou montèlo anafor�c. Sto prìblhma eustajoÔc èlegqou pou prokÔptei me
ton trìpo autì, o stìqoc eÐnai na l�boume èna kanìna   alli¸c na p�roume
mÐa apìfash, h opoÐa ja isqÔei gia èna sÔnolo proseggistik¸n montèlwn,
kont� kat� mÐa ènnoia sto montèlo anafor�c.

H melèth thc l yhc apof�sewn k�tw apì sunj kec abebaiìthtac thn
opoÐa emeÐc apostrefìmaste apoteleÐ to jèma thc paroÔsac didaktorik c di-
atrib c. San pedÐa efarmog¸n èqoume epilèxei th diaqeÐrish qartofulakÐou
kai sugkekrimèna th melèth tou probl matoc bèltisthc epilog c qartofu-
lakÐou touMerton, kaj¸c, epÐshc kai th diaqeÐrish oikosusthm�twn wc proc
th diat rhsh kai diaqeÐrish thc biopoikilìthtac sth fÔsh. Tèloc, deÐqnoume
ìti ta apotelèsmata mporoÔn na efarmostoÔn kai se �llouc tomeÐc thc an-
jr¸pinhc drasthriìthtac ìpwc to diadÐktuo.

Eidikìtera gia th melèth thc bèltisthc epilog c qartofulakÐou qrhsi-
mopoioÔme th mejodologÐa tou eustajoÔc elègqou, gia na sugkrÐnoume ta
apotelèsmata mac me ekeÐna pou antistoiqoÔn sthn perÐptwsh enìc klas-
sikoÔ oikonomikoÔ perib�llontoc. Afetèrou, gia th melèth thc biopoikilìth-
tac, anaptÔssoume dÔo montèla sta opoÐa thn pr¸th for� pou prospajoÔme
na k�noume sÔgkrish me thn perÐptwsh apostrof c kÐndunou, h abebaiìthta
èqei diatupwjeÐ b�sei thc k-ignorance mejodologÐac, en¸ sthn epìmenh b�sei
thc ε− contamination prosèggishc.

Arqik�, asqol jhkame me th diatÔpwsh kai diexodik  melèth tou prob-
l matoc bèltisthc epilog c qartofulakÐou tou Merton [53], [54] san èna
prìblhma eustajoÔc elègqou. Wc proc autì sthrizìmenoi sth jewrÐa ìpwc
aut  diatup¸jhke apì touc Hansen kai Sargent, eÐqan asqolhjeÐ wc tìte o
Maehout [52] kai oi Uppal kaiWang [73]. AutoÐ ìmwc sthn prosp�jeia touc
na lÔsoun analutik� to prìblhma k�noun qr sh enìc omojetikoÔ epiqeir -
matoc pou me ton trìpo autì ìmwc metatrèpoun thn exwgen  par�metro θ,
h opoÐa qrhsimopoieÐtai gia na deÐxei pìso bèbaioi eÐmaste wc proc to mon-
tèlo anafor�c, se sun�rthsh thc sun�rthshc axÐac tou probl matoc, en-
dogenopoi¸ntac thn ètsi me ton trìpo autì, gegonìc pou èqei san apotèles-
ma na sp�sei o sÔndesmoc me touc Gilboa, Schmeidler kai thn axiwmatik 
jemelÐwsh tou Uncertainty Aversion. Enallaktik� se autèc eÐnai h ergasÐa
tou Pathak [59], me thn qr sh thc k− ignorance mejodologÐac, pou èqei wc
apotèlesma na p�rei apl� èna kanìna san autì tou Merton me mikrìterh
mèsh anamenìmenh tim .

'Ena apì ta kÔria sumper�smata pou proèkuptan san apotèlesma thc e-
farmog c thc jewrÐac tou eustajoÔc èlegqou, eÐnai ìti h epijumÐa gia èlegqo
thc eust�jeiac tou montèlou sun jwc odhgeÐ se sunthrhtikìterh sumperi-
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for�.
Arqik�, k�nontac qr sh thc jewrÐac tou eustajoÔc elègqou antimetw-

pÐsame to prìblhma bèltisthc epilog c qartofulakÐou tou Merton lam-
b�nontac upìyh thn Ôparxh abebaiìthtac kai exet�same an kai pìte h jew-
rÐa odhgeÐ se epijetikìterh sumperifor� sugkritik� me to paradosiakì mon-
tèlo pou antistoiqeÐ sthn perÐptwsh apostrof c kindÔnou. Oi eustajeÐc
kanìnec pou l�bame parametrikopoi jhkan me th bo jeia thc paramètrou
eust�jeiac θ. Ta apotelèsmata pou proèkuyan eÐnai anex�rthta twn tim¸n
aut c thc paramètrou, h opoÐa den endogenopoieÐtai, ìpwc stic parap�n-
w ergasÐec kai me ton trìpo autì den sp�ei o sÔndesmoc me touc Gilboa
Schmeidler. AnalÔsame probl mata ta opoÐa orÐzontai me th bo jeia pol-
laplasiast  (multiplier). Aut� sqetÐzontai me ta probl mata pou orÐzontai
me th qr sh k�poiou periorismoÔ, (constraint). Me ton trìpo autì oi pro-
tim seic pou orÐzoun ta probl mata me pollaplasiast  eÐnai se sunèpeia me
to axÐwma tou Uncertainty Aversion kai b�sei tou Wang, [77], [78], èqoun
jemeliwjeÐ axiwmatik� kai eÐnai se sunèpeia me ton Elsberg, opìte analÔsame
èna prìblhma epilog c qartofulakÐou pou eÐnai se pl rh sunèpeia me th
sumperifor� kat� Elsberg.

Eidikìtera, sto kef�laio 3 antimetwpÐsame th genik  perÐptwsh tou mon-
tèlou mac me mÐa axÐa stajer c apìdoshc kai n to pl joc axÐec ìpou h exèlixh
thc tim c touc qarakthrÐzetai apì abebaiìthta, ìpou gia n = 1 d¸same thn
arijmhtik  epÐlush gia mÐa CRRA sun�rthsh qrhsimìthtac.

Sto kef�laio 4 arqik� me dÔo axÐec pou qarakthrÐzontai apì Ðdia epÐpeda
abebaiìthtac, deÐxame ìti eÐnai dunatìn na aux soume ta ependuìmena diajès-
ima sth mÐa mìno apì tic dÔo axÐec sthn perÐptwsh pou èqoume uyhl  tim 
tou suntelest  susqètishc sugkrinìmena me aut� tou tÔpou touMerton kai
epilÔsame p�li arijmhtik� gia thn Ðdia sun�rthsh qrhsimìthtac. Epiplèon,
sthn perÐptwsh aut  apodeÐxame sunj kec metaxÔ twn tim¸n twn paramètr-
wn tou probl matoc, h ikanopoÐhsh twn opoÐwn dÔnatai na odhg sei se epi-
jetikìterh sumperifor� se sqèsh me thn klassik  perÐptwsh. EpÐshc, an-
timetwpÐsame thn perÐptwsh diaforetik¸n epipèdwn abebaiìthtac metaxÔ twn
axi¸n kai lÔsame to genikì prìblhma gia n to pl joc axÐec. Ed¸ apodeÐxame
p�li ìti sthn perÐptwsh dÔo axi¸n, eÐnai dunat  h aÔxhsh twn ependuìmenwn
diajèsimwn sugkritik� me ton klassikì tÔpo kai d¸same mèsw twn apote-
lesm�twn, mÐa ex ghsh gia to {home bias puzzle}.

Sth sunèqeia sto kef�laio 5, jewr¸ntac stoqastikì sÔnolo ependutik¸n
epilog¸n arqik� antimetwpÐsame to prìblhma me mÐa axÐa me stajer  apì-
dosh kai mÐa ìpou qarakthrÐzetai apì abebaiìthta. Sth sunèqeia epekteÐ-
name autì jewr¸ntac kai deÔterh axÐa pou emperièqei abebaiìthta. Sthn
an�lush pou k�name jewr same tìso Ðdiouc ìso kai diaforetikoÔc ìrouc di-
ataraq c. Dhlad  sth mÐa perÐptwsh h abebaiìthta upojèsame ìti ofeÐletai
se genikoÔc makrooikonomikoÔc par�gontec kai eÐnai Ðdia gia ìlec tic axÐec
kai tic stoqastikèc paramètrouc aut¸n, en¸ sthn �llh h abebaiìthta jew-
r same ìti ofeÐletai se mikrooikonomikoÔc par�gontec kai eÐnai diaforetik .
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Sthn perÐptwsh me mÐa axÐa pou den qarakthrÐzetai apì stajer  apìdosh
apodeÐxame kanìnec sÔmfwna me touc opoÐouc den ginìmaste epijetikìteroi
se sqèsh me thn perÐptwsh apostrof c kindÔnou. Sthn perÐptwsh dÔo ax-
i¸n kai Ðdiwn epipèdwn abebaiìthtac apodeiknÔoume ìti dÔnatai na èqoume
epijetikìterh sumperifor� sth mÐa apì tic dÔo axÐec mìno, ìso epÐshc kai
sto sÔnolo all� potè kai stic dÔo axÐec tautìqrona. Aut  h epijetikìterh
sumperifor� pou gia pr¸th for� apodeiknÔetai se probl mata diaqeÐrishc
qartofulakÐou ofeÐletai sth dom  thc abebaiìthtac se sun�rthsh me thn
kat�llhlh dom  twn paramètrwn tou probl matoc, apotèlesma pou eÐnai se
sumfwnÐa me prìsfata apotelèsmata anaforik� me th makrooikonomik  jew-
rÐa [58]. Tèloc, jewr¸ntac apostrof  sthn abebaiìthta wc proc thn exèlixh
thc tim c mÐac mìno axÐac, tìso sthn perÐptwsh Ðdiwn ìso kai diaforetik¸n
epipèdwn abebaiìthtac, deÐqnoume ìti eÐnai pio pijanì na èqoume pio epijetik 
sumperifor� sthn axÐa ìpou pisteÔoume ìti gnwrÐzoume thn exÐswsh exèlixh
thc tim c thc, apotèlesma to opoÐo dÐnei xan� mÐa ex ghsh gia to {home bias
puzzle}.

H diat rhsh thc biopoikilìthtac, h opoÐa eÐnai basik  gia thn eÔrujmh
mellontik  zw  ston plan th, apoteleÐ to deÔtero komm�ti efarmog c mac.
H exaf�nish eid¸n pou mporeÐ na epitaqunjeÐ apì ta sun jwc uyhl� epÐpe-
da abebaiìthtac kai �gnoiac gia thn pragmatik  katanom  pou perigr�fei
k�poio fusikì fainìmeno, par�llhla me akraÐa sen�ria kai gegonìta, ìtan
aut� sunduastoÔn me ìqi kat�llhlec anjr¸pinec enèrgeiec ston tomèa thc di-
aqeÐrishc, dhmiourgeÐ thn an�gkh na elègxoume ta dunamik� tou sust matoc
k�tw apì abebaiìthta kai akraÐa sen�ria.

Eidikìtera, gia na kalÔyoume thn parap�nw an�gkh anaptÔxame dÔo di-
aforetik� montèla, ìpou sto pr¸to ex aut¸n den k�name qr sh ennoi¸n
beltistopoÐhshc, sto opoÐo prosdiorÐsame asfaleÐc kanìnec gia th diat rhsh
thc biopoikilìthtac sto oikosÔsthma, h efarmog  twn opoÐwn eggu�tai ìti
k�poia eÐdh den ja odhghjoÔn se exaf�nish. Sto deÔtero, k�nontac qr sh en-
noi¸n beltistopoÐhshc anaptÔxame èna montèlo gia th swstìterh diaqeÐrish
thc biopikoilìthtac, to opoÐo analÔsame tìso sthn klassik  perÐptwsh ìso
kai sthn perÐptwsh Ôparxhc abebaiìthtac, ìpou apodeÐxame ìti h Ôparxh
abebaiìthtac eÐnai pijanìn se sunèrgia me tic paramètrouc tou probl ma-
toc mac na antistrèyei tic apof�seic kai thn politik  tou diaqeirist  tou
oikosust matoc.

Pio sugkekrimèna, anaforik� wc proc to pr¸to prìblhma, anaptÔxam-
e kanìnec sÔmfwna me touc opoÐouc diathroÔme th biopikoilìthta, tìso
se katast�seic k�tw apì bebaiìthta kaj¸c epÐshc kai abebaiìthta se èna
perib�llon ìpou èna mèroc ghc katanèmetai se k�je èna eÐdoc kai ìpou ta
eÐdh kalliergoÔntai kai alieÔontai. Arqik� parousi�same èna nteterministikì
montèlo me dÔo eÐdh, ìpou epitrèyame allhlepidr�seic metaxÔ twn eid¸n, to
opoÐo sth sunèqeia epekteÐname eis�gontac se autì abebaiìthta. Sth sunè-
qeia antimetwpÐsame tìso thn perÐptwsh me dÔo ìso kai me n to pl joc
biom�zec, ìpou prosdiorÐsame �nw kai k�tw fr�gmata, gia tic pijanìthtec
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twn dÔo biomaz¸n na eÐnai se uyhlìtera epÐpeda apì mÐa proapofasismènh
analogÐa twn arqik¸n touc tim¸n, ta opoÐa exartioÔntai kajoristik� apì thn
epilog  twn kanìnwn alieÐac kai thn katanom  ghc. Parak�tw jewr¸ntac
ìti autìc pou kaleÐtai na l�bei mÐa apìfash antimetwpÐzei abebaiìthta kat�
Knight, uiojet¸ntac thn k−Ignorance mejodologÐa, deÐxame pwc ephre�ze-
tai o kajorismìc twn parap�nw fragm�twn. H di�fora, de, stic timèc twn
fragm�twn stic dÔo peript¸seic, ermhneÔetai san èna mètro thc precaution-
ary principle, sth diaqeÐrish biopoikilìthtac. 'Ena endiafèron shmeÐo pou
prèpei na tonisteÐ ed¸ eÐnai ìti ta apotelèsmata mac eÐnai se sunèpeia me
aut� thc diaqeÐrishc qartofulakÐou. Eidikìtera, ìpwc ekeÐ den aux�name
potè ta diajèsima kai stic dÔo axÐec tautìqrona, ètsi kai ed¸ h abebaiìthta
den odhgeÐ potè th metabol  sta fr�gmata, anaforik� me tic dÔo biom�zec
sthn Ðdia kateÔjunsh.

Sto deÔtero komm�ti, sthn prosp�jeia mac na prostateutoÔme apènanti
sthn �gnoia kai thn abebaiìthta wc proc to montèlo anafor�c, h opoÐa t¸ra
èqei diatupwjeÐ me thn qr sh thc ε − contamination prosèggishc, k�name
qr sh ennoi¸n beltistopoÐhshc.

Eidikìtera, afoÔ eis�game èna statikì montèlo me dÔo biom�zec sto opoÐo
eÐdame ìti h apostrof  sthn abebaiìthta mporeÐ na odhg sei se antistrof 
thc apìfashc tou koinwnikoÔ sqediast , epekteÐname autì se dunamikì plaÐ-
sio. Sugkekrimèna, antimetwpÐsame èna idiwtikì kai èna koinwnik� bèltisto
prìblhma tìso sthn klassik  perÐptwsh apostrof c kindÔnou ìso kai a-
postrof c sthn abebaiìthta, ìpou exet�same pwc h Ôparxh abebaiìthtac
ephre�zei ta bèltista epÐpeda biomaz¸n pou ja prèpei na diathr soume s-
to oikosÔsthma kai tic antÐstoiqec prosp�jeiec pou prèpei na katab�loume
gia na epitÔqoume aut�. Ed¸ ta kÔria apotelèsmata mac eÐnai ta akìlou-
ja: Ta bèltista epÐpeda biomaz¸n, pou antistoiqoÔn sto PO prìblhma
eÐnai mikrìtera apì ta antÐstoiqa epÐpeda pou antistoiqoÔn sto koinwnik�
bèltisto prìblhma SO, me th diafor� stic antÐstoiqec prosp�jeiec na èqei
jetikì prìshmo. H diafor� sta bèltista epÐpeda biomaz¸n an�mesa sthn
perÐptwsh apostrof c kindÔnou kai abebaiìthtac kai sta dÔo probl mata,
gia mikrèc biom�zec eÐnai arnhtikìc arijmìc pou shmaÐnei ìti ginìmaste sun-
thrhtikìteroi, en¸ gia meg�lec biom�zec eÐnai jetikìc arijmìc pou shmaÐnei
epijetikìterh sumperifor�. Ed¸, h diafor� stic antÐstoiqec prosp�jeiec,
anaforik� me èna topik� eustajèc mègisto shmeÐo pou antistoiqeÐ se mikrèc
biom�zec eÐnai jetikìc arijmìc. Epiplèon oi diaforèc stic timèc an�mesa stic
dÔo peript¸seic, dhlad  thc klasik c prosèggishc ìpou o l pthc apof�sewn
den apostrèfetai thn abebaiìthta kai thc apostrof c sthn abebaiìthta, m-
poroÔn na parastajoÔn san èna mètro profÔlaxhc apènanti sthn abebaiìthta
sqetik� me to montèlo anafor�c. Tèloc, exet�same èna rujmistikì prìblh-
ma kai prosdiorÐsame th lÔsh autoÔ se mÐa morf  ìpou oi par�metroi pou
deÐqnoun kat� pìso pisteÔoume sto arqikì montèlo èqoun endogenopoihjeÐ.

Ta apotelèsmata aut�, me kat�llhlh prosarmog  brÐskoun efarmog  kai
se �lla pedÐa oikonomikoÔ endiafèrontoc, ìpwc autì tou diadiktÔou.
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KleÐnontac sthn paroÔsa didaktorik  diatrib  arqik� diatup¸same to
prìblhma bèltisthc epilog c qartofulakÐou tou Merton san èna prìblh-
ma eustajoÔc dunamikoÔ elègqou, melet same autì kai apodeÐxame sunj kec
sqetik� me th dom  thc abebaiìthtac kai tic paramètrouc tou montèlou mac,
oi opoÐec ep�goun epijetikìterh sumperifor� sugkritik� me to klassikì
oikonomikì perib�llon. Ta apotelèsmata pou l�bame mac bo jhsan epÐshc,
na exhg soume kai k�poia par�doxa pou den eÐnai eÔkolo na exhg sei h k-
lassik  jewrÐa. Sth sunèqeia anaptÔxame montèla gia th diaqeÐrish kai
diat rhsh thc biopikoilìthtac, qrhsimopoi¸ntac thn k-ignorance kai thn ε−
contamination prosèggish kai exet�same thn epÐdrash pou èqei h apostrof 
sthn abebaiìthta sta montèla diaqeÐrishc thc biopoikilìthtac sth fÔsh. Tè-
loc, eÐdame ìti me kat�llhlh prosarmog , ta apotelèsmata mporoÔme na ta
efarmìsoume kai se �llouc tomeÐc, ìpwc autìn tou diadiktÔou.

San epistègasma twn parap�nw kai anaforik� me th sumbol  aut c thc
didaktorik c diatrib c sthn epist mh, mporeÐ na anaferjeÐ ìti h paroÔsa di-
daktorik  diatrib  sumb�llei sthn katanìhsh tou trìpou me ton opoÐo epidr�
h apostrof  sthn abebaiìthta sth jewrÐa apof�sewn kai eidikìtera stouc
tomeÐc epilog c qartofulakÐou kai diaqeÐrishc oikosusthm�twn. Epiplèon,
prosfèrei èna mejodologikì plaÐsio gia thn an�lush parìmoiwn problhm�twn
kai se �lla pedÐa thc oikonomik c epist mhc.
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11 Par�rthma

Apìdeixh thc Prìtashc 4.2.1 Upojètoume, ìti èqoume n diaforetikoÔc
ìrouc hi gia i = 1, .., n kai jewroÔme epÐshc ìti oi antÐstoiqec par�metroi
eust�jeiac sumbolÐzontai me θi. Se aut  thn perÐptwsh h exÐswsh pou peri-
gr�fei to qartoful�kio tou ependut  dÔnatai na grafeÐ wc:

dW =
(
rW − c+

n∑
i=1

wi(αi − r)W +
n∑

i=1

n∑
j=1

σiRijwiWhj

)
dt

+
n∑

i=1

n∑
j=1

wjσjWRijdB̂i (11.1)

Tìte, to antÐstoiqo pollaplasiastikì prìblhma eustajoÔc elegqou eÐnai to
parak�tw:

J(θ) = sup
wi,C

inf
hi

EQ
∫ ∞

0
e−δt

[
U(C) +

n∑
i=1

θi
h2

i

2
]
dt (11.2)

m.p. (11.1).
me θ = (θ1, .., θn). H sun�rthsh axÐac V (W, θ), pou antistoiqeÐ sto parap�nw
prìblhma akoloujeÐ thn parak�tw exÐswsh:

δV = max
wi,C

min
hi

{
U(C) +

(
rW − c+

n∑
i=1

wi(αi − r)W (11.3)

+
n∑

i=1

n∑
j=1

σiRijwiWhj

)
VW +

n∑
i=1

θi
h2

i

2
+

1
2
VWW

n∑
i=1

n∑
j=1

wiwjσijW
2
}
.

me tic sunj kec pr¸thc t�xhc aut c na ikanopoioÔn tic sqèseic:

U ′(C) = VW (11.4)

hi = −
VWW

∑n
j=1wjσjRji

θi
, i = 1, ..., n (11.5)

n∑
j=1

wjWσij = A(αi − r) +Aσi

n∑
j=1

hjRij , i = 1, ..., n (11.6)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

. (11.7)

Antikajist¸ntac th deÔterh exÐswsh sthn trÐth lamb�noume ìti:

w∗iW =
n∑

j=1

υ̂−1
ij (αj − r) , i = 1, ..., n (11.8)

97



ìpou υ̂−1 eÐnai o antÐstrofoc tou pÐnaka:

[υ̂ij ] = [(ΣD̂Σ)ij ] (11.9)

D̂ij =
(
ρij −

V 2
W

VWW

n∑
κ=1

RiκRjk

θκ

)
. (11.10)

Epomènwc, gia na sugkrÐnoume to posì pou ependÔetai sthn perÐptwsh thc
apostrof c sthn abebaiìthta se sqèsh me ekeÐnh thc apostrof c kindÔ-
nou afairoÔme apì thn sqèsh (3.3) thn (11.8). Epomènwc, lamb�noume thn
metabol  sto ependuìmeno posì gia k�je mÐa axÐa, san:

W∆wi =
n∑

j=1

[Σ−1(Π−1 − D̂−1)Σ−1]ij(αj − r) , i = 1, ..., n (11.11)

Gia na doÔme th sunolik  metabol  prosjètoume wc proc ìlec tic axÐec kai
telik� èqoume:

W∆w =
n∑

i=1

∆wi =
n∑

i=1

n∑
j=1

[Σ−1(Π−1 − D̂−1)Σ−1]ij(αj − r). (11.12)

Apìdeixh thc Prìtashc 4.2.2
Se aut  thn perÐptwsh h sqèsh pou perigr�fei to qartoful�kio tou

ependÔth eÐnai h parak�tw:

dW =
[
w1(α1 − r + σ1h1) + w2

(
α2 − r + σ2(ρh1 + h2

√
1− ρ2)

)]
Wdt

+ (rW − C)dt+Wσ1w1dB̂1 +Wσ2ρw2dB̂1 + σ2

√
1− ρ2w2dB̂2.

(11.13)

Tìte, to antÐstoiqo pollaplasiastikì prìblhma eustajoÔc elègqou eÐnai to:

J(θ) = sup
wi,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θ1

h2
1

2
+ θ2

h2
2

2
]
dt (11.14)

m.p. (11.13).
H sun�rthsh axÐac pou antistoiqeÐ sto parap�nw prìblhma akoloujeÐ thn:

δV = max
wi,C

min
hi

{
U(C) +

(
w1(α1 − r + σ1h1)W + (rW − c) (11.15)

+θ1
h2

1

2
+ θ2

h2
2

2
+ w2(α2 − r + σ2ρh1 + σ2

√
1− ρ2h2)W

)
VW

+
1
2
VWW

2∑
i=1

2∑
j=1

wiwjσijW
2
}
.
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Gia to parap�nw stoqastikì paÐgnio metaxÔ twn dÔo paikt¸n oi sunj kec
pr¸thc t�xhc dÐnontai apì tic parak�tw sqèseic:

U ′(C) = VW (11.16)

h1 = −
VWW

(
σ1w

∗
1 + σ2ρw

∗
2

)
θ1

(11.17)

h2 = −VWW
√

1− ρ2σ2w
∗
2

θ2
(11.18)

2∑
j=1

w∗jWσ1j = A(α1 − r) +Aσ1h1 (11.19)

2∑
j=1

w∗jWσ2j = A(α2 − r) +Aσ2(ρh1 +
√

1− ρ2h2) (11.20)

A = − VW

VWW
= − U ′(C)

U ′′(C) ∂C
∂W

. (11.21)

Qrhsimopoi¸ntac sumbolismì pin�kwn ìpwc sthn apìdeixh thc perÐptwshc
pou antistoiqoÔse se Ðdia epÐpeda abebaiìthtac, eÐmaste se jèsh na peri-
gr�youme th lÔsh tou parap�nw probl matoc me th bo jeia thc parak�tw
exÐswshc [

w∗1W w∗2W
]
Λ =

[
A(α1 − r) A(α2 − r)

]
(11.22)

ìpou Λ eÐnai ènac pÐnakac:

Λ =

[
σ11(1−

V 2
W

θ1VWW
) σ12(1−

V 2
W

θ1VWW
)

σ21(1−
V 2

W
θ1VWW

) σ22

(
1− V 2

W
VWW

(ρ2

θ1
+ 1−ρ2

θ2
)
) ] . (11.23)

Se aut  thn perÐptwsh h lÔsh dÔnatai na grafeÐ sthn parak�tw morf :

[
w∗1W w∗2W

]
=

[
A(α1 − r) A(α2 − r)

]
(1− ρ2)(1− V 2

W
θ1VWW

)(1− V 2
W

θ2VWW
)

(11.24)

Σ−1

[ (
1− V 2

W
VWW

(ρ2

θ1
+ 1−ρ2

θ2
)
)

ρ− ρ
V 2

W
θ1VWW

ρ− ρ
V 2

W
θ1VWW

1− V 2
W

θ1VWW

]
Σ−1.

Exet�zoume tic diaforèc stic posìthtec oi opoÐec dÐnontai an�mesa stic sqè-
seic (4.5),(4.6) kai sthn (11.24), met� apì k�poiouc upologismoÔc lamb�noume
ìti: [

W∆w1 W∆w2

]
=

AV 2
W

[
α1 − r α2 − r

]
(1− ρ2)(θ2VWW − V 2

W )
(11.25)

Σ−1

 θ1−θ2
θ2

1−ρ2

1−
V 2

W
VWW

− 1 ρ

ρ −1

Σ−1.
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Epomènwc, h lÔsh gÐnetai:

W∆w1 =
κ

σ1

[
α1 − r

σ1
(
θ1 − θ2
θ2

1− ρ2

1− V 2
W

VWW

− 1) +
α2 − r

σ2
ρ

]
(11.26)

W∆w2 =
κ

σ2

[
α1 − r

σ1
ρ− α2 − r

σ2

]
(11.27)

κ =
AV 2

W

(1− ρ2)(θ2VWW − V 2
W )

. (11.28)

'Ara, an to λ eÐnai autì to opoÐo orÐsthke sthn sqèsh (4.23), tìte:

W∆w1 < 0 An
θ1 − θ2
θ2

µ >
1− ρλ

1− ρ2
(11.29)

W∆w2 < 0 An ρ > λ (11.30)

ìpou µ = 1

1−
V 2

W
VWW

. An, loipìn, h exÐswsh (11.30) lamb�nei q¸ra tìte to

dexÐ mèroc thc sqèshc (11.29) eÐnai p�ntote megalÔtero tou 1 kai to aristerì
mikrìtero ìtan isqÔei h sqèsh θ1−θ2

θ2
< 1. 'Ara, ìpwc kai sthn perÐptwsh pou

exet�same me Ðdia epÐpeda abebaiìthtac metaxÔ twn dÔo axÐwn, den aux�noume
potè ta diajèsima mac se autèc tautìqrona ìtan isqÔei h θ1 < 2θ2. Sundu�-
zontac, de, tic exis¸seic (11.26)− (4.21) lamb�noume ìti:

W∆w = W∆w1 +W∆w2 = (11.31)

κ
α1 − r

σ1

1
σ2

[
σ
θ1 − θ2
θ2

µ(1− ρ2)− σ + ρλσ + ρ− λ
]
< 0 An

ρλσ + ρ− λ > σ
[
1− θ1 − θ2

θ2
µ(1− ρ2)

]
 

λ̂(ρ− 1
σ

) + ρ > σ
[
1− θ1 − θ2

θ2
µ(1− ρ2)

]
(11.32)

ìpou σ = σ2
σ1

kai λ̂ = a2−r
a1−r .

Apìdeixh thc Prìtashc 5.1.2: Oi (5.1), (5.2), (5.19), oi opoÐec
perigr�foun thn kÐnhsh twn P1, α1, σ1 mporoÔn na gr�foun wc:

dP1

P1
= α1dt+ σ1dB1, (11.33)

dα1

α1
= f1dt+ g1(ρ1dB1 +

√
1− ρ2

1dB2),

dσ1

σ1
= f2dt+ g2(ρ2dB1 + τ1dB2 + τ2dB3),

τ1 =
ρ3−ρ1ρ2√

1− ρ2
1

,

τ2 =
√

1− ρ2
2 − τ2

1 , (1− ρ2
2 − τ2

1 ) > 0,
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ìpou sto parap�nw sÔsthma twn exis¸sewn B1, B2, B3 eÐnai anex�rthtec
Brownian kin seic kai ρ1, ρ2, ρ3 oi antÐstoiqoi suntelestèc susqètishc metaxÔ
twn zeug¸n (dB1, dZ1), (dB1, dZ2),kai (dZ1, dZ2) 46 Gia to prìblhma (5.12)
h lÔsh tou Merton kajorÐzei to bèltisto eustajèc posostì pou ependÔetai
sthn axÐa pou anhsuqoÔme gia thn eust�jeia tou montèlou perigraf c thc
tim c thc:

w1W =
A(α1 − r)

σ2
1

+H1
g1ρα1

σ1
+H2ρg2, (11.34)

A = − VW

VWW
,

H1 = −Vα1W

VWW
,

H2 = −Vσ1W

VWW
.

AntimetwpÐzoume to prìblhma tou katanalwt -ependut  o opoÐoc den eÐnai
sÐgouroc gia to montèlo anafor�c tou (11.33) kai anazhteÐ eustajeÐc kanìnec
katanom c qartofulakÐou. Efarmìzontac th mèjodo diataraq c twn pijan-
ot twn pou ep�gontai apì to montèlo anafor�c, èpeita apì k�poiouc upolo-
gismoÔc to sÔsthma pou perigr�fei to diataragmèno montèlo gÐnetai:

dS = Adt+ ΣdB̂ (11.35)

S =

W (t)
α1(t)
σ1(t)



A =

Ww1(α1 + σ1h− r) + (rW − c)
α1[f1 + g1h(ρ1 +

√
1− ρ2

1)]
σ1[f2 + g2h(ρ2 + τ1 + τ2)]


Σ =

Wσ1w1 0 0
α1g1ρ1 α1g1(ρ1 +

√
1− ρ2

1) 0
σ1g2ρ2 σ1g2τ1 σ1g2τ2


B̂ =

B̂1

B̂2

B̂3


46JewroÔme to gegonìc ìti o pÐnakac twn suntelest¸n susqètishc eÐnai o RRT = 1 ρ1 ρ2

ρ1 1 ρ3

ρ2 ρ3 1

 me R =

 1 0 0

ρ1

√
1− ρ2

1 0
ρ2 τ1 τ2

 . LÔnoume to prìblhma mac gia thn perÐptwsh

ìpou o pÐnakac R, eÐnai ènac pragmatikìc pÐnakac to opoÐo lamb�nei q¸ra ìtan (1−ρ2
2−

τ2
1 ) > 0 ⇔ (1− ρ2

2)(1− ρ2
1)− (ρ3 − ρ1ρ2)

2 > 0. EÐmaste se jèsh na pragmatopoi soume
thn parap�nw an�lush sthn perÐptwsh pou ìlec oi kÔriec orÐzousec tou arqikoÔ pÐnaka
eÐnai jetikèc. H mèjodoc, de, pou qrhsimopoioÔme gia na epitÔqoume autì eÐnai h mèjodoc
orjokanonikopoÐhshc twn Grant− Smith.
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To eustajèc pollaplasiastikì prìblhma pou orÐzetai se aut  thn perÐptwsh
eÐnai:

J(θ) = sup
w1,C

inf
h

EQ
∫ ∞

0
e−δt

[
U(C) + θ3

h2

2
]
dt (11.36)

m.p. (11.35),
ìpou θ3 = 3θ, kai θ h par�metroc eust�jeiac. B�sei thc Bellman− Isaacs
sunjhkhc h sun�rthsh axÐac V (W,α1, σ1, θ) ikanopoieÐ thn:

δV = max
w1,C

min
h

{
U(C) + θ3

h2

2
+ VW [w1(α1 + σ1h− r)W + (rW − c)]

+Vα1α1[f1 + g1h(ρ1 +
√

1− ρ2
1)] + Vσ1σ1[f2 + g2h(ρ2 + τ1 + τ2)]

+
1
2
trace(ΣT∂2V Σ)

}
.

kai ∂2V 47 sumbolÐzei ton pÐnaka twn deÔterwn merik¸n paragwg¸n se sqèsh
me ta W,α1, σ1. Oi sunj kec pr¸thc t�xhc gia to parap�nw prìblhma eÐnai:

U ′(C) = VW ,

h = −VWWw1σ1 + Vα1α1g1(ρ1 +
√

1− ρ2
1) + Vσ1σ1g2(ρ2 + τ1 + τ2)

θ3
,

0 = VWw1(α1 + σ1h− r) + VWWσ
Ww1 + α1g1ρ1σ1Vα1W + Vσ1W g2ρ2σ

2
1

LÔnontac to parap�nw sÔsthma twn exis¸sewn lamb�noume to kl�sma tou
qartofulakÐou w∗1 to opoÐo ependÔetai sthn axÐa wc proc thn opoÐa èqoume
abebaiìthta wc proc thn exèlixh twn tim¸n thc anamenìmenhc mèshc tim c
kai thc tupik c apìklishc.

w∗1W

(
1 −

V 2
W

θ3VWW

)
=
A(α1 − r)

σ2
1

+H1
g1ρ1α1

σ1
+H2ρg2 (11.37)

+
VWVα1

θ3VWW

g1α1(ρ1 +
√

1− ρ2
1)

σ1
+
VWVσ1

θ3VWW
g2(ρ2 + τ1 + τ2)

Oi pr¸toi treic ìroi eÐnai akrib¸c oi Ðdioi me autoÔc thc exÐswshc (11.34),
ìpote b�sei tou sunhjismènou epiqeir matoc prèpei na diakrÐnoume tèsseric
peript¸seic an�loga me ta prìshmo twn merik¸n parag¸gwn thc sun�rthshc
tim¸n se sqèsh me thn anamenìmenh tim  kai thn tupik  apìklish. Eidikìtera
ìtan Vσ1 > (<)0 kai Vα1 > (<)0 an ρ1 +

√
1− ρ2

1 > (<)0 kai ρ2 + τ1 + τ2 >
(<)0, tìte ènac ependut c pou apostrèfetai thn abebaiìthta p�nta mei¸nei
ta diajèsima sthn axÐa aut  se sqèsh me ta antÐstoiqo pou dÐnei o tÔpoc tou

47∂2V =

VWW VWα1 VWσ1

VWα1 Vα1α1
VWσ1

VWσ1 VWσ1 Vσ1σ1
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Merton. Epomènwc an

S =


ρ2 + τ1 + τ2 > (<)0 ìtan Vσ1 > (<)0 antÐstoiqa
ρ1 +

√
1− ρ2

1 > (<)0 ìtan Vα1 > (<)0 antÐstoiqa
(1− ρ2

2)(1− ρ2
1)− (ρ3−ρ1ρ2)2 > 0

1 ≤ ρ2 ≤ 1
−1 ≤ ρ3 ≤ 1

H apìdeixh èqei oloklhrwjeÐ
Apìdeixh thc Prìtashc 5.3.2: Ja parousi�soume thn apìdeixh

gia thn perÐptwsh stoqastik c tupik c apìklishc ìtan H2 > 0, Vσ1 < 0.
Oi exis¸seic (5.52) − (5.56) epÐshc isqÔoun se aut  thn perÐptwsh me mình
diafor� ìti ta H2, σ1, g2 , f2, Vα1 èqoun antikatast sei ta H1, α1, g1, f1, Vσ1 ,
antÐstoiqa. Akolouj¸ntac thn apìdeixh lamb�noume ìti oi (5.60), (5.61),
epÐshc isqÔoun. 'Omoia an (·)2 anafèretai ston antÐstoiqo ìro pou sqetÐzetai
me ton pÐnaka:

[
H2σ1g2ρ2σ1 H2σ1g1ρ3σ2

]
tìte:

(W∆w1)2 =
κ̃

σ1

[
ρ2ξ + ρ3(x− ρ1)

]
(11.38)

(W∆w2)2 =
κ̃

σ2

[
ρ2(x− ρ1) + ρ3(1− x)

]
(11.39)

κ̃ =
H2σ1g2
(1− ρ2

1)
> 0.

'Ara

(W∆w1)2 < 0 An ρ2 < 0, ρ1 > 0, ρ3 > 0. (11.40)

(W∆w2)2 < 0 An 0 > ρ2 > ρ3, ρ1 > 0   (11.41)

ρ1 > 0, ρ2 > 0 , ρ3 < 0. (11.42)

EpÐshc an (·)3 anafèretai ston antÐstoiqo ìro −TM2 pou sqetÐzetai me ton
pÐnaka

[
M21 M22

]
tìte:

(W∆w1)3 =
κ̃′

σ1

[
(ρ2 + τ2)

(
ρ2
1 − x

)
x

1− x
− ρ1 (ρ2 + τ2)x

]
(W∆w2)3 =

κ̃′

σ2

[
− (ρ2 + τ2)x+ ρ1 (ρ2 + τ2)x

]
κ̃′ = −

−Aσ1g2 Vα1
θ3

(1− ρ2
1)

< 0.

'Ara

(W∆w1)3 < 0 An ρ1 < 0, (ρ2 + τ2) < 0, (11.43)

(W∆w2)3 < 0 An ρ1 (ρ2 + τ2) < (ρ2 + τ2) . (11.44)

Epomènwc èqoume deÐxei ìti:
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1. An oi (5.61), (11.44) me thn (11.41)   thn (11.42) ikanopoioÔntai, tìte
orÐzoun èna qwriì tou q¸rou katast�sewn, ìpou up�rqei mÐa aÔxhsh
sta diajèsima pou ependÔontai sth deÔterh axÐa ìpou h exèlixh thc
tim c perigr�fetai apì mÐa stoqastik  kÐnhsh kai qarakthrÐzetai apì
abebaiìthta sqetik� me thn perÐptwsh thc apostrof c ston kÐnduno  
∆w2 = (W∆w2)1 + (W∆w2)2 + (W∆w2)3 < 0.

2. 'Otan h anhsuqÐa anaforik� me thn eust�jeia tou montèlou anafor�c
den up�rqei   θ → ∞, tìte h diafor� metaxÔ thc perÐptwshc thc
apostrof c sthn abebaiìthta kai ekeÐnhc ston kÐnduno mhdenÐzetai.
∆w = ∆w1 + ∆w2 → 0, (∆w1,∆w2) → 0.

H apìdeixh gia tic �llec dÔo peript¸seic eÐte
H1 > 0, Vα1 > 0
H1 < 0, Vα1 < 0,

ìtan

anaferìmaste sthn perÐptwsh stoqastik c anamenìmenhc tim c  
H2 > 0, Vσ1 > 0
H2 < 0, Vσ1 < 0

, ìtan anaferìmaste sthn perÐptwsh stoqastik c tupik c

apìklishc eÐnai parìmoia.
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Sq ma 1: To bèltisto eustajèc posostì tou qartofulakÐou kaj¸c to θ
kineÐtai apì 0.1 wc 200, gia γ = 0.75 kai 0.5 (diakekommènh gramm )

Sq ma 2: To bèltisto eustajèc posì katan�lwshc kaj¸c to θ kineÐtai apì
0.1 wc 200, gia γ = 0.75 kai 0.5 (diakekommènh gramm )
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Sq ma 3: Metabol  tou sunolikoÔ ependuìmenou posoÔ stic axÐec ìpou de
qarakthrÐzontai apì stajer  apìdosh an�mesa sthn perÐptwsh thc apos-
trof c sthn abebaiìthta kai ekeÐnhc thc apostrof c kindÔnou.
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Sq ma 4: Metabol  tou sunolikoÔ ependuìmenou posoÔ se k�je mÐa apì
tic axÐec ìpou den qarakthrÐzontai apì stajer  apìdosh an�mesa sth-
n perÐptwsh thc apostrof c sthn abebaiìthta kai ekeÐnhc thc apostrof c
kindÔnou.
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Sq ma 5: Sunolik� ependuìmena diajèsima sthn pr¸th axÐa pou qarakthrÐze-
tai apì abebaiìthta:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.66 ρ = 0.93
W = 100

Sq ma 6: Sunolik� ependuìmena diajèsima sth deÔterh axÐa pou qarakthrÐze-
tai apì abebaiìthta.
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.66 ρ = 0.93
W = 100
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Sq ma 7: Sunolik� ependuìmena diajèsima stic dÔo axÐec pou qarakthrÐzon-
tai apì abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.66 ρ = 0.93
W = 100

Sq ma 8: Bèltisth katan�lwsh sthn perÐptwsh dÔo axi¸n pou qarakthrÐ-
zontai apì abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.66 ρ = 0.93
W = 100
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Sq ma 9: Ependuìmena diajèsima sthn pr¸th apì tic dÔo axÐec pou qarak-
thrÐzontai apì abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.87 ρ = 0.93
W = 100

Sq ma 10: Ependuìmena diajèsima sth deÔterh apì tic dÔo axÐec pou qarak-
thrÐzontai apì abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.87 ρ = 0.93
W = 100
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Sq ma 11: Ependuìmena diajèsima stic dÔo axÐec pou qarakthrÐzontai apì
abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.87 ρ = 0.93
W = 100

Sq ma 12: Bèltisth katan�lwsh sthn perÐptwsh dÔo axi¸n pou qarakthrÐ-
zontai apì abebaiìthta gia:
δ = 0.05 α1 = 0.04 σ1 = 0.43 r = 0.03 α2 = 0.05 σ2 = 0.87 ρ = 0.93
W = 100
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Sq ma 13: To pio sÔntomo monop�ti prosèggishc.

Sq ma 14: RÔjmish kai lek�nec èlxhc.
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γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz 
ikjjjjjja1 − r + σ1 ∗ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +
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Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

θ
cccc2 ∗

ikjjjjjj−
γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz +

σ2 ∗ Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzz^2 +

W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz 

ikjjjjjja2 − r + σ2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

γ ∗Hγ − 1L∗ σ1 ∗ σ2 ∗ p∗
ikjjjjjj 1

cccccW ∗
1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz∗ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗ #
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +
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Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz +

1
cccc2 ∗ γ ∗ Hγ − 1L∗ σ1 ^2 ∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz^2 +

1
cccc2 ∗ γ ∗Hγ − 1L ∗ σ2 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz^2 &, 3Ey{zzzzzz∗

θ ì ikjjjjjjθ − 2∗ RootA−δ ∗ #∗ W^γ + #^H−1L ∗ W^γ + γ ∗ W^Hγ − 1L∗#∗ikjjjjjjr∗ W − W ∗#^H−2L + W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz 
ikjjjjjja1 − r +

σ1 ∗
ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

θ
cccc2 ∗ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗
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ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ2 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzz^
2 + W ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz 

ikjjjjjja2 − r + σ2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

γ ∗ Hγ − 1L∗ σ1 ∗ σ2 ∗ p ∗
ikjjjjjj 1

cccccW ∗
1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz∗ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz +

1
cccc2 ∗ γ ∗Hγ − 1L ∗ σ1 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz^2 +

1
cccc2 ∗ γ ∗ Hγ − 1L∗ σ2 ^2 ∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗
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ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ2 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2y{zzy{zzy{zzzzzz^2 &, 3E^2∗
γ

cccccccccccc
γ − 1 ∗ W^γ

y{zzzzzz∗ikjjjjjj Ha1 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗
ikjjjjjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗RootA−δ ∗#∗ W^γ + #^H−1L ∗ W^γ + γ ∗ W^Hγ − 1L∗

#∗
ikjjjjjjr∗ W − W ∗ #^H−2L + W ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz ikjjjjjja1 − r + σ1 ∗
ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗

θ
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc

γ−1 ∗ W^γM ∗ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗

#^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +

Ha2 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗

W^γ ∗#^2∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 M∗ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

θ
cccc2 ∗ikjjjjjj−

γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ
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W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ1 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz^2 +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ2 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +
Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz^2 &, 3E^2 ∗I1 + 2 p∗

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzzzzz +

Ha2 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗
ikjjjjjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L ∗ θ

∗ W^γ ∗ RootA−δ ∗#∗ W^γ + #^H−1L ∗ W^γ +
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γ ∗ W^Hγ − 1L ∗#∗
ikjjjjjjr∗ W − W ∗#^H−2L +

W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz ikjjjjjja1 − r + σ1 ∗
ikjjjjjj−

γ ∗ W^γ ∗#
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗

θ
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc

γ−1 ∗ W^γM ∗ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗I1 + 2 p∗

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz +

σ2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗

θ
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc

γ−1 ∗ W^γM ∗ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +

Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

θ
cccc2 ∗

ikjjjjjj−
γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +

Ha2 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 M∗
ikjjjjjj 1

cccccW ∗
1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzz^2 +

W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz 
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ikjjjjjja2 − r + σ2 ∗ Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj−
γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗ikjjjjjj 1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz +

σ2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗

θ
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc

γ−1 ∗ W^γM ∗ikjj Ha1 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ2 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz + γ ∗Hγ − 1L∗

σ1 ∗ σ2 ∗ p ∗
ikjjjjjj 1

cccccW ∗
1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz∗ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ1 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz^2 +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ2 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +
Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz^2 &, 3E^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzzzzzy{zzzzzzy{zzzzzz +ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

1
cccccccccccc1 − γ

 
ikjjjjjjW ∗RootA−δ ∗#∗ W^γ + #^H−1L ∗ W^γ + γ ∗ W^Hγ − 1L∗
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#∗
ikjjjjjjr∗ W − W ∗#^H−2L +

W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz 
ikjjjjjja1 − r +

σ1 ∗
ikjjjjjj−

γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

θ
cccc2 ∗

ikjjjjjj−
γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzz^2 +

W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz 

ikjjjjjja2 − r + σ2 ∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗ikjjjjjj−

γ ∗ W^γ ∗ #
ccccccccccccccccccccccccccc

θ
∗
ikjjjjjjσ1 ∗

1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗ #^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +
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Ha2 − rL
cccccccccccccccccccc

σ1 ∗ σ2
∗ikjj−p +

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz + σ2 ∗

Ip +
è!!!!!!!!!!!!!!!!!1 − p^2 M∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2 ∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzzy{zzzzzz +

γ ∗Hγ − 1L ∗ σ1 ∗ σ2 ∗ p∗
ikjjjjjj 1

cccccW ∗
1

cccccccccccccccccccccccccH1 − p^2L ∗
W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz∗ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2y{zzy{zzy{zzzzzz +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ1 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ^2 ∗ikjj1 −

γ
ccccccccccccccccccccccccccHγ − 1L∗ θ

∗ W^γ ∗#^2 ∗I1 + 2 p∗
è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2 ∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zzy{zzy{zzzzzz^2 +

1
cccc2 ∗ γ ∗Hγ − 1L∗ σ2 ^2∗

ikjjjjjj 1
cccccW ∗

1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccIθ − 2∗#^2∗ γcccccccc
γ−1 ∗ W^γM ∗ikjj Ha1 − rL

cccccccccccccccccccc
σ1 ∗ σ2

∗ikjj−p +
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗#^2∗Ip +

è!!!!!!!!!!!!!!!!!1 − p^2 My{zz +Ha2 − rL
cccccccccccccccccccc

σ2 ^2 ∗ ikjj1 −
γ

ccccccccccccccccccccccccccHγ − 1L∗ θ
∗ W^γ ∗ #^2y{zzy{zzy{zzzzzz^2 &, 3Ey{zzzzzz∗

θ ì ikjjjjjjθ − 2 ∗RootA−δ ∗# ∗ W^γ + #^H−1L ∗ W^γ + γ ∗ W^Hγ − 1L∗#∗ikjjjjjjr∗ W − W ∗#^H−2L + W ∗
1
cccccW ∗

ikjjjjjj 1
cccccccccccccccccccccccccH1 − p^2L ∗

W ∗#
cccccccccccc1 − γ

∗
θ
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