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Body mass and human brain structural connectivity

o Consider the following brain structural connectivity networks of three healthy subjects:

Subject 1 Subject 2 Subject 50

@ Does any of these networks look anomalous?
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Body mass and human brain structural connectivity

@ Suppose for each subject, we have additional information as shown in the Table below:

Subject Age (years) Weight (kg) Height (m)

1 24.8 58 1.70
2 27.7 57 1.65
50 39.9 108 1.71

@ In terms of network density, which of the networks is an outlier based on the subjects
weight?
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Brief introduction to Fréchet regression

Let Y € (Qy, d) denote a random response, where the metric d : Qy x Qy — R, and
X € RP be the predictor.

Let Fx and Fy be the respective marginal distributions of X and Y.

For a random object (X, Y) € RP x Qy, assume the conditional distribution Fy x exists
and is well-defined.

o Petersen and Miiller (2019) defined the conditional Fréchet mean of Y given X as

mgy(x) = arg minE(dQ(Y,w)|X:x). (1)

weNy
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Common issues in Fréchet regression

Equation (1) is analogous to E(Y|X = x).

@ Thus, Fréchet regression inherits most of the common problems associated with classical
regression such as the “curse of dimensionality” as p grows and the influence of outliers.

Sufficient dimension reduction (SDR) methods have been proposed to addressed the
dimensionality of X. See [Dong and Wu, 2022], [Zhang et al., 2023], and
[Soale and Dong, 2023].

(]

@ The SDR methods for Fréchet regression are also susceptible to outliers.
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Single-index Fréchet regression

@ For Y € Qy and X € RP, p > 1, consider the single-index model:
Y =f(87Xe), (2)

where f(.) is some unknown link function, 5 € RP with ||3|2 = 1, and ||.|| denotes the ¢
norm. € is some noise with E(¢|X) = 0.

@ In model 2, Y depends on X only through 57 X.
@ Our goal is to find the mean space, i.e., a S that satisfies
Y 1L E(Y|X)|8" X, or equivalently, E(Y|X) = E(Y|8"X). (3)

@ [ is not unique but Sg(y|x) = span(p) if it exists, is identifiable, and we call it the
central mean space.

Abdul-Nasah Soale Metric Cook’s distance Seminar Talk



Responses in non-Euclidean spaces

@ The ordinary least squares (OLS) is one of the most popular methods for estimating the
central mean space in single-index models.

@ OLS is a great tool for detecting influential observations.
@ Y may belong to a non-Euclidean space where the classical OLS does not apply.

@ We propose a surrogate OLS based on Euclidean embedding for detecting influential
observations in Fréchet regression.
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Surrogate OLS

Let Y be a random copy of Y € (Qy, d). Define the surrogate Sy = gi)(d(Y, \N’)) for some
measurable function ¢ : d(Y, \7) — R. Then, Ss,x € Syx-

Suppose the link function f is monotone and E(X|3" X) is a linear function of 37 X. If
3 = Var(X) is invertible, then

E_IEXSY € SE(Y\X): where x5, = Cov(X, Sy). (4)
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Metric Cook's Distance algorithm

Algorithm 1 Metric Cook’s Distance

1.

O wnN

Input: Predictor X € R"*P and response Y, = {y1,...
Compute Dy € R™", where Dy, <~ d(yi,y;), Vi,j=1...,n

,Ynt as list

Compute the first MDS factor score based on Dy and set as Sy
Compute the OLS estimate § from the regression between Sy and X
Repeat Steps 2-4 after deleting the ith observation and compute the ith Cook’s distance.

The

ith Cook’s distance is defined as

5i =

(B0 = B)T(XTX)(BD — B)

, where s2 =

(p+1)s
and X = [1, X].
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Metric Cook's distance examples

@ We will consider responses in different spaces.

@ An observation is considered influential if §; > Py—
n—p-—

@ For each case, we show the effect of omitting the influential observations on the accuracy
of 3 estimates using

A=|Ps—PsllF, (5)
where Py = A(ATA)"IAT and ||.||¢ is the matrix Frobenius norm.

@ Smaller values of A indicate better performance.
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Regression with Euclidean response

e Fix (n, p) = (100,5) and then generate the predictor as X = (Xi,..., Xs) ~ t20(0,15) and

set 7 =(1,1,0,0,0)/v2.

o Generate each response as Y; =sin(n/2 + BTX;) +€;, for i = 1,..., n, where

B' =(8,-28)" and noise €; ild- N(0,3.) with =, = (015 Oi5>-

@ The effect of omitting influential observations on the surrogate-assisted OLS of
[Soale and Dong, 2023].

Table: * denotes estimates without influential observations

X1 X X3 X4 X5 A

sa-OLS  -0.6113 -0.5810 0.1662 -0.0724 0.3617 | 0.6125
sa-OLS* -0.5149 -0.7949 -0.0996 -0.2098 0.2345 | 0.5428
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Regression with Euclidean response

(A) based ony = (y: y2)

(8) basedony,;

Obs. number

(C)based ony,

Figure: Cook's distances in (A) are based on OLS
regression with SY as response while those for
exhibits (B) and (C) are based on separate

°
5
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Figure: Scatter plot of the bivariate response y
versus the sufficient direction 87 x. Influential
observations based on the metric Cook’s distance
are colored red.
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Regression with distribution as response

@ We use the Wasserstein metric to find the pairwise distances.
@ We focus on only univariate distributions.

@ The kth Wasserstein is given by

1 1/k
_ _ _ _ k
Wily.y') = IF; — F b = ( /O IF73(s) — FA(s)| ds) , (6)

where Fy_1 and F;,l are the respective quantile functions of distributions y and y’.

o We use Wj(.) instead of W;(.) used in previous studies.
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Regression with distribution as response

e Fix (n, p) = (100,5) and then generate the predictor as X = (X, ..

set 7 =(1,1,0,0,0)/v/2.

@ Generate each response as a mixture of normal distributions as follows:

Y; € RY0 "2 0.6N(BTX;, 1) + 0.4N(—BTX;,2), fori=1,....n.

. ,X5) ~ t20(0, |5) and

@ The effect of omitting influential observations on the Fréchet OLS of [Zhang et al., 2023]
and the surrogate-assisted OLS of [Soale and Dong, 2023].

Table: * denotes estimates without influential observations

X1 X X3 X4 X5 A
FOLS 0.7752 0.5521 -0.1268 0.0155 0.0135 | 0.2995
FOLS* 0.8237 0.7880 -0.0164 -0.0087 -0.0289 | 0.0529
sa-OLS  -0.7673 -0.5326 0.1395 -0.0634 0.0151 | 0.3382
sa-OLS* 0.8284 0.7707 -0.0325 0.0203 -0.0466 | 0.0909
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Regression with distribution

as response
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Figure: 3D plot of distributions vs sufficient

predictor 3T x. The red lines indicate the influential
observations based on the metric Cook’s distance.
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Regression with network as response

@ We denote the response network or graph as G = (V, E), where V is the set of vertices
or nodes and E is the set of edges or links

e We employ two distance measures: the centrality distance (CD) of [Roy et al., 2014] and
the graph diffusion distance (DD) of [Hammond et al., 2013].

@ The centrality distance is based on unweighted edges and is given by

den(Gr, G2) = ) [C(Gi,v) — C(Ga,v)|. (7)

veV

@ The diffusion distance incorporate the weight of the edges and is given by

dpp,+(G1, G2) = o) (letta — e—tL62||%__)1/2’ )

where for graph G;, the Laplacians Lg, = Dg, — Ag,, Dg; is the diagonal matrix of
degrees and Ag, is the adjacency matrix.
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Regression with network as response

e Fix (n, p) = (100,5) and then generate the predictor as X = (Xi,..., X5) ~ t20(0,15) and
set 87 = (1,1,0,0,0)/v2.
@ Set the number of nodes to 20 and generate the random network response y; based on an
Erdos—Rényi model with probability p = plogis(sin(BTX,-))7 i=1,...,n, where
1
logi = :
plogis(x) T
@ The effect of omitting influential observations on the surrogate-assisted OLS of
[Soale and Dong, 2023]. We did not consider FOLS as it was not implemented with
network responses in [Zhang et al., 2023].

Table: * denotes estimates without influential observations

X1 X2 X3 X4 X5 A
sa-OLS (cd) 0.7049 0.7442 -0.0042 -0.0022 -0.1193 | 0.1680
sa-OLS (cd) * 0.8422 0.8164 -0.0246 -0.0101 -0.0897 | 0.1146
sa-OLS (dd) -0.7043 -0.7372 0.0163 -0.0106 0.0835 | 0.1228
sa-OLS (dd)*  0.8515 0.8075 -0.0230 0.0129 -0.0635 | 0.0908
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Regression with network as response
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Regression with functional (time-varying) response

e Fix (n, p) = (100,5) and then generate the predictor as X = (Xi,..., X5) ~ t20(0,15) and
set W (1,1,0,0,0)/v2.

o Let a(t) = 2sin(m + 7t/5), where t € R RS- Unif(0,10). Generate the response as
Yi(t) = a(t) + 2sin (7t/2 + B{ X;) + €(t) for i = 1,...,n, where (t) RS- N(0,1).

@ We compute the distance between responses as the Euclidean distance between the
discrete Fourier coefficients.

@ The effect of omitting influential observations on the surrogate-assisted OLS of
[Soale and Dong, 2023].

Table: * denotes estimates without influential observations

X1 X2 X3 X4 X5 A
sa-OLS 0.7533 0.5970 -0.0687 0.0197 0.0470 | 0.2047
sa-OLS* 0.7866 0.7817 0.0251 0.0293 -0.0506 | 0.0812
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Regression with functional (time-varying) response

metric Cook'’s distance
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Obs. number

Figure: Metric Cook's distances for functional
response regression times (t)
Figure: 3D plot of functional responses vs sufficient
predictor 3T x. The red lines indicate the influential
observations based on the metric Cook’s distance.
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Demographics and COVID-19 transmission
@ In this application, the responses are the distributions of total new COVID-19 cases per
100,000 persons in the last 7 days between 08/1/2021 and 02/21/2022 in the U.S.

@ We focus on the county level transmissions for the State of Texas, which consists of 254
counties.

@ The predictors are nine demographic characteristics of the counties from the 2020
American Community Survey.

o Both data sets are publicly available at [CDC, 2023] and [US Census Bureau, 2022],
respectively.

@ The following observations: 73, 110, 151, 171, and 181 corresponding to counties: Falls,
Hockley, Loving, Moore, and Orange were found to be the most influential.
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Demographics and COVID-19 transmission

73 110 171181

] Table: estimated bases of the central mean space. *
i denotes estimates after omitting influential
1 observations.

1 1 FOLS FOLS* sa-OLS sa-OLS*
o % Non-Hispanic Blacks 0.0612 0.1860 0.1728  0.3102
2 P o 1l 15 1233 % Hispanics -0.2771 -0.0339 -0.3974 -0.3431

T j T j j % Adults 65+ -0.7254 -0.5820 -0.8304 -0.8659

T
0 50 100 150 200 250

% No high school diploma ~ 0.3848 -0.0789 0.3949 -0.1724
% Living below poverty line  0.2294 -0.5378 0.0284 -0.1615

Obs. number

) . ) . % Unemployed -0.0225 0.3190 0.0455 0.2875
Figure: Influential observations based on metric % Renter-occupied homes ~ -0.8263 0.6574 -0.6710  0.0731
Cook’s distance for the regression between % On public assistance 0.0359 -0.1459 0.0969  0.1479

COVID-19 transmission distributions vs
demographic characteristics.
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Demographics and COVID-19 transmission
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Figure: Summary plots for the regression between COVID-19 transmission distributions vs demographic
characteristics with and without the influential observations. The blue dash lines indicate the fitted
lines for the simple linear regression.
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Body mass and human brain structural connectivity
@ The study sample consists of 88 healthy individuals.

@ The weighted connectivity matrices among 90 cortical regions of interests in the brain of
the study subjects are taken as the responses.

@ The predictors are age, weight, and height of the subjects.

e This data is also publicly available on the Open Science Framework (OSF) at
https:/ /osf.io/yw5vf/ and published in [Skoch et al., 2022].

@ Subjects 7, 8, and 54 were found to have the most anomalous brain networks. Their
respective (age, weight, heights) are (48.7yrs, 67kg, 1.76m), (37.7yrs ,62kg, 1.85m), and
(45.3yrs, 60kg, 1.62m).
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Body mass and human brain structural connectivity

54

Table: estimated bases of the central mean space. *
denotes estimates after omiting influential
observations.
Hu\‘\ l “\MHM‘ m\‘\ ‘\‘\

g | il Il sa-OLS (CD) sa-OLS (CD)* sa-OLS (DD) sa-OLS (DD)*
5 2 0 o 20 Age -0.0805 -0.1258 -0.2234 -0.4726
O number Weight -1.3446 -1.3182 -1.279 -1.1156
Height 0.6452 0.6116 1.2263 1.1323

Figure: Influential observations for the regression
between structural brain connectivity networks vs
age, height, and weight of subjects.

Abdul-Nasah Soale Metric Cook’s distance Seminar Talk 31/35



Body mass

tansitivity
o
o
oo o
e o 09-
: o ,®
0BRo° % o _omo
DESTEER = o 7
#5038 8 3 t
S iogs 08-
%8 o
°
o o
°
o 3 0.7
3
2
3 3
g
>
Authority_score B
13
i £
5
7]
1e+06-
e
L,
i s 8e+05-
++F* Ei + +
VR STRE U =
=5
étr H+ $+ 6e+05-
+++ +
zb 30 40 50 20

All obs.
density
*
* 0.95-
* *
09 Haoke o . F
*
*’ﬁ* £FE % _* 090
*g %: | —* *
08- ¥ *
***;&*ﬁ* * 0.85-
*  * * %
* J
@ 07- * 0:80
3
S
T *
g
>
) efficiency
£ .
£ P4 + 30-
5 o
@ v
1e406- :~.~' :’ . 25-
2oy ¢ * M
PR 20 e el
ChTT T T
Be405- * kT3 —
Y 15
60405~ . 1
1.0
20 30 40 50
age

density

efficiency

and human brain structural connectivity

Without influential obs.

age

tansitivity

authority_score

Figure: Summary plots for the regression between some properties of the structural brain connectivity
networks vs age of subjects with and without the influential observations. The blue dash lines represent

the LOESS curve.

Metric Cook’s distance

Seminar Talk

32/35



Table of Contents

@ Conclusion

Abdul-Nasah Soale Metric Cook'’s distance Seminar Talk 33/35



Conclusion
@ The metric Cook’s distance is applicable in a wide variety of applications including
responses in Euclidean and non-Euclidean spaces.
@ Influential observations can seriously impact the central mean space estimates.

@ Rather than relying on hard thresholds for categorizing observations as influential, we
advise investigating observations with large Cook's distances further.

e Omitting influential observations may not be the best way to handle outliers/anomalies.
We advise investigators to delve deeper.

@ The paper is published in Technometrics [Soale, 2025].

@ More information on choosing the optimal metrics can be found in [Soale et al., |.
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