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Stochastic Differential Equations

Consider the SDE
dX; = (£, X) dt + g(t,X)dW,, ¢ €0, T].

where
f:[0,T] x R = RY, g [0, T] x RY — Rd*m

Goal:
@ Existence and uniqueness of solutions
@ Moment estimates

@ Numerical approximation schemes
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Lipschitz Setting

Linear Growth

|F(£,x)]7 Vg (t, )7 < K(1+ [x[?).

Global Lipschitz

[F(t,x) = f(t,y)? V ]g(t, x) — g(t.y)I* < K|x — y[*.

Main Result

@ Unique strong solution exists on [0, T].
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Moment Bounds

If p>2and E[{|P < oo, then

E| sup |X¢[?

0<t<T

< (1+ 3 Ele)eT.

Consequences:
@ Finite moments of all orders.
@ Stability of the solution.

e Foundation for convergence analysis.
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Non-Lipschitz Setting

Monotonicity Condition

(e F(60) + 5 la(t )P < K(1+ (<),

Local Lipschitz Condition
For every R > 0:

|f(taX) - f(tvy)|2 + ’g(t,X) _g(tvy)’2 < LR|X_y|2'

for x|, |y[ < R.
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Existence Beyond Lipschitz

Under monotonicity and local Lipschitz assumptions:
@ A unique solution exists.
@ Explosion is avoided.

@ Finite moments are preserved.
Moreover,

E| sup |X¢P| < C.
0<t<T

losif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschit



Euler Scheme

For
dYt = b(Yt) dt + U(Yt) th,

the Euler-Maruyama scheme is

Xk+1 =Xk + b(Xk) At +o (Xk) AW,

where

AW ~ N(O, At).
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Euler Convergence

Under linear growth:

sup E|Y/?< C.
0<t<T

Under linear growth and Lipschitz assumptions:

E sup ‘Xt_ Yt‘z

0<t<T

< CA

Strong convergence order:
O(\Y/?),

For constant diffusion this increases to rate 1 (Euler coincides with
Milstein scheme)
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Langevin SDE

dZt - —h(Zt)dt + V B_ldBt
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Unudjusted Langevin Algorithm (ULA)

Definition (ULA)

2)
0 =00, 0}, :=0)—Ah (0,*,) +yFémneN

where h:= Vu and &, is a sequence of d-dimensional Gaussian random
variables.
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Simple negative example for superlinear drift

Setting h(x) = x3/3 and applying vanilla ULA with step-size A and initial
condition £(Xo) = N(0, $), we get

Xnt1 = Xn — >\X3 + V2XAEni1
After some calculations,
EX2,, > EXZ + 2An. (1)

Moment diverges as n — co even in simple example!
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Divergence of Euler scheme

For superlinear drift, the Euler scheme diverges in the strong LP sense, i.e.,

lim B [|v7 = vp™|] = o,
A—0

Vp > 1, see (Hutzenthaler et al., 2011, Theorem 2.1). The theorem also
implies

im B [|v7™[] = oc.
A—=0

We need to make the coefficients have linear growth!!
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Convergence of taming schemes

@ To approximate SDEs with non-globally Lipschitz continuous drift
coefficient, Hutzenthaler et al. (2012) proposed a tamed Euler
scheme, and obtained a convergence result of the tamed scheme in
the strong LP-sense with the supremum over the time interval [0, T].

@ Sabanis (2013) extends the tamed scheme to approximate
(time-inhomogeneous) SDEs with locally one-sided Lipschitz
continuous drift coefficient.
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Tamed ULA

(9_0)\ = b, 9_,)7‘+1 = 52 — Ahy, (éﬁ) + 2)\ﬂ_lfn+1, n € Np, (2)

We use a modified drift hy
@ hy should have at most linear growth to provide stability

@ hy > h as A — 0 to provide a good approximation to the SDE
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Invariant measure

m5(A) = /A e PO dp/ . e Pu0dp,  Ae B(RY)

Under suitable assumptions on Vu, 7g is the unique invariant distribution
of the Langevin SDE:

dZt = —VU(Zt) dt + \V4 25_1(181-, t>0 (3)
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Introduction to Langevin-based sampling

Idea: Use an Euler-Maruyama (EM) scheme with starting (possibly
random) value Lo :

Lyq =L} —vks1h (L) + V28 Yieq 1€kt

o {&}ysy isiid. N(0,1y).

® {Vk},>1 is a sequence of stepsizes; either constant (fixed gain) or
decreasing to 0 at a certain rate.
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Unudjusted Langevin Algorithm (ULA)

Definition (ULA)

2)
0 =00, 0}, :=0)—Ah (0,*,) +yFémneN

where h:= Vu and &, is a sequence of d-dimensional Gaussian random
variables.
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Many important non-asymptotic convergence results for ULA under:

Assumption (Strong convexity)

(Vu(x) = Vu(y),x —y) > alx —y|* Vx,y €R?, a>0.

Assumption (Global Lipschitzness)

Vu(x) = Vu(y)| < Lx—y| Vx,yeR?

v

Can we go non-convex and Local Lipschitz and obtain results in KL, TV
and W, ?
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Assumptions on the drift

@ Polynomial Jacobian growth. There exist constants L > 0 and
£ > 0 such that

max{[|A(x)|l, IJ(A)(x)[I} < L(1+ [Ix]|™), vx e R (PJG)

G Polynomial Lipschitz continuity. There exist constants L’ > 0 and
¢" > 0 such that

Z/
1h(x) = h()IF < L' L+ I+ Iy )" lIx =yl vx,y € RY. (PLC)

G One-sided Lipschitz continuity. There exists a constant K’ € R
such that

(h(x) — h(y), x —y) > —K'||x — y||?, Vx,y € RY.  (OSL)
@ Dissipativity. There exist constants a, b > 0 such that
(h(x),x) > a||x||> — b, Vx € RY. (D)
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adTULA-most recent work

We propose the splitted tamed unadjusted Langevin algorithm (sTULA)

(9_0)\ = 0_,)1‘+1 = 9_? — Ahy, (éﬁ) + 2)\5_1&,4_1, n € Np, (4)

where A > 0 is the step size, (£5),c is @ sequence of independent
standard d-dimensional random variables independent of the R9-valued

random variable 6y, and where for all § € R?, the tamed coefficient of our
iterative scheme shall be given as

h _
ha(x) = ax + b-ax (5)
V1 + g(lIx[2+)
where
0, 0<t<1,
g(t)=<{5(t—1)2—-3(t—1)3, 1<t<2,
t, t>2.
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Best rate achieved in KL divergence is @(e_%).

Goal: Achieve optimal rate 5(67%)

losif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschit



Basic Properties of the tamed scheme

@ There exist ¢1, ¢» such that

%

h(x)| < x|+
| (x)| < cilx| I

@ There exists p > 0 such that
(%) = h(x)[? < A?|x|P

@ hyisO <%>— Lipschitz

losif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschit



Tamed scheme inherits dissipativity condition

Let the 2-dissipativity condition hold for h. Then, (hx(x),x) > 2|x|? — b.
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Moment bounds

For A < min{1, 4(237i4L)2}’ there holds for any p > 1
supE|X, P < G,
n

where C, has at most polynomial dependence on the dimension.
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Key properties of the Langevin SDE

Let X, Y two Langevin SDEs started at x, y € R with the same driving
Brownian motion. For small time A > 0, there holds

o
IXx = Yalliz < e"lx =y
2]
1X3 = x = (Ya = y)ll2 < A+ [IxI[ + [y ) Ix = v
o

X — vl
KLLOOIIEM) < T (regutarity)
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KL local framework- properties of the algorithm

supE|X,|P < o0 Vp
n

2
KL(0x PH& P) < C| )\y! + b(x) (cross-regularity)

where b(x) = C(x)\?
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~

Let (Xn)n>0, (Yn)n>0 denote the chain of the algorithm and the chain of
one-step SDE updates with Xg ~ p and Yy ~ v. Choose shift coefficients
(1) € [0,1] with ny_1 = 1, and define

Yoi=(1=n) Y.+, Xs, n=01,...,N—1. (6)
Define

~ 7
P, n=N-1, )

and update the auxiliary process by
Yo~ Qu(Yn), n=0,1,...,N—1, Y] = Yo. (8)

We write v], := (Y)).
The terminal condition ny_1 = 1 together with the choice Qy_1 = P
guarantees the interpolation property

P, 0<n<N-2,
Qn =

v =1, Uy = in, (9)
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N—-1
Ki(nllvw) < 3 E[KUQWYn)[|POY)] - (10)
n=0
N—-2 R R _
KU(inllvw) < ¢ 3 n2E|Xs— Yall2 4+ Bl Ky-1 — Ya_a[2+52, (1)
n=0

where b2 := ”bHU(u yand ¢, d <O\ ).
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Strong and weak errors

Let P the one-step of an algorithm with stepsize kernel and P the Markov
kerrlel of thg SDE at time A. Let mutually defined random variables X, X
L(X) = 6xP and L(X) = 0xP. We define

Estrong(x) := \/E|X — X|?

Eweak(x) := ||E(X) — E()A()H

and

a0(x) = Erong(¥); 3106, ¥) = Eweak (X) + A1+ |x|" +|y|") Estrong(x)-
(12)
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Lemma (Shifted Wasserstein recursion)

The right-hand side of (11) is controlled entirely by the squared coupling
distances N
d? = E|X, - Y% n=01,...,N—1, (13)

which propagate forward in time according to the next lemma. For all
0<n<N-2

dZ, < LP(1—n,)2d2+2(1—nn) a1 d, + 33, (14)

where 3 := supg< < [|a0(Xk)|12 and a1 = supg< < [la1( Xk, Yk) |l 2-
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Theorem (Lytras and Ntoussis (2026))
Let the previous assumptions on the algorithm and the SDE hold. Then,

—KX _

° W2 (1)

KL <,uPN||1/PN) < v T

e
[ )\N V |og N strong + /\_I (Eweak + )\Cmfstrong )2:|

— 1 - C /
b:= max E|X,[?+2. Cm = max \/E|[X.|?
0<k<N

N:=NA—
A A 0<k<N

Ul‘\gy\r—‘y\»—-

Goal: Recall that b < O(X\?). Also Est,o,,g < C’)()\%). We need weak error

to be of order O(\?)
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Key additional assumption to increase weak error

Assume that
||Dh(x) — Dh(y)ll2 < L(1 + x| + [y]) |x — y| ¥x,y € R

Then,
Eneak < CuA?
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Final Result

Then there exist constants C;, C > 0, depending at most polynomially on
the dimension and independent of N and A,

KL(uPN||vPN) < C1§W22(,UJ,I/) + C((NA) V log N) X2,
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LSI assumption

Definition (LSI)

A Gibbs probability measure mg satisfies the logarithmic Sobolev inequality
with constant oo > 0, denoted LSI(«), if for all probability measures v such
that v < 75

(LSI(a)) KL(y|w5)< 11 /

Rd
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LSI-Optimization in the space of measures

In the Riemannian structure induced by the W5 metric for the functional
E(p) = Hx(p) there holds | grad E,,|* = (1)

E(n) < c|grad E|#|2 = Hr(n) < clr(p)
—_——

-~
P-L condition LSl
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Examples of LSI

Theorem (Bakry-Emery theorem)

Hess(u) > m = LSI(m)

Theorem (Hooley-Strook petrubation theorem)

Let f: |u—flow <&andv=e".

v satisfies LSI(a) = T satisfies LSI(e**a)

Theorem (Cattiaux et al)

dissipativity+one-sided Lispchitzness + (Poincare inequality) = LSI
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LS| implies contraction in Renyi

Under LSI, there holds

Ra(uPelms) < e Ro(ul)
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Sampling under LSI

Writing
KL(uPY|m) < KL(uPN|uPN) + 2Ry (1P |7)

leads to

KL(uPN|m) < € ((NA) V log N)A? + 2N Ry ()
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Optimal rates

@ Due to LSI

Wo(uPN, 1) < \/ CLSIKL(uPN, )

@ Due to Pinsker inequality
TV (PN, 1) < \/2KL(uPN, )
To reach e accuracy in KL divergence, one needs @(6_%) iterations.

To reach € accuracy in TV, one needs O(¢~!) iterations.
To reach ¢ accuracy in W, one needs O(¢™1) iterations.
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Global optimization guarantee

Let u* the global minimum of u. Then,

B [u ()] - we < e (£ (B2) m) + 0 (57).

This is achieved by decomposing as

E [u (éﬁ)} —u=E [u (e‘ﬁ)] By [u(x)] By [u(x)] - us

concentration around minimum

sampling problem
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What if no Hessian Lipschitz

We need to find a method that has increased weak error. Randomized
schemes have been used as an alternative to Euler schemes, to solve ODEs
and SDEs to cater for loss of regularity.
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Tamed Randomized scheme

We define the tamed randomized Langevin Monte Carlo algorithm as
follows:

Yo =Ya —Ah/\(Y)Tn+1+\fA 1> Yo = xo,
(tRLMC)
Yn—i-l: Yn_)\hA n+1 +\/7AWn+1, n € Np.

Here, (75)n>1 is an i.i.d. sequence of random variables uniformly
distributed on (0, 1), independent of the Brownian motion W, and

AWy = Weirn — W, AWpi1 =Wy, — W,

where t, = nA for n € Ng.
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Properties of the algorithm

(]
supE|Y,|P < Gy
° 3
Estrong(X) < A2 C(X)
o
Eear(x) < N2C'(X)
o

C
ﬁ’x -yl
Increased weak error without Hessian Lipschitzness!
Unfortunately, we could prove cross-regularity only in Total variation..

TV(6,P,8,P) < Ab(x) +
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TV local Framework

TV(uP"||vPN) < CliAwm,u) + C/\\/((N/\)\/IogN). (15)

vV
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Total variation guarantee under LSI

Corollary
There holds

TV(uPN,75) < CAy/ ((NA) Vlog N) + /e CusmNKL (1 || mg).

As a result, for A < O(¢) one needs N > O (%) to guarantee

TV(uP", m5) < €
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Wassestein local framework

Let n, ng € N. There holds

1%
o (L (6 4 A E) + L2
~ )\2 w strong )\ strong
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Finite time bound

There holds y y y
Wo(uP=m0)Pro, 1 Pr=ropioy < CetAm)
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LSI+one-sided Lipschitzness implies

WQ(,u,pnfno Pno, 7['[3) < Ceié)‘no W2(N'5nfn07 7Tg)
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Wa(uP" m5) < Ce“™N + Ce™ M0 Wy (P~ 15)

Picking the right ng one obtains

. 1 .
Wg(,LLPn,Trﬂ) < C*\N+ EWz(,LLPn_nO,ﬂ'ﬁ)
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Final bound

There holds :
Wo(uP", m5) < C(A + e~ ")

As a result, for A < O(¢) one needs N > O (1) to guarantee

Wa(uPN, mg) < ¢
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Global optimization guarantee

Let u* the global minimum of u. Then,

B [u ()] - we < e (£ (B2) m) + 0 (57).

This is achieved by decomposing as

E [u (éﬁ)} —u=E [u (e‘ﬁ)] By [u(x)] By [u(x)] - us

concentration around minimum

sampling problem
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LS| may be large in 3

Note that the convergence in the sampling problem relies on the LSI
constant! In many cases (for example the double-well potential) this
constant is exponential in 8 which cannot be avoided which slows the
convergence with respect to the optimization problem.
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Two ways to tackle this problem :
@ Use a Polyak-Lojacevic condition and treat the algorithm using only

optimization algorithm
@ Find conditions where the LSI constant is polynomial in 3.
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Optimization result under P-L( no LSI assumed)

Assume that u satisfies a Polyak—tojasiewicz condition.
u(x) — u* < Cpr, ||[Vu(x)||? Vx € R (16)

Let x, be the n — th iterate of adTULA or adTRLMC. Then,

Eu(xp1) — u* < (1= AGo) ™ 1 (Bu(x0) — u*) + Cor (Cm N %) ,

where C°Pt depends on the moment bounds of the algorithm and is
specified in the proof.
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Extra Conditions for LS| polynomial in (3

@ There exists C' > 0 such that,

[V2u(x)|| < C'(1+|h(x)]) VxeR?

@ u has a unique local minimum.
@ There exists a constant /* > 0 such that

I <inf{|\i (V2u(y))| | h(y) =0,i € {1,2,...,d}}.

Denoting by S the set containing all saddle points and local maxima
of u,

SUP Amin (V2u(x)) < -/"<0.
x€ES
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Polynomial LSI

Theorem (Lytras and Sabanis, Stochastic Processes and Appl. 2025)

Under the above conditions, for 3 large enough,

(Cs1) P < 0O(8?)
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Summary of contributions

@ Finite time KL guarantees for tamed Euler and TV guarantees for
Tamed Randomized for SDEs with Locally Lipschitz drift

@ Optimal rates for sampling in KL, TV, W, for tamed Euler and in TV,
W5 for tamed Randomized

© Optimization guarantees
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From theory to practice: the boosting factor

Bridge to the optimizer

The practical optimizer (TheoPoulLA-style, Lim—Sabanis) augments the
coordinate-wise taming map with a boosting factor that scales small

gradient coordinates up:

h;

T(h) = (1+s+ﬂ;|> 1+g(A[hil)’

o Left factor boosts small coordinates (helps vanishing gradients); right
factor tames large ones (prevents gradient explosions).

@ Theory transfers. The boosting factor is a bounded multiplicative
perturbation: the growth, closeness, and dissipativity lemmas all go
through with only constant changes.
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Other directions of research

Sampling using subgradient Langevin dynamics from non-smooth
potentials e.g (Johnston et al 2025, TMLR), (Lytras, Makras, Sabanis
2026++)

Sampling using tamed SGLD e.g (Lovas et al 2023)

Sampling using tamed kinetic Langevin e.g (Lytras and Mertikopoulos
2025, Johnston et al 2024, Journal of Complexity)

Tamed SGD (Apidopoulos, Lytras and Mertikopoulos 2026, ICML)
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