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Stochastic Differential Equations

Consider the SDE

dXt = f (t,Xt) dt + g(t,Xt) dWt , t ∈ [0,T ].

where
f : [0,T ]× Rd → Rd , g : [0,T ]× Rd → Rd×m.

Goal:

Existence and uniqueness of solutions

Moment estimates

Numerical approximation schemes
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Lipschitz Setting

Linear Growth

|f (t, x)|2 ∨ |g(t, x)|2 ≤ K (1 + |x |2).

Global Lipschitz

|f (t, x)− f (t, y)|2 ∨ |g(t, x)− g(t, y)|2 ≤ K |x − y |2.

Main Result

Unique strong solution exists on [0,T ].
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Moment Bounds

If p ≥ 2 and E|ξ|p < ∞, then

E

[
sup

0≤t≤T
|Xt |p

]
≤ (1 + 3p−1E|ξ|p)ecT .

Consequences:

Finite moments of all orders.

Stability of the solution.

Foundation for convergence analysis.
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Non-Lipschitz Setting

Monotonicity Condition

⟨x , f (t, x)⟩+ 1

2
|g(t, x)|2 ≤ K (1 + |x |2).

Local Lipschitz Condition
For every R > 0:

|f (t, x)− f (t, y)|2 + |g(t, x)− g(t, y)|2 ≤ LR |x − y |2.

for |x |, |y | ≤ R.
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Existence Beyond Lipschitz

Under monotonicity and local Lipschitz assumptions:

A unique solution exists.

Explosion is avoided.

Finite moments are preserved.

Moreover,

E

[
sup

0≤t≤T
|Xt |p

]
≤ C .
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Euler Scheme

For
dYt = b(Yt) dt + σ(Yt) dWt ,

the Euler-Maruyama scheme is

Xk+1 = Xk + b (Xk)∆t + σ (Xk)∆Wk ,

where

∆Wk ∼ N (0,∆t).
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Euler Convergence

Under linear growth:

sup
0≤t≤T

E|Y n
t |2 ≤ C .

Under linear growth and Lipschitz assumptions:

E

[
sup

0≤t≤T
|Xt − Yt |2

]
≤ Cλ.

Strong convergence order:
O(λ1/2).

For constant diffusion this increases to rate 1 (Euler coincides with
Milstein scheme)
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Langevin SDE

dZt = −h(Zt)dt +
√

β−1dBt
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Unudjusted Langevin Algorithm (ULA)

Definition (ULA)

θλ0 := θ0, θλn+1 := θλn − λh
(
θλn

)
+

√
2λ

β
ξn+1, n ∈ N

where h := ∇u and ξn is a sequence of d-dimensional Gaussian random
variables.
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Simple negative example for superlinear drift

Setting h(x) = x3/3 and applying vanilla ULA with step-size λ and initial
condition L(X0) = N (0, 4

λ), we get

Xn+1 = Xn − λX 2
n +

√
2λξn+1

After some calculations,

EX 2
n+1 ≥ EX 2

0 + 2λn. (1)

Moment diverges as n → ∞ even in simple example!
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Divergence of Euler scheme

For superlinear drift, the Euler scheme diverges in the strong Lp sense, i.e.,

lim
λ→0

E
[∣∣∣YT − Y λ,EM

T

∣∣∣p] = ∞,

∀p ≥ 1, see (Hutzenthaler et al., 2011, Theorem 2.1). The theorem also
implies

lim
λ→0

E
[∣∣∣Y λ,EM

T

∣∣∣p] = ∞.

We need to make the coefficients have linear growth!!
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Convergence of taming schemes

To approximate SDEs with non-globally Lipschitz continuous drift
coefficient, Hutzenthaler et al. (2012) proposed a tamed Euler
scheme, and obtained a convergence result of the tamed scheme in
the strong Lp-sense with the supremum over the time interval [0,T ].

Sabanis (2013) extends the tamed scheme to approximate
(time-inhomogeneous) SDEs with locally one-sided Lipschitz
continuous drift coefficient.
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Tamed ULA

θ̄0
λ
:= θ0, θ̄λn+1 := θ̄λn − λhλ

(
θ̄λn

)
+
√
2λβ−1ξn+1, n ∈ N0, (2)

We use a modified drift hλ

hλ should have at most linear growth to provide stability

hλ → h as λ → 0 to provide a good approximation to the SDE
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Invariant measure

πβ(A) =

∫
A

e−βu(θ)dθ/

∫
Rd

e−βu(θ)dθ, A ∈ B(Rd)

Under suitable assumptions on ∇u, πβ is the unique invariant distribution
of the Langevin SDE:

dZt = −∇u (Zt) dt +
√
2β−1dBt , t > 0 (3)
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Introduction to Langevin-based sampling

Idea: Use an Euler-Maruyama (EM) scheme with starting (possibly
random) value L0 :

Lγ
k+1 = Lγ

k − γk+1h
(
Lγ
k

)
+
√
2β−1γk+1ξk+1

,

{ξk}k≥1 is i.i.d. N (0, Id).

{γk}k≥1 is a sequence of stepsizes; either constant (fixed gain) or
decreasing to 0 at a certain rate.
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Unudjusted Langevin Algorithm (ULA)

Definition (ULA)

θλ0 := θ0, θλn+1 := θλn − λh
(
θλn

)
+

√
2λ

β
ξn+1, n ∈ N

where h := ∇u and ξn is a sequence of d-dimensional Gaussian random
variables.
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Many important non-asymptotic convergence results for ULA under:

Assumption (Strong convexity)

⟨∇u(x)−∇u(y), x − y⟩ ≥ a|x − y |2 ∀x , y ∈ Rd , a > 0.

Assumption (Global Lipschitzness)

|∇u(x)−∇u(y)| ≤ L|x − y | ∀x , y ∈ Rd

Can we go non-convex and Local Lipschitz and obtain results in KL, TV
and W2 ?
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Assumptions on the drift

libel=(i1), leftmirgin=*Polynomial Jacobian growth. There exist constants L > 0 and
ℓ ≥ 0 such that

max
{
∥h(x)∥, ∥J(h)(x)∥

}
≤ L

(
1 + ∥x∥l+1

)
, ∀x ∈ Rd . (PJG)

liibel=(ii2), leftmiirgiin=*Polynomial Lipschitz continuity. There exist constants L′ > 0 and
ℓ′ ≥ 0 such that

∥h(x)−h(y)∥ ≤ L′(1+∥x∥+∥y∥
)ℓ′∥x −y∥, ∀x , y ∈ Rd . (PLC)

liiibel=(iii3), leftmiiirgiiin=*One-sided Lipschitz continuity. There exists a constant K ′ ∈ R
such that

⟨h(x)− h(y), x − y⟩ ≥ −K ′∥x − y∥2, ∀x , y ∈ Rd . (OSL)

livbel=(iv4), leftmivrgivn=*Dissipativity. There exist constants a, b > 0 such that

⟨h(x), x⟩ ≥ a∥x∥2 − b, ∀x ∈ Rd . (D)

Iosif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschitz continuity



adTULA-most recent work

We propose the splitted tamed unadjusted Langevin algorithm (sTULA)

θ̄0
λ
:= θ0, θ̄λn+1 := θ̄λn − λhλ

(
θ̄λn

)
+
√
2λβ−1ξn+1, n ∈ N0, (4)

where λ > 0 is the step size, (ξn)n∈N is a sequence of independent
standard d-dimensional random variables independent of the Rd -valued
random variable θ0, and where for all θ ∈ Rd , the tamed coefficient of our
iterative scheme shall be given as

hλ(x) := ax +
h(x)− ax√

1 + g
(
λ∥x∥2(ℓ+1)

) , (5)

where

g(t) =


0, 0 ≤ t < 1,

5(t − 1)2 − 3(t − 1)3, 1 ≤ t < 2,

t, t ≥ 2.

Iosif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschitz continuity



Tamed Sampling Literature

Brosse, Nicolas, et al. ”The tamed unadjusted Langevin algorithm.”
Stochastic Processes and their Applications 129.10 (2019): 3638-3663.
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Goal

Best rate achieved in KL divergence is Õ(ϵ−
3
4 ).

Goal: Achieve optimal rate Õ(ϵ−
1
2 )
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Basic Properties of the tamed scheme

There exist c1, c2 such that

|hλ(x)| ≤ c1|x |+
c2√
λ

There exists p > 0 such that

|hλ(x)− h(x)|2 ≤ λ2|x |p

hλ is O
(

1√
λ

)
- Lipschitz
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Tamed scheme inherits dissipativity condition

Lemma

Let the 2-dissipativity condition hold for h. Then, ⟨hλ(x), x⟩ ≥ a
2 |x |

2 − b.

Iosif Lytras Error estimates for Euler schemes and Randomized Euler schemes beyond Lipschitz continuity



Moment bounds

For λ < min{1, 1
4(2a+4L)2

}, there holds for any p ≥ 1

sup
n

E|X̂n|2p ≤ Cp

where Cp has at most polynomial dependence on the dimension.
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Key properties of the Langevin SDE

Let X , Y two Langevin SDEs started at x , y ∈ Rd with the same driving
Brownian motion. For small time λ > 0, there holds

1

∥Xλ − Yλ∥L2 ⩽ eKλ∥x − y∥
2

∥Xλ − x − (Yλ − y)∥L2 ⩽ λ(1 + ||x ||+ ||y ||)2l∥x − y∥
3

KL(L(Xλ)||L(Yλ)) ≤ C
||x − y ||2

λ
(regularity)
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KL local framework- properties of the algorithm

sup
n

E|Xn|p < ∞ ∀p

KL(δx P̂||δyP) ≤ C
|x − y |2

λ
+ b(x) (cross-regularity)

where b(x) = C (x)λ2
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Construction

Let (X̂n)n≥0, (Yn)n≥0 denote the chain of the algorithm and the chain of

one-step SDE updates with X̂0 ∼ µ and Y0 ∼ ν. Choose shift coefficients
(ηn)

N−1
n=0 ⊂ [0, 1] with ηN−1 = 1, and define

Ỹn := (1− ηn)Y ′
n + ηn X̂n, n = 0, 1, . . . ,N − 1. (6)

Define

Qn :=

{
P, 0 ≤ n ≤ N − 2,

P̂, n = N − 1,
(7)

and update the auxiliary process by

Y ′
n+1 ∼ Qn

(
Ỹn, ·

)
, n = 0, 1, . . . ,N − 1, Y ′

0 = Y0. (8)

We write ν ′n := (Y ′
n).

The terminal condition ηN−1 = 1 together with the choice QN−1 = P̂
guarantees the interpolation property

ν ′0 = ν0, ν ′N = µ̂N , (9)
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Construction

KL
(
µ̂N ∥ νN

)
≤

N−1∑
n=0

E
[
KL

(
Qn(Ỹn, ·)

∥∥P(Y ′
n, ·)

)]
. (10)

KL
(
µ̂N ∥ νN

)
≤ c

N−2∑
n=0

η2n E∥X̂n−Y ′
n∥2+ c ′ E∥X̂N−1−Y ′

N−1∥2+ b̄ 2, (11)

where b̄ 2 := ∥b∥2L2(µ̂N−1)
and c , c ′ ≤ O(λ−1).
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Strong and weak errors

Let P̂ the one-step of an algorithm with stepsize kernel and P the Markov
kernel of the SDE at time λ. Let mutually defined random variables X , X̂
L(X̂ ) = δx P̂ and L(X ) = δxP. We define

Estrong(x) :=

√
E|X − X̂ |2

and
Eweak(x) := ||E(X )− E(X̂ )||

a0(x) := Estrong(x), a1(x , y) := Eweak(x)+λ(1+|x |l ′+|y |l ′)Estrong(x).
(12)
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Lemma (Shifted Wasserstein recursion)

The right-hand side of (11) is controlled entirely by the squared coupling
distances

d 2
n := E∥X̂n − Y ′

n∥2, n = 0, 1, . . . ,N − 1, (13)

which propagate forward in time according to the next lemma. For all
0 ≤ n ≤ N − 2,

d 2
n+1 ≤ L2(1− ηn)

2 d 2
n + 2 (1− ηn) a1 dn + a 2

0 , (14)

where a0 := sup0≤k<N ∥a0(X̂k)∥L2 and a1 := sup0≤k<N ∥a1(X̂k , Ỹk)∥L2 .
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Theorem (Lytras and Ntoussis (2026))

Let the previous assumptions on the algorithm and the SDE hold. Then,

KL
(
µP̂N∥νPN

)
≲

1

λ

e−Kλ − 1

e−KλN − 1
W 2

2 (µ, ν)

+
1

λ

[
(λN ∨ log N̄)E2

strong + N̄
(
Eweak + λCmE strong

)2]
+ b̄2

N̄ := N ∧ 1

λ
, b̄ := max

0≤k<N
E|X̂k |2l+2. Cm := max

0≤k<N

√
E|X̂k |2l ′

Goal: Recall that b̄ ≤ O(λ2). Also Ēstrong ≤ O(λ
3
2 ). We need weak error

to be of order O(λ2)
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Key additional assumption to increase weak error

Assume that

||Dh(x)− Dh(y)||2 ≤ L(1 + |x |+ |y |)l ′ |x − y | ∀x , y ∈ Rd

Then,
Eweak ≤ Cwλ

2
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Final Result

Theorem

Then there exist constants C1,C > 0, depending at most polynomially on
the dimension and independent of N and λ,

KL
(
µ P̂N

∥∥ ν PN
)

≤ C1
1

λ
W 2

2 (µ, ν) + C
(
(Nλ) ∨ logN

)
λ2.
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LSI assumption

Definition (LSI)

A Gibbs probability measure πβ satisfies the logarithmic Sobolev inequality
with constant α > 0, denoted LSI(α), if for all probability measures ν such
that ν ≪ πβ

(LSI(α)) KL(ν|πβ) ≤
1

2α

1

β

∫
Rd

|∇f |2

f
dπβ :=

1

2α
FI (ν|πβ),
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LSI-Optimization in the space of measures

In the Riemannian structure induced by the W2 metric for the functional
E (µ) = Hπ(µ) there holds | gradE|µ|2 = Iπ(µ)

E (µ) ≤ c | gradE|µ|2︸ ︷︷ ︸
P-L condition

=⇒ Hπ(µ) ≤ cIπ(µ)︸ ︷︷ ︸
LSI
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Examples of LSI

Theorem (Bakry-Emery theorem)

Hess(u) ≥ m =⇒ LSI (m)

Theorem (Hooley-Strook petrubation theorem)

Let f : |u − f |∞ ≤ ξ and ν = e−f .

v satisfies LSI (a) =⇒ π satisfies LSI (e2ξa)

Theorem (Cattiaux et al)

dissipativity+one-sided Lispchitzness + (Poincare inequality) =⇒ LSI
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LSI implies contraction in Renyi

Under LSI, there holds

R2(µPt |πβ) ≤ e−ctR2(µ|π)
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Sampling under LSI

Writing
KL(µP̂N |π) ≤ KL(µP̂N |µPN) + 2R2(µPN |π)

leads to

KL(µP̂N |π) ≤ C
(
(Nλ) ∨ logN

)
λ2 + 2e−cλNR2(µ|π)
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Optimal rates

Due to LSI

W2(µP̂N , π) ≤
√

CLSIKL(µP̂N , π)

Due to Pinsker inequality

TV (µP̂N , π) ≤
√
2KL(µP̂N , π)

To reach ϵ accuracy in KL divergence, one needs Õ(ϵ−
1
2 ) iterations.

To reach ϵ accuracy in TV, one needs Õ(ϵ−1) iterations.
To reach ϵ accuracy in W2, one needs Õ(ϵ−1) iterations.
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Global optimization guarantee

Theorem

Let u∗ the global minimum of u. Then,

E
[
u
(
θ̄λn

)]
− u⋆ ≤ CW2

(
L
(
θ̄λn

)
, πβ

)
+O

(
log β

β

)
.

This is achieved by decomposing as

E
[
u
(
θ̄λn

)]
− u⋆ = E

[
u
(
θ̄λn

)]
− Eπβ

[u(x)]︸ ︷︷ ︸
sampling problem

+ Eπβ
[u(x)]− u∗︸ ︷︷ ︸

concentration around minimum
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What if no Hessian Lipschitz

We need to find a method that has increased weak error. Randomized
schemes have been used as an alternative to Euler schemes, to solve ODEs
and SDEs to cater for loss of regularity.
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Tamed Randomized scheme

We define the tamed randomized Langevin Monte Carlo algorithm as
follows:

Ȳ τ
n+1 = Ȳn − λ hλ(Ȳn) τn+1 +

√
2
β ∆W τ

n+1, Ȳ0 = x0,

Ȳn+1 = Ȳn − λ hλ(Ȳ
τ
n+1) +

√
2
β ∆Wn+1, n ∈ N0.

(tRLMC)

Here, (τn)n≥1 is an i.i.d. sequence of random variables uniformly
distributed on (0, 1), independent of the Brownian motion W , and

∆W τ
n+1 := Wtn+τn+1λ − Wtn , ∆Wn+1 := Wtn+1 − Wtn ,

where tn = nλ for n ∈ N0.
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Properties of the algorithm

sup
n

E|Ỹn|p ≤ Cp

Estrong (x) ≤ λ
3
2 C (x)

Eweak(x) ≤ λ2C ′(x)

TV (δx P̃, δyP) ≤ λb(x) +
C√
λ
|x − y |

Increased weak error without Hessian Lipschitzness!
Unfortunately, we could prove cross-regularity only in Total variation..
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TV local Framework

Theorem

TV
(
µ P̃N

∥∥ ν PN
)

≤ C1
1√
λ

W2(µ, ν) + Cλ
√(

(Nλ) ∨ logN
)
. (15)
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Total variation guarantee under LSI

Corollary

There holds

TV (µP̃N , πβ) ≤ Cλ
√(

(Nλ) ∨ logN
)
+
√

e−CLSIλNKL(µ ∥πβ).

As a result, for λ ≤ Õ(ϵ) one needs N ≥ Õ
(
1
ϵ

)
to guarantee

TV (µP̃N , πβ) ≤ ϵ
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Wassestein local framework

Let n, n0 ∈ N. There holds

W 2
2 ((µP̃n−n0)P̃, µP̃n−n0Pn0)

≤ Ce3Kλn0

(
1

λ2

(
Ẽw + λΓ̃Ẽstrong

)2
+

1

λ
Ẽ 2
strong

)
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Finite time bound

There holds
W2(µP̃n−n0)P̃n0 , µP̃n−n0Pn0) ≤ Cecλn0λ
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Contraction

LSI+one-sided Lipschitzness implies

W2(µP̂n−n0Pn0 , πβ) ≤ Ce−ċλn0W2(µP̂n−n0 , πβ)
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Combining

W2(µP̃n, πβ) ≤ Cecλn0λ+ Ce−ċλn0W2(µP̃n−n0 , πβ)

Picking the right n0 one obtains

W2(µP̃n, πβ) ≤ C ∗λ+
1

e
W2(µP̃n−n0 , πβ)
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Final bound

Theorem

There holds
W2(µP̃n, πβ) ≤ C (λ+ e−cλn)

As a result, for λ ≤ Õ(ϵ) one needs N ≥ Õ
(
1
ϵ

)
to guarantee

W2(µP̃N , πβ) ≤ ϵ
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Global optimization guarantee

Theorem

Let u∗ the global minimum of u. Then,

E
[
u
(
θ̄λn

)]
− u⋆ ≤ CW2

(
L
(
θ̄λn

)
, πβ

)
+O

(
log β

β

)
.

This is achieved by decomposing as

E
[
u
(
θ̄λn

)]
− u⋆ = E

[
u
(
θ̄λn

)]
− Eπβ

[u(x)]︸ ︷︷ ︸
sampling problem

+ Eπβ
[u(x)]− u∗︸ ︷︷ ︸

concentration around minimum
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LSI may be large in β

Note that the convergence in the sampling problem relies on the LSI
constant! In many cases (for example the double-well potential) this
constant is exponential in β which cannot be avoided which slows the
convergence with respect to the optimization problem.
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Two ways to tackle this problem :

Use a Polyak-Lojacevic condition and treat the algorithm using only
optimization algorithm

Find conditions where the LSI constant is polynomial in β.
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Optimization result under P-L( no LSI assumed)

Theorem

Assume that u satisfies a Polyak– Lojasiewicz condition.

u(x)− u∗ ≤ CPL ∥∇u(x)∥2 ∀x ∈ Rd . (16)

Let xn be the n − th iterate of adTULA or adTRLMC. Then,

Eu(xn+1)− u∗ ≤ (1− λC−1
PL )

n+1(Eu(x0)− u∗) + CPL

(
C optλ+

d

β

)
,

where C opt depends on the moment bounds of the algorithm and is
specified in the proof.
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Extra Conditions for LSI polynomial in β

There exists C ′ > 0 such that,∥∥∇2u(x)
∥∥ ≤ C ′(1 + |h(x)|) ∀x ∈ Rd

u has a unique local minimum.

There exists a constant l∗ > 0 such that

l∗ ≤ inf
{∣∣λ̄i

(
∇2u(y)

)∣∣ | h(y) = 0, i ∈ {1, 2, . . . , d}
}
.

Denoting by S the set containing all saddle points and local maxima
of u,

sup
x∈S

λ̄min

(
∇2u(x)

)
≤ −l∗ < 0.
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Polynomial LSI

Theorem (Lytras and Sabanis, Stochastic Processes and Appl. 2025)

Under the above conditions, for β large enough,

(CLSI )
−1 ≤ O(β2)
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Summary of contributions

1 Finite time KL guarantees for tamed Euler and TV guarantees for
Tamed Randomized for SDEs with Locally Lipschitz drift

2 Optimal rates for sampling in KL,TV,W2 for tamed Euler and in TV,
W2 for tamed Randomized

3 Optimization guarantees
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From theory to practice: the boosting factor

Bridge to the optimizer

The practical optimizer (TheoPouLA-style, Lim–Sabanis) augments the
coordinate-wise taming map with a boosting factor that scales small
gradient coordinates up:

T(hi ) =
(
1 +

√
λ

ε+|hi |

) hi√
1 + g(λ |hi |)

.

Left factor boosts small coordinates (helps vanishing gradients); right
factor tames large ones (prevents gradient explosions).

Theory transfers. The boosting factor is a bounded multiplicative
perturbation: the growth, closeness, and dissipativity lemmas all go
through with only constant changes.
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Other directions of research

Sampling using subgradient Langevin dynamics from non-smooth
potentials e.g (Johnston et al 2025, TMLR), (Lytras, Makras, Sabanis
2026++)

Sampling using tamed SGLD e.g (Lovas et al 2023)

Sampling using tamed kinetic Langevin e.g (Lytras and Mertikopoulos
2025, Johnston et al 2024, Journal of Complexity)

Tamed SGD (Apidopoulos, Lytras and Mertikopoulos 2026, ICML)
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