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Abstract

Compositional data—vectors of non-negative components summing to unity—frequently arise in
scientific applications where covariates influence the relative proportions of components, yet tra-
ditional regression approaches face challenges regarding the unit-sum constraint and zero values.
This paper revisits the a—regression framework, which uses a flexible power transformation pa-
rameterized by a to interpolate between raw data analysis and log-ratio methods, naturally
handling zeros without imputation while allowing data-driven transformation selection. We
formulate a—regression as a non-linear least squares problem, study its asymptotic properties,
provide efficient estimation via the Levenberg-Marquardt algorithm, and derive marginal ef-
fects for interpretation. The framework is extended to spatial settings through three models.
The a—spatially lagged X regression model, which incorporates spatial spillover effects via spa-
tially lagged covariates, with decomposition into direct and indirect effects. The a—spatially
autoregressive regression model, that allows for spatial autocorrelation, and the geographically
weighted a-—regression, which allows coefficients to vary spatially for capturing local relation-
ships. Applications to two real datasets illustrate the performance of the models and showcase

that spatial extensions capture the spatial dependence and improve the predictive performance.

Keywords: compositional data, a—transformation, spatial regression

1 Introduction

Compositional data are characterized as vectors of non-negative components constrained to sum
to a constant, conventionally normalized to unity. Compositional data structures arise across

diverse scientific domains, as evidenced by the substantial body of methodological literature


mailto:mtsagris@uoc.gr
mailto:pantazis@iacm.forth.gr

devoted to their rigorous statistical analysis'. The sample space of such data is defined by the

standard simplex

D
Sd:{(yh---,yD) \inO,Zyizl}, (1)

i=1
where D denotes the dimensionality of the compositional vector, and d = D — 1 represents the
degrees of freedom.

The methodological imperative to develop models specifically calibrated for compositional
data has catalyzed considerable innovation, particularly in the contemporary statistical litera-
ture. The foundational framework was established by Aitchison (2003)—subsequently designated
as Aitchison’s model-predicated upon log-ratio transformations, thereby inaugurating the log-
ratio analysis (LRA). This methodology was subsequently refined by Egozcue et al. (2003),
who implemented an isometric log-ratio (ilr) transformation to preserve geometric properties.
In contrast, the stay-in-the-simplex approach employs probability distributions and regression
structures intrinsically defined on the simplex manifold. Notably, Dirichlet regression has been
extensively utilized within compositional frameworks Gueorguieva et al. (2008), Hijazi and
Jernigan (2009), Melo et al. (2009). Furthermore, Iyengar and Dey (2002) investigated the
generalized Liouville distribution family, which accommodates negative or heterogeneous cor-
relation structures, thereby extending beyond the restrictive positive correlation constraint of
Dirichlet distributions. A less theoretically justified, yet occasionally employed strategy in-
volves disregarding the unit-sum constraint and treating compositional data within a Euclidean
framework—an approach designated as raw data analysis (RDA) (Baxter, 2001, Baxter et al.,
2005). A fourth methodological paradigm employs the a—transformation family (Tsagris et al.,
2011), which interpolates continuously between the RDA and LRA, thereby affording enhanced
model flexibility while accommodating zero components naturally.

Given the ubiquity of compositional data across scientific disciplines, regression frame-
works incorporating covariates have become methodologically essential. Applications encompass
glacial sediment compositions, household expenditure allocations, geochemical soil analyses,
morphometric measurements, electoral outcomes, pollution indices, and energy consumption
patterns, among numerous other domains. The literature documents extensive applications
of compositional regression methodology. For instance, Aitchison (2003) analyzed foraminiferal
compositions across bathymetric gradients in oceanographic research. In hydrochemistry, Otero
et al. (2005) employed regression techniques to discriminate anthropogenic from lithogenic
sources of riverine contamination in Spain. Economic research, exemplified by Morais et al.
(2018), has related market share dynamics to explanatory variables, while political scientists
have modeled candidate vote proportions as functions of demographic and socioeconomic pre-
dictors (Katz and King, 1999). Compositional methodologies have similarly been deployed in
bioinformatic analyses of microbiome community structures (Chen and Li, 2016, Shi et al., 2016,
Xia et al., 2013).

A fundamental limitation of the aforementioned regression models concerns their inability

to accommodate zero-valued components directly. Consequently, methodological developments

'For an extensive compilation of domain-specific applications involving compositional data, see (Tsagris and
Stewart, 2020).



have addressed this constraint through various approaches. Scealy and Welsh (2011) proposed
a transformation mapping compositional data to the unit hypersphere, introducing Kent re-
gression which naturally accommodates structural zeros. From a Bayesian hierarchical per-
spective, Within econometric contexts, Mullahy (2015) formulated regression frameworks for
fractional response data exhibiting zero inflation. Additional econometric strategies suitable
for zero-augmented compositional data are systematically reviewed in Murteira and Ramalho
(2016) and Alenazi (2022) who investigated the properties of ¢-divergence regression models
applicable to zero-inflated compositional data. Moreover, Tsagris (2015a) introduced a regres-
sion framework predicated upon minimization of the Jensen—Shannon divergence. Tsagris and
Stewart (2018) extended the Dirichlet regression paradigm to accommodate zero components,
yielding zero-adjusted Dirichlet regression.

Concerning spatial autocorrelation structures, the spatially lagged X (SLX) model represents
a parsimonious specification incorporating spatial dependence exclusively through exogenous
covariates, thereby excluding spatial lags of the dependent variable (Elhorst, 2014, LeSage
and Pace, 2009). The spatial autoregressive (SAR) model (Kazar and Celik, 2012, Shi et al.,
2025), analogous to temporal autoregressive processes, posits that observations are influenced
by proximate spatial neighbors. Specifically, the SAR model expresses the dependent variable
as a function of both explanatory covariates and a spatially weighted average of neighboring
dependent variable realizations. Geographically weighted regression (GWR) constitutes a local
regression methodology designed to capture spatially heterogeneous relationships (Brunsdon
et al., 1996). In contrast to conventional regression, which assumes parameter stationarity,
GWR permits spatial nonstationarity through location-specific coefficient estimation.

The integration of the spatial regression framework within the compositional data analysis

2. Leininger et al. (2013) synthesized hierarchical

represents a relatively narrow research area
Bayesian models for zero-inflated compositional data, incorporating spatial random effects to
accommodate local variation. Nguyen et al. (2021) and Yoshida et al. (2021) developed a SAR
specification, and GWR, respectively, both employing the ilr transformation for compositional
responses. Clarotto et al. (2022) introduced a novel power transformation, conceptually analo-
gous to the a—transformation, specifically calibrated for geostatistical modeling of compositional
data.

In this paper we adopt a pragmatic methodological stance, particularly tailored to regression
with compositional data. The principal contribution of this paper is a unified framework for
regression modelling of compositional data. We examine the a-regression (Tsagris, 2015b),
that was proposed as a generalization of Aitchison’s log-ratio regression (Aitchison, 2003), that
naturally accommodates zero components, while offering flexibility via the a—transformation.
First, we review the a—regression model, examine it as a non-linear least squares minimization
problem and use a modified Levenberg-Marquardt algorithm, that is computationally efficient,
to estimate the regression coefficients. We suggest two approaches to select the optimal value
of a, and provide formulas for the marginal effects (MEs) of the covariates, including their
asymptotic variance, We then establish the consistency and the asymptotic normality of the

regression coefficients. Concluding the presentation a—regression, we discuss robust extensions

2The literature in spatial modelling contains more works, but most of them rely on log-ratio transformations

prior to the application of standard spatial models.



and a simple method to incorporate compositional and Euclidean predictors.

The advantages of the a—regression are: a) ability to handle zeros naturally without imputa-
tion. b) Flexibility as o provides a continuum from power transforms to log-ratio methods. ¢) A
predictive performance that is often higher compared to classical methods. d) A balance of the
strengths of power transformations and log-ratio methods, providing a flexible and effective tool
for predictive modeling on the simplex. A disadvantage though is the reduced interpretability
of regression coefficients compared to log-ratio approaches.

We next extend the a—regression to accommodate spatial dependencies via three directions.
The first extension is the a—SLX model, where we allow for spatial correlation in the predictors,
that is we allow for spillover effect at the covariate level. The covariates affect directly the
response, but also indirectly via the values of their neighbours. The second extension is the
a—SAR model, where we place the correlation in the response side. The response is not only
affected by the covariates, but also by the response values of the neighbours. Finally, we propose
the GWaR model, where the regression coefficients are location specific. For all aforementioned
spatial regression models, the selection of o and the free parameters is achieved via the spatial
K-fold cross-validation (CV) protocol. Further, since the resulting regression coefficients are
hard to interpret the effect of the covariates, we provide formulas to compute the MEs (and
their asymptotic variance).

The next section discusses the a-regression, while section 3 generalizes this model to its
spatial regression versions. Section 4 illustrates the performance of all regression models on two

real datasets and Section 5 concludes the paper.

2 The a-regression

First the a—transformation, used for the a-regression, is defined, followed by the regression

formulation.

2.1 The a—transformation

Tsagris et al. (2011) introduced the a—transformation, a power-based mapping designed for
compositional data, y = (y1,¥2,...,yp). For a given parameter o € [—1, 1], the transformation
is defined in two steps. Each component is raised to the power a and renormalized to remain

in the simplex

(67 (67
u:( o . b a). (2)
Zj:lyj Zj:lyj

This ensures v = (uq,...,up) is itself a composition. To map compositions into Euclidean

space for analysis, apply a linear transformation using the D x (D — 1) Helmert sub-matrix H:
1 T

where 1 denotes the D-dimensional vector of ones.



The a-transformation in (3) is a one-to-one transformation which maps data inside the

simplex onto a subset of R¢ and vice versa for a # 0. Its corresponding sample space is

d
1 d
Ad: H « ——< ia<*a§ i =0 . 4

: {W(y)‘ a_w’ _aizlw’ } W

In effect, y, resembles a Box—Cox style mapping, and the resulting ¥, is an unconstrained
vector in Euclidean space, suitable for standard multivariate statistical techniques. When o = 1,
the transformation corresponds (up to scaling) to raw data analysis (RDA). When aw = —1, the
transformation is aligned with RDA as well, but using the inverse of the compositional data.

At the limiting case, as a — 0, the transformation converges to the ilr transformation used in

LRA.
Y1 YD T
B P .
( H?:l %1‘/ H?:l ?J]l-/

Thus, the a—transformation provides a continuum between RDA and LRA, allowing ana-
lysts to choose the most appropriate representation of compositional data based on empirical

performance or theoretical considerations.

2.2 The a—regression

The a—regression has the potential to improve the regression predictions with compositional data
by adapting the a—transformation to the dataset’s geometry. We assume that the conditional

mean of the observed composition can be written as a non-linear function of some covariates

! fori=1
or ¢ =
D T3,
1+Zj:1€x Bj
/"L’L': exTﬁi (6)
fori=2,...,D

L+ 307 e

where
Bi = (Boi, B1iy - Bpi)T, 1=1,...,d and p denotes the number of covariates.

Tsagris (2015b) used the log-likelihood of the multivariate normal distribution, but in this
paper the regression is formulated as a non-linear least squares problem, where the minimizing
function is the sum of squares of the errors (SSE)

n

n
SSE (Y7 X a, B) = Z HYZ',a - Mi,a”% = Z (Yi,a - ,U'z',a)—r (}’i,cx - Ni,a) , (7)
i=1

i=1
where y; o and m; , are the a—transformations applied to the i-th response and fitted composi-
tional vectors, respectively and ||.||2 denotes the Ly norm. Application of the stay-in-the-simplex

power transformation (2) to the fitted vectors yields a simplified expression

T el
eX B; T,@ «
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For a given value of «, the matrix of the regression coefficients B = (81,...,8q) is esti-
mated using a modification of the Levenberg-Marquardt algorithm?. The R package minpack.Im
(Elzhov et al., 2023) is employed to this end®.

2.2.1 Limiting case of « — 0

Tsagris et al. (2016) presented the proof that as e — 0, the a—transformation (3) converges to

the ilr transformation (5). Following similar calculations one can show that

D

1 a D X8

lim — D[/jil_l ﬁxﬁi_M’
AN AT b

which corresponds to the regression after the centered log-ratio transformation [the ilr trans-
formation (5) without the right multiplication by the Helmert matrix]. This implies that there
are D vectors of 8 regression coefficients. But, since the set of regression coefficients sums to
zero, if we subtract the first coefficient from the rest of the 5; we end up with the regression

coefficients of the additive log-ratio (alr) regression

log (yl) =x'Bi, i=2,....,D
!

2.2.2 Choosing «

In the regression setting the optimal value of « is data-driven, and there are two ways to
estimate its value. The first is to minimize the Kullback-Leibler divergence (KLD) between
the observed and fitted compositions KLD (y, p) = > 4 ZjD:l Vijlogyi;j/pij. This results in a
double minimization problem. For a given value of o one must minimize the SSE (7) in order
to obtain the regression coefficients and then minimize the KLLD with respect to « to obtain the
optimal value of a. With the choice of the KLD, the value of « is independent of the SSE, since
the SSE is not comparable across the different values of «. The second option is to examine «
as a hyper-parameter whose value is chosen by minimizing the KLD via CV, e.g. 10-fold CV.
(Tsagris, 2015b).

2.2.3 Marginal effects

To account for the difficult interpretation of the regression coefficients, the MEs, given below,

may be used

O —H1 2?21 5jk,uj+1 for i=1 } (8)

ME;, = ¢ — .
" Oy, { M (Bi—l,k - Zle BjkﬂjJrl) for 1=2,...,D

where Zf): 1 gg}i = 0, because ZZZ 1 i = 1. The sum of the MEs sums to zero, because if all
components increase, one at least component must decrease by the same amount so that the

unity sum constraint is preserved.

3This algorithm interpolates between the Gauss-Newton algorithm and the method of gradient descent.
4The relevant gradient vector, and the Hessian matrix are provided in the Appendix. The Newton-Raphson

algorithm was implemented but exhibited slower convergence.



The average MEs (AME) across all observations are then computed as

O
AME, =
k= Z ory
Standard errors can be computed via bootstrap or the delta method, accounting for estimation

uncertainty in both B , 7, and [i.

2.2.4 Standard error of the MEs

The covariance matrix of MEs is derived using the delta method. Let § = vec(B) be the dp x 1
vector of stacked regression coefficients, where B = (1, ..., 34) is the d x p matrix of coefficients.

The general method of the Delta method reads that for a function g() of the parameters:
Var(g(6)) ~ JVar(6)J ",

where J = 8T is the Jacobian matrix.

00
For observation i, component ¢, and covariate k, the ME is:

Opie
D (9)

ME;p, = mip, =

The Jacobian of the ME for the reference component (¢ = 1) is

. O
5 5 — Ok i1 im41 — ;%L;ls Z? 1 Bikbij+1 — pat Z?Zl Bk 5;1;1 for 0 =1
Hip d
= 5l o 1Lt ) Opig _ _ ! UL ] —
aﬁms <aﬂfzk> skOm 0—1 i — Osk i Lim—+1 + Bms ﬁé 1,k Z]:l B]k:,uz]Jrl

O
Hie Z] 1 Bk 5051;1 for £ =2,...

where g, is the Kronecker delta (d5; = 1 if s = k, 0 otherwise), and the derivatives of pu with
respect to § are:
—pirphiry1Tis  if =1

Opuij o
s pij (L — puig)wss i j=r+1

—ijlhir+1%is  otherwise,

where r € {1,...,d} and s € {1,...,p}.

For observation i, component ¢, and covariate k, the variance is

i
Var< Hit ) = Ty, Var() I, (10)
Oz,

and the covariance matrix of the AMEs is
1 & !
Cov(AME) = ( g J; > Var(0) ( g Ji> . (11)
n
i=1

2.3 Consistency and asymptotic normality

To establish the large-sample properties of the a-regression estimator én, we impose the following
assumptions or regularity conditions. The four structural assumptions delineated below are

necessary to establish the consistency of the regression coefficients.



Assumption 2.1 (Data Generating Process). The data {(y;, z;)};"; are independent and iden-

tically distributed (i.i.d.), and the conditional mean is correctly specified
Elyia | i] = pria(0) -

Assumption 2.2 (Parameter Space). The parameter space © C RUP+1) i compact, and the
true parameter fy € int(0).

Assumption 2.3 (Identification). The population objective function

Q(6) = Elllyia — pia(®)]*
has a unique minimum at y. That is, for all 6 # 6y, Q(6) > Q(6y).

Assumption 2.4 (Continuity and Moment Conditions). The function ;o () is continuous in
@ for all € ©. Furthermore,

Ellyial®] < oo and E[Sug 0 (0)11] < o0
S

Theorem 2.5 (Consistency). Under Assumptions 2.1-2./,
én LN 0y as n — oco.

Remark 2.6 (Necessity of Correct Specification in Consistency). The assumption Ely; | z;] =
11:.0(00) (Assumption 2.1) ensures that the population objective function Q(0) = E[||yi.a — pia(0)]?]
is globally minimized at the true parameter 6. Under correct specification, the first-order con-
dition at 6y becomes E[g;(60) " (yia — ti.a(60))] = 0. If the mean is misspecified, the estimator
0,, will converge to a value 6* that minimizes the approximation error, leading to asymptotic

bias.

Remark 2.7 (Necessity of Bound on y; ). Although the raw composition y; is bounded within

the simplex SP~!, the transformed response Yi.o 1S N0t necessarily bounded. Specifically, for
—|a
(]

The assumption E[||y; «||?] < oo is therefore essential to ensure that the objective function has

a < 0, y; o involves terms of the form y,."', which diverge as any component approaches zero.

a finite population expectation and that the variance of the residuals remains manageable.

Remark 2.8 (Dominance and Uniform Convergence). The assumption E[supgcg ||1i.0(0)[*] < oo
acts as a dominance condition. For the estimator 6, to be consistent, we require the sample
objective @, (0) to converge to the population objective Q(6) uniformly over ©. This moment
condition ensures that the random objective function is bounded by an integrable function,

satisfying the requirements for the USLLN.

Remark 2.9 (Identification and Compactness). Consistency requires the identification of 6, as a
well-separated minimum. By assuming © is compact and 1 o(#) is continuous, the existence of a
minimum is guaranteed. The moment conditions further ensure that the surface of the objective
function is sufficiently smooth in expectation, preventing the estimator from converging to

boundary points or spurious local minima as n — oo.

The next three assumptions are necessary to establish the asymptotic normality of the

regression coeflicients.



Assumption 2.10 (Smoothness). The fitted values j; () are twice continuously differentiable
in 6 on int(©). Let g;(0) = —0u;,o(0)/06 be the Jacobian.

Assumption 2.11 (Strengthened Moment Conditions). The following hold: E[supycg |lg:(0)[]?] <
oo and
Elsuppee [[V2ri(0)]] < oo.

Assumption 2.12 (Non-singularity). The Gram matrix G(6y) = E[gi(6o) " gi(6p)] is positive
definite.

Based on the regularity conditions established previously[cite: 11, 13, 17, 18], we now prove

that the estimator 6, is asymptotically normally distributed.

Theorem 2.13 (Asymptotic Normality). Under Assumptions 2.1-2.12, as n — oo:
Vil — 00) % N(0,G(80) ' Q(00)G(00) ") (12)
where G(00) = E[gi(6o) " 9:(6o)] and Q(8o) = Elgi(bo) " 7:(60)r:(60) " 9:(60)]-

Remark 2.14 (Necessity of Correct Specification in Asymptotic Normality). The assumption
Elyio | i] = pia(fo) (Assumption 2.1) is fundamental for the proof of Asymptotic Normality
because the correct specification ensures that the second term of the Hessian, E[Vg;(6p) T7;(60)],
vanishes because E[r;(6p) | z;] = 0. Without this, the "bread” of the sandwich covariance matrix
would require an additional complex term involving the second derivatives of the regression

function, and the standard information matrix equality would fail.

2.4 Robust extensions of the a—regression

The a-regression is based upon minimization of the Ly norm (7). In a similar fashion one
may choose to minimize the sum of the absolute deviations, yielding the c—minimum absolute

deviations (a—MAD) regression
n d
MAD (Y, X;0,B) =Y > " |yija — ttijal-
i=1 j=1

Following Tsagris (2025b) the a—MAD regression was formulated as a univariate regression
problem, by using the vectorization operation for the responses and by constructing the design
matrix in a suitable manner. To make the estimation efficient the command nlrq() from the
R package quantreg (Koenker et al., 2024) was utilized. This approach exhibits dependence
on initialization and does not ensure convergence. Alternative models include alternative loss
functions. Instead of the Ly norm, one may use the L; norm > " [|yia — iiell1 leading to
the a—spatial median regression®. Other options include Tukey’s biweight loss function (Tukey,
1960), Hampel’s loss function (Hampel, 1974) or Barron’s general loss function (Barron, 2019),
all available in the R package gsinls (Chau, 2025). A practical limitation of these approaches is

the increased computational cost.

50One option for this regression is to use R’s built-in optimizers or iteratively reweighted least squares. The

second option is computationally expensive as well, given the complexity of the derivatives involved.



2.5 The a—regression with continuous and compositional predictors

For convenience purposes, and without loss of generality, we will consider the case of a single
composition, denoted by Z. The composition Z is first transformed using the a—transformation
(3), hence denoted by Z,. Principal component analysis computes the eigenvectors V,, of Z,
and then the projections on to this orthonormal basis are computed, S, = Z,V,. The extension
of the a—regression to account for compositional predictors is straightforward.

The fitted values are given by

1
fori=1
o 1+, = Pits i
Hi = ewTﬁi-l—SI/%' (13)
fori=2,...,D.

D T3, T~
L+ 0 e Pitsas

The notation o/ highlights that the value of « in the compositional predictors need not be
the same as the one used when computing the SSE (7), and to clarify the difference, the new

SSE may be written as
g g AT :
SSE (Y7 Xa a, O/v B) = Z ||yi,oz - ui,o/ H2 = Z (yi,a - Hzofa) (yi,a - H?ﬁa) . (14)
i=1 i=1

Unlike the a—regression, the extension contains two independent a values, whose values can

be chosen via the KLD as mentioned earlier.

3 The a—SLX, ao—SAR and GWaR models

In the following sections we define three spatial extensions of the a-regression. The models
presented cover the Euclidean predictors case, and the inclusion of compositional predictors is

straightforward, and hence not covered.

3.1 The a—SLX model

The a—SLX model extends the standard a—regression by incorporating spatial spillover effects

through the covariates. The fitted compositional values are given by:

1 .
1+ Z X Bt (Wx) T, fori =1
= X Bit (Wx) Ty _ (15)
= Z xT5J W0, fori=2,...,D.
The matrices of regression coefficients B = (51,...,84) and T' = (7y1,...,74) are estimated in

the same way as in the a—regression, and W is the contiguity matrix explained below.

3.1.1 The contiguity matrix

Some researchers tend to compute the Euclidean distance between two pairs of latitude and

longitude, (v4,v;) and (v5,v;), dij = \/(VZ —vj)? + (v; — v;)*. There is a fundamental flaw with

10



this approach which is highlighted by Mardia and Jupp, 2000, pg. 13. Consider for instance
the case of two coordinates whose latitude (or longitude) values are 359° and 1°. Using the
previous simplistic approach yields a distance between the two values 359° — 1° = 358°, but
the actual distance between them is only 2°. To account for this, the pair of coordinates must
first be transformed into their Euclidean coordinates, prior to the application of the Euclidean
distance.

The locations (latitude and longitude) between a pair of observations, (v;,v;) and (v;,v;)
are first mapped from their polar to their Cartesian coordinates (after transforming the degrees

into radians)
c; = (cos(v4), sin(v;) cos(v;), sin(v;) sin(v;)) and c; = (cos(v;), sin(v;) cos(vj), sin(v;) sin(v;)) .
The Euclidean distance between c; and c; is

dlerey) = &% = llei — ¢ = e + e~ 2¢] e =2 (1~ ;).

For the i-th location, compute the region with the k£ nearest neighbors C;; and zero the rest,
that is
1/d%  if j € Cy
ay={ 1 TIEE (16)
wi; =0 else.

The (4, j) elements of the contiguity matrix W are then defined as w;; = 1;;/ > _7_ Wij.

3.1.2 Choosing o and k

The choice of the optimal values of o and of k is again data-driven and can be performed via
CV, but this time the spatial 10-fold cross-validation CV protocol is employed, where the metric
of performance is again the KLD.

The R package blockCV (Valavi et al., 2019) implements spatial cross-validation techniques
designed to address the spatial autocorrelation inherent in geographical data. Unlike the tra-
ditional 10-fold CV, which can lead to overly optimistic model performance estimates when
data points are spatially clustered (Roberts et al., 2017), the spatial version partitions data into
spatially separated training and testing folds. This ensures that the testing data are spatially in-
dependent from the training data, providing more realistic assessments of model generalization

to new geographic areas.

3.1.3 Spatial MEs

The spatial MEs (SMEs) consist of three components, the direct, the indirect and the total MEs.
The following formulas are identical to the standard a—regression MEs (8), as they depend only
on the § coefficients and do not involve spatial terms.

The direct SMEs measure the change in the covariate values

d )
) - Bkl fori=1
DSME;, = O _ 1 23_1 ﬁykﬂﬁl

dxy, Wi <Bi—1,k - Z;-lzl @jkﬂjﬂ) fori=2,...,D.

The indirect (spillover) SMEs measure the impact of a change in the spatially lagged covari-

ate (Wx), (i.e., the weighted average of neighboring values) on the local composition component

11



1;. They have the same functional form as the direct effects, with v replacing 8. This structural
symmetry reflects how spatial spillovers operate through the same multiplicative mechanism as

direct effects.

d .
i —H1 D5 Vi1 for i =1

IDSME; = —Mi
(W) i (%’—Uc - Z;Ll 7jij+1> fori=2,...,D.

The total SMEs combine both direct and indirect SMEs representing the full impact of a

simultaneous change in both local and neighboring covariate values.

d .
Ouw; 0 — L ﬁ + s . for i — 1
TSMEZk = ﬂ+$ — H1 Z] 1( 'k ij),uzj_i_l

Oy, A(Wx)y, i [(ﬁi—l,k‘ +Yic1k) — Z;lzl(ﬂjk +Yjk)pj1| fori=2,...,D.

3.1.4 Properties of the SMEs

Some properties regarding the SMEs are delineated below.

e The sum of the SMEs across all components equals zero:

D OL; D ou
i d _ Y
2iom 0 ;a(wx)k 0

This ensures that the composition remains on the simplex after perturbations.

e All SMEs depend on the current composition values u, making them observation-specific

and state-dependent.

e Direct and indirect effects share the same functional form, differing only in the coefficient

vectors used (5 vs 7).

e The contiguity matrix W determines which neighbors contribute to spillover effects. We

remind that row-standardization is used such that ) jwij = 1.

e The standard error of the SMEs can be computed in a manner similar to the MEs of the

a-regression and the formulas of their Jacobians can be found in Appendix F.

3.1.5 Prediction of new values

To predict the compositions for new observations X, we must first construct the matrix W,
which contains the row normalized distances from the new locations to the existing ones, and

then use the following formula

1

fori=1
]_ + Zle exTTLewﬁjJ’»(W”wa)T’Yj

i = ex:;ewﬁi‘f‘(wnewx)j"}’i (17)
fori=2,...,D.

1+ Zle eXnewBiT(Wnewx) T
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3.2 The a—SAR model

Inspired by the SAR for multinomial regression we define the following formulation

pi = pWpi+x'Bi+e
(L —pW)pi = x'Bite
pi = S ' x"Bi+5(p) e,
for i =1,...,D, where p € (—1,1) is the spatial autoregressive parameter measuring spillover

strength, S (p) = In — pW is the spatial multiplier matrix, and ¢; ~ N (0, 021,,).

The fitted values are then defined in the same manner as in (6)

1
fori=1
1+ Z]'D=1 edn—pW)~1xT5; o
Hi= o(Tn—pW)1xT 5, (18)
fori=2,...,D.

1+ Z]'D:1 e(In—pW)~1xT;

Similarly to the a—regression, for a given value of @ we minimize the SSE (7) in order to estimate
the Bs and the p parameter. The choice of « and k is again performed via the spatial 10-fold
CV.

3.2.1 Computational challenges

The main obstacle faced during estimation of the a—SAR model is the inversion of the n x n
matrix S (p), a task that becomes computationally heavier as the sample size increases. Second,
prior to performing the Levenberg-Marquardt algorithm we perform a grid search of p values,
then estimate the parameters for a given value of p and choose the p that yields the minimum
SSE. Each time, initial values for the s are derived by the a—regression. Then, we use this p

value and the resulting s as starting values for the estimation of the model.

3.2.2 SMEs

The direct effects measure the impact of a change in location ¢’s covariate on location ¢’s own

composition:

e | it Xt Biwttga - 19() i for £ =1
DSME;y;, = (91‘; =

it [5€fl,k - Z?Zl 5jkuij+1] [S(p)~Yi forl=2,...,D.
The indirect effect at location i (summing spillovers from all neighbors) is

— i1 Z?:l Bikttiger - 22525 (p) i for £ =1

it \Be-i = Xj1 Binttige | - XyulS(p) My for £=2,...,D

The total SMEs are the sum of the direct and indirect effects.
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3.2.3 Prediction of new values

Denote the new m covariate values by X% located at new, unseen in the model, coordinates.
We stack the new covariate values under the observed ones to create the augmented design
matrix (Goulard et al., 2017)

X — (X Xrew ).

Similarly define

— W Wnew
Wnew AV.V4

to be the augmented contiguity matrix, where W™ denotes the distances of the new locations
from the observed ones. Note that W% is row standardised. X**Y contains n + m rows, and
W is of dimensions (n + m) x (n + m), where n is the sample size of the observed sample,
upon which the estimates are derived.

The predicted values are given by

1
e fori=1
L 3D elbenoWeen) () o
- T
yz] e(In+m_pwau9)7l(x;ug) Bi
p— fori=2,...,D.
1+ ZZDZI e(In-‘rm*PWauy)il(xj ) Be
Stacking the predicted values, in a matrix format, Yous — Grew | we observe that we the

predictions for the new covariate values at the new locations are placed in the bottom m rows
of Y9,

3.3 The GWaR model

The GWaR model is a weighted a—regression scheme, but the difference is that the regression is
performed n times, each time with different weights. The weighted SSE that must be minimized
is

n

SSE (Ya Xa «, ha B) = Z (yi,a - ,ui,a)—r Wl (Yi,a - Mi,a) ) (19)
i=1
where W; = diag {w;1, ..., win}, is the weighting matrix corresponding to the weights allocated

to each observation. A common weighting function is the Gaussian kernel

o i
wij = exp <_2h2> ; (20)

where d;; is the distance between location ¢ and j, and h is the bandwidth parameter controlling

the degree of spatial smoothing.
As a — 0, the GWaR converges to the GWR after the alr transformation (Yoshida et al.,
2021).

14



3.3.1 Choice of o and h

Choosing the optimal value of & in the classical GWR is typically achieved via the spatial 10-fold
CV protocol, with the KLD acting as the metric of performance. The GWaR model entails an
extra hyper-parameter, the o. This time the CV protocol is computationally more intensive.
To alleviate the cost, the range of possible values a to be examined may be reduced, retaining
only distinct values such as o = 0.1,0.25,0.5,0.75,1.0. A heuristic approach to expedite the
identification of the optimal a value involves performing the cross-validation protocol using the
a—-regression. However, empirical evidence suggests this strategy is inadvisable. Regarding the
h hyper-parameter, following Gretton et al. (2012), Schrab et al. (2023) the median heuristic is
employed as the starting point. This way, one knows a region to search for the optimal value
of h.

3.3.2 Computational tricks to alleviate the computational burden

e Similarly to the a—regression, the stay-in-the-simplex power transformation (2) is written

o ) )
% —

Z][‘):1 M? 1 + Z]D:1 (exTﬁz‘)a 1 + szzl (60¢xTﬁi) )

as

d?. Te.—
e The weighting function (20) becomes w;; = exp (—ﬁé) = exp (CZ Z; 1).

e The minimization of the SSFE takes place for specific values of @ and h. When passing
the arguments of the SSE in the command minpack.lm: :nls.1m(), the quantity ax is

pre-computed and passed as an argument.

e The function minpack.lm: :nls.1m() requires a function that outputs the residuals. So,

in order to perform weighted least squares we multiply the weights w; by the residuals r;.

e For each observation i, we can compute the regression coefficients for different values of

h. This is useful during the cross-validation protocol.

3.3.3 SMEs

The formula for the SMEs of the GWaR, are nearly the same as those of the a-regression (8),
but location specific
op (viyvi) ) —m (Vi vi) S0 Bk iy vi) pjan (i, vi) for i =1
Oz, toe (Vi vi) | Bim1 i (Vis i) — 2?21 Bik (Vi, vi) 41 (ui,vi)] for ¢ =2,...,D.
(21)

D Ome(vivi) _ ) Yyt this time, this is true for every location.

Just like in the a-regression, the ) ,~; =5

4 Application to real datasets

Real-data applications show that the a—regression can outperform the standard log-ratio-based

regression, in terms of predictive performance, particularly when zeros are present, which can
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be further improved by taking into account the spatial dependencies.

The spatial 10-fold CV was employed to determine the values of the optimal hyper-parameters
in each of the four regression models. To reduce the computational burden, 5 values for o were
chosen, namely o = 0.1,0.25,0.5,0.75,1. The values of k (for the a—SLX model) were set to
k= (2,....,15), and the bandwidth h of the GWaR was initially set equal to the median of
the distances of the coordinates. A grid of 19 values spanning from 0.1h up to 10h were used
for the GWaR model. The spatial 10-fold CV® was repeated 10 times’ and the results were

aggregated over these 10 times.

4.1 Agricultural economics dataset

Data regarding crop productivity in the Greek NUTS II region of Thessaly during the 2017-
2018 cropping year were supplied by the Greek Ministry of Agriculture, also known as farm
accountancy data network (FADN) data. The data refer to a sample of farms and initially they
consisted of 20 crops, but after grouping and aggregation they were aggregated into five crop
categories®. These crops are Cereals, Cotton, Tree crops, Other annual crops and pasture and
Grapes and wine. For each of the 168 farms with unique coordinates, the cultivated area in
each of these 5 grouped crops is known. Due to the presence of zero values the LRA approach,
i.e. the family of the a—regression models presented earlier with @ = 0, is not applicable.

Figure 1(a) shows the location of Thessaly region in Greece, and Figure 1(b) shows the
locations of the farms. The majority of the farms cultivate cereals and only a small proportion
of farms cultivate grapes and wine. Specifically, 84.52% of the farms cultivate cereals, 50.00%
cultivate Cotton, 40.48% maintain tree crops, 81.55% hold other annual crops and pasture, and
finally only 16.67% of the farms own grapes and wine.

The goal is to examine the relationship between the composition of the cultivated area and

the following covariates:

e Human Influence Index (HII, direct human influence on ecosystems). Zero value represents
no human influence and 64 represents maximum human influence possible. The index uses
all 8 measurements of human presence: Population Density /km?, Score of Railroads, Score
of Major Roads, Score of Navigable, Rivers, Score of Coastlines, Score of Nighttime Stable
Lights Values, Urban Polygons, Land Cover Categories. The range of observed values is
16.08 — 46.69, with an average of 29.021.

e The soil pH (CaCly). The range of values observed is between 0 — 6.99 and the average is
6.33.

e Topsoil organic carbon content (SOC). The content (%) in the surface horizon of soils.

The values ranged from 0.54 up to 10.07 with an average equal to 1.41.

Table 1 contains the results of the predictive performance estimation of the 4 models, ag-
gregated over the 10 times repeated 10-fold spatial CV protocol. The a—SAR model exhibited

5The spatial CV was also applied to the a-regression to ensure a fair comparison.
"The time required to create the spatial folds was not accounted for.
8 A larger version of this dataset was used in Mattas et al. (2025). Following the EU Regulation No1166,/2008

that establishes a framework for European statistics at the level of agricultural holdings the aggregation took

place across different output of crops.
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(a) Region of Thessaly within Greece. (b) The locations of the 168 farms.

Figure 1: The Thessaly region in Greece.

the optimal predictive performance, and, unexpectedly, the use of spatially lagged covariates
deteriorated this performance. Two potential explanations that may account for this result are:
a) the particular dataset may not exhibit strong spatial spillover effects and b) this suggests
potential overfitting. In contrast, the GWaR model was the computationally most expensive

among them.

Table 1: Agricultural economics dataset: average results regarding the optimal choice of «, k,

h, KLD and running time (in seconds) for each of the four models.

Model ‘ KLD o k h Running time
a-regression | 0.810 0.775 3.308
a—SLX | 1.603 0.550 6 172.860
a-SAR | 0.608 1.000 5 1258.929
GWaR | 0.869 0.675 3.369x1073 1233.419

We then fitted the regression models using the optimal parameters obtained based on the
CV protocol and computed the correlations (component-wise) between the observed and fitted
compositions. Table 2 contains these correlations. The a—SAR model has achieved the best fit.
It is important to highlight that the spatial autoregressive parameter p of the a—SAR model
was equal to -0.148 with a standard error equal to 0.0681. A t-test indicates that the coefficient

is statistically significant.

4.2 Meuse river dataset

This dataset gives locations and topsoil heavy metal concentrations, along with a number of

soil and landscape variables at the observation locations, collected in a flood plain of the river
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Table 2: Agricultural economics dataset: Pearson correlations between each pair of the observed

and fitted components for each of the four regression models.

Cereals Cotton Tree crops Other annual crops Grapes and wine

and pasture

a-regression 0.324 0.589 0.603 0.348 0.224
a—SLX 0.327 0.626 0.627 0.413 0.328
a—SAR 0.318 0.582 0.608 0.357 0.230
GWaR 0.497 0.741 0.760 0.485 0.372

Meuse, near the village of Stein (Netherlands). Heavy metal concentrations are from composite
samples of a squared area of approximately 15m x 15m. There are measurements (all measured
in mg kg~! (ppm)): topsoil cadmium concentration (zero cadmium values in the original dataset
have been shifted to 0.2 (half the lowest non-zero value)), topsoil copper concentration, topsoil
lead concentration and topsoil zinc concentration. Figure 2 shows the map with locations of the

sample. This dataset is characterized by the absence of zero values.

600 m

Figure 2: The flood plain of the river Meuse in Netherlands.

We have selected 3 covariates to associate the components with, namely the relative elevation

! soil (percent) and the

above local river bed (in metres), the organic matter, kg (100 kg)~
distance to river Meuse (in metres), as obtained during the field survey.

Table 3 contains the average results regarding the optimal choice of «, k, h, KLD and
running time (in seconds) for each of the four models. In this case the a-regression exhibits
performance comparable to the a—SLX model, and the GWaR model exhibited the optimal

performance, at the cost of duration. Moreover, the optimal « value did not remain consistent
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across models, and the value of zero, that corresponds to the ilr transformation (5), was never

selected.

Table 3: Meuse river dataset: average results regarding the optimal choice of «, k, h, KLD and

running time (in seconds) for each of the four models.

Model ‘ KLD o k h Running time
a-regression | 0.006 0.500 1.017
o—SLX | 0.006 0.500 3 29.868
a—-SAR | 0.006 0.435 4 370.723
GWaR | 0.036 0.250 590.523x 1076 529.103

We then fitted the regression models using the optimal parameters obtained based on the
CV protocol and computed the correlations (component-wise) between the observed and fitted
compositions. Table 4 contains these correlations. The GWaR model has achieved the best fit.
It is important to highlight that the spatial autoregressive parameter p of the a—SAR model was
equal to -0.206 with a standard error equal to 0.164. Table 4 contains the correlations between
each pair of the observed and fitted components for each of the four regression models. The

a—SLX regression model has outperformed the rest.

Table 4: Meuse river dataset: Pearson correlations between each pair of the observed and fitted

components for each of the four regression models.

Cadmium Copper Lead Zinc

a-regression 0.638 0.543 0.471 0.628
a—SLX 0.717 0.575 0.506 0.653
a-SAR 0.592 0.559 0.472 0.634
GWaR 0.648 0.558 0.482 0.638

5 Conclusions

The a-regression (Tsagris, 2015b) was revisited, and its theoretical properties were rigorously
examined. A robustified version based on the quantile regression was proposed, although it is
computationally intensive and may exhibit convergence difficulties. The inclusion of composi-
tional predictors was facilitated via PCA, but this makes the regression computationally more
challenging as it involves a second « parameter.

The a—regression was next expanded to account for spatial dependencies by introducing the
a—SLX, the a—SAR and the GWaR models. For all models, formulas for the MEs were provided
and their capabilities were tested on two real datasets.

The R package CompositionalSR (Tsagris, 2025a) was developed to perform all the a—
regression modes, available to download from CRAN.

Future research could explore nonparametric spatially varying models for compositional

data, as well as hybrid approaches that blend GWR with machine learning techniques for
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complex compositional systems. Further, a spatial non-linear autocorrelation test similar in the

spirit of Moran’s I test (Moran, 1950) would constitute a valuable direction for future research.
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Appendix

A Univariate spatial regression models

A.1 The SLX model

The SLX model provides a useful and interpretable framework for identifying spatial spillover
effects through covariates alone. While it lacks the feedback mechanisms of models that include
Wy (spatial autocorrelation of the dependent variable), it remains a robust and easily estimable
tool for exploring spatial interactions. The structure of the SLX model allows researchers to cap-
ture how characteristics of neighboring spatial units affect local outcomes without introducing

simultaneity. The general form of the SLX model is

p p
yi=Bo+ > Beik + Y W | D wiyzi | + e, (A1)
k=1

k=1 i

where y denotes the dependent variable, xj, denotes the kt-h covariate, w;; is the (7, j) element of
the n x n spatial weights (contiguity) matrix W representing the spatial relationships between
observations (e.g., contiguity or inverse distance), and Zj# w;;x), denotes the k-th spatially
lagged covariate. The s and s are parameters corresponding to the direct (local) and indirect

(spillover) effects, respectively, and ¢ is the classical error term.

A.2 The SAR model
The SAR model, which associates the response with its neighbours, may be written as
yi = pWy+Xif+e

yi = S(p)XiB+ S(p)es,
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where S(p) = (1 — pW) ! and p € (0,1) is the spatial autoregressive parameter and determines
how much the dependent variable in one area is influenced by values in neighboring areas,
according to the spatial structure defined by W. In theory it can also take negative values, but
positive values are more meaningful, in the sense that the neighbours of a farm that produces
olive oil, for instance, affect the farm in a positive way.

The above model may also be written as y; = X;v+wu; and be estimated using standard linear
regression. The problem though is that we cannot disentangle the components of v, we cannot
separately identify the parameters B and p. Therefore, suitable estimation techniques must
be employed identify them. Secondly, due to the endogeneity caused, the estimated regression
coefficients are biased. Therefore suitable techniques must be employed, unless p = 0, i.e. no

spatial dependence, in which case the standard linear regression suffices.

A.3 The GWR model

GWR has become a widely used technique in spatial statistics for modeling spatially varying re-
lationships. Traditional regression assumes stationarity of relationships across space, but GWR
relaxes this assumption by allowing coefficients to vary geographically (Brunsdon et al., 1996).
Meanwhile, compositional data—datasets where variables represent proportions of a whole and
are constrained to sum to unity—have gained attention in many disciplines, including environ-
mental sciences, geology, and social sciences. When spatial heterogeneity and compositional
constraints intersect, specialized methodological developments are required. The foundational
work of Fotheringham et al. (2002) formalized GWR as a local regression technique that incor-
porates spatial weighting functions to account for the geographical location of observations.

The basic form of a standard multiple linear regression is:

p
yi=Po+ Y Brik+ei

k=1
In GWR, the parameters are allowed to vary with location:

P
yi = Bo(vi,vi) + Y B(vi, vi) wik + &3,

k=1

where (14, v;) denotes the spatial coordinates of observation i (v; and v; typically correspond to
latitude and longitude, respectively), and 5k (14, v;) are the location-specific parameter estimates.
For each location (u;,v;), the parameter vector is estimated as:

B(vi,v;) = (XTW(VZ‘, vi)X>_1 XTW(Vz‘, v;)Y,

where X is the design matrix and W (v;, v;) is a spatial weighting matrix assigning higher weights

to observations closer to (v;, v;).

B Proof of Theorem 2.5

Proof. The proof proceeds in three steps.
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Step 1: Uniform Convergence. Define the sample objective function
1 n
Qu(0) = > Myia — miaO)I.
i=1
Using the inequality |a — b* < 2(]a|? + |b?) and Assumption 2.4,
B0~ pial@I?] < 2(Ellyial?] + E[sup lusal®)]]) < oo.
€

Thus, ||Yia — fi,a(0)]|? is integrable and by the Strong Law of Large Numbers (SLLN), for each

fixed § € ©, we have Q,,(6) “> Q(6) (i.e., point-wise). Since © is compact and ||y; o — ;.0 (0)||?

is continuous in # (as a composition of continuous functions), and dominated by an integrable

envelope as shown above, the Uniform Strong Law of Large Numbers (USLLN) implies

sup [Qn(0) — Q(6)] == 0.
0co

Step 2: Well-Separated Minimum. By Assumption 2.3 and the compactness of O, the

minimum is well-separated. For any e > 0, there exists § > 0 such that:

Q(0) > Qo) + 0. (A.2)

inf
0€0O:]|0—00||>€

Step 3: Consistency Argument. By definition, the estimator 6,, = arg ming @, (0) satisfies:

For sufficiently large n and 6 > 0, Step 1 implies:

Qn(0) < Q(6o) + g aswell as  |Qn(0,) — Q(6,)] < g (A.4)

Suppose, for contradiction, that 6, — HOH > e with positive probability. Then, for sufficiently

large n:
> Q) ~ (by (A.4))
: d .
> ||971£{)f\\>e@(6) ~3 (by assumption)
> Q) +i-5 (b (A2)
> Qn(fo) (by (A.4)).

which contradicts (A.3). Therefore,
P(||0,, — 6ol <€) = 1 for all € > 0,

which establishes 6,, 2 6. O
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C Proof of Theorem 2.13

Based on the regularity conditions established previously[cite: 11, 13, 17, 18], we now prove

that the estimator 6, is asymptotically normally distributed.
Theorem C.1 (Asymptotic Normality). Under Assumptions 1-7[cite: 11, 12, 13, 17, 18, 19],

as n — oo:

V(B — o) % N (0,G(60) ' (60)G(6r) ") (A.5)
where G(6o) = Elgi(00) " 9:(00)] [cite: 18] and Q(60) = E[gi(0o) "r:(00)7:(00) T gi(60)].

Proof. The proof relies on a Taylor expansion of the first-order condition (FOC) of the objective
function @, (0) [cite: 9, 10].

Step 1: First-Order Condition. By Theorem 1, 6,, £ f[cite: 21]. Since 6 € int(O)[cite:
11], for sufficiently large n, the estimator 6,, must satisfy the FOC:

VQn(0y) Zgl (0,) i (6,) (A.6)
where 7;(0) = yi.o — 1io(0) [cite: 9] and g;(0) = —aﬂléiz(e)[cite: 15].

Step 2: Taylor Expansion. Applying the Mean Value Theorem to VQn(én) around the

true parameter 6y:

0= in(GO) + VQQn( )(0 - 90) (A7)
where 6 lies on the line segment connecting 6,, and 6. Rearranging to solve for the scaled
difference:
V(O — o) = —[V?Qu(0)] ' vnVQy(60) (A.8)
Step 3: Convergence of the Hessian (The Bread). The Hessian of the objective function
is given by:
2 n
V2Qu(0) = = >~ (9:(0) 7 :(0) + Vi(6) Tr.(0)) (A.9)
i=1

Asn — o0, 8 & 6y. By the Uniform Law of Large Numbers and the fact that E[r;(6o) | 2] =
O[cite: 19, 20]:
V2Qn(0) = 2E[gi(00) " g:(60)] = 2G(60) (A.10)

where G(6p) is positive definite[cite: 18].

Step 4: Convergence of the Gradient (The Meat). The term /nVQ@,(6) is a sum of

iid. random variables[cite: 19]:

n

VnVQn(6o) = Z T7:(60) (A.11)

By the Central Limit Theorem, since E[g;(6o) "r;(60)] = Olcite: 20]:
ViV Qn(600) & N(0,49(6,)) (A.12)

where Q(00) = E[g;(60) Tr:(80)r:(00) T g:(60)).
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Step 5: Final Result via Slutsky’s Theorem. Combining the results using Slutsky’s

Theorem:
V0, = 80) % ~[2G(60)] 7 N (0, 40(60))
= N(0,[2G(60)] ™" (492(60))[2G(60)] )
= N(0,G(00)~"2(00)G(60) ™)
This completes the proof of asymptotic normality with the sandwich covariance matrix. O

D Gradient vector and Hessian matrix for the a—regression
The least squares objective function is
1
SSE(Y, X;a, B) = _itr[(y'a - Noz)T(yoz - Ma)]v

where y, is the a—transformed observed compositional data (n x d matrix), p, is the a—
transformed fitted compositional values (n x d matrix), n is the number of observations, and
d =D — 1 where D is the number of components in the composition.

The fitted compositional values come from the inverse alr transformation:

1 exT/Bifl

= y Mg = ’
S A v v

M1 122,,D

D.1 The a—transformation

The a—transformation consists of two steps:

Step 1: Power transformation

(07
wi=—t— i=1,..,D.

Zj:l N?

Step 2: Helmert transformation
1 .
z=—H(Du— jp),
o

where H is the d x D Helmert sub-matrix and jp is a D-dimensional vector of ones.

D.2 First Derivatives (Gradient)

D.2.1 Main Gradient Formula
Ol(a Ol
( ) — tr |:(YO¢ o Ma)T 1% :| )

B 9Bk

D.2.2 Expanded Gradient Formula
d

al(a) . 1 D D ' D 8uig (9,[14' )
Br Z Z ZZT“’WL ’ EHme. Optip ' 85: Fr

i=1 m=1 /(=1 p=1

where 7o im = Ya,im — Ma,im are the residuals in a—transformed space, Hy,¢ is the (m, ¢) element

of the Helmert sub-matrix, and x; is the covariate vector for observation i.
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D.2.3 Jacobian of Power Transformation

1 a
Qg 3y :
D a (1_ R a) if £=p
Quip 23:1 Hij Zj:l i .

oL; ausus—
Hiv [Bex] — % if 0 #£0p
Let T; = EJ-Dzl p155- In compact form:
Qi _ 0y (5 b
oy T P T )
where 0y, is the Kronecker delta.
D.2.4 Jacobian of Multinomial Logit
Let S; =1+ 37 e f.
5 — i1 ik Ti ifp=1
Hi .
85: = Mik(l_,uik)wi ifp=k+1 ’
— ipHbikTi fp#Lp#k+1

where fi;; = ;g1 (the (kK + 1)-th component of the composition).

D.2.5 Vectorized Gradient Formula

olla) o+
=X
8,Bk Wi,

where the weight vector w; € R™ has elements:

D
wng =L 2H 0G0 000 |

Diagonal Contribution

a—1 @
where J, ging (i, £) = 2t (1 — &)

k3

Off-Diagonal Contribution

D

D D

ff-di a - . _ .

wZﬁ lag _ ~72 (Z Tu,iéﬂ@ﬂ%) ZM%) 1J,u(z,p, k)| — ZTQ,MHKM?ZM% 1JM(%£, k)
3 /=1 p=1 /=1

Total Weight:

diag off-diag
Wi =Wy~ +wy,;
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D.3 Hessian matrix for the a—regression

The sum of squares of the errors is:

We will compute the Hessian matrix including all second-order terms. The gradient is

Gma,i~
aﬁk ZZ”” 98,

=1 j=1

where 74ij = Ya,ij — Ma,ij- The structure of the Hessian matrix is:

Hyy Hyp -+ Hig

Hyy Hsp -+ Hay
Hexact = . . . .

Hy1 Hge --- Hgg

Each block Hj € RP*P includes both first and second-order terms.

The derivative with respect to Sy is:

8771& Jij ama Jij " a mey O Ma,ij
e ™ Z Z o 0B 2 ]Z " B

First-order term (GN) Second-order term

D.3.1 First-Order Term (Gauss-Newton Part)

This is identical to the Gauss-Newton approximation:

1 Ome OMa,ij Omeq, OMa,ij T,
H /= =-X d W NX
k.k ; ]21 aﬂk 6/6k’ lag( k.k )

where

W (Z Z) i 8ma7ij 8ma7,-j
kk'\t, 1) = ' .
= 9B OB

D.3.2 Second-Order Term (Exact Correction)

ma ,17

Computation of BDBeOb

D.3.3 Chain Rule for Second Derivative

The chain rule for first derivative is
8777,047,‘ D

S = o D) TR,

Taking the derivative with respect to B :

2, '
Omai Dy 100 ;1 g6)-

0, (i, k)
0BLoB  « 0B

0B
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D.3.4 Second Derivative of Power Transformation

9Ju (i) 1 1 821% A D Q
We need D5, which involves 7 =55 Let T; = Dozt 155

Diagonal-Diagonal: ¢/ =p =g¢q

Pu  ala— 1),u?_2 <1 B ,u?) B 2a2u?a_2 20[2#?&_2

oz T T T2 T3

Diagonal-Off-diagonal: ¢ =p # ¢

Pug _ ola—DwThug™t (g @lugug 20t g
Ouedpg T2 T T2 T3 '
Off-diagonal-Off-diagonal: £ #£ p, £ = ¢
aQuf B _Oé(Oé _ 1)#?_1,“271 - @ ~ aQM?a—lugfl N 2062#?01—1”10;71
OOy T2 T T2 T3 '
Fully Off-diagonal: ¢ #£ p, ¢ # q,p # q
Pug ol = Dugpg™0pg oy g™ 20y g
Oupdpg T2 T2 T3 ’

where 6,4 is the Kronecker delta.

D.3.5 General Formula for Hessian of Power Transformation

Let H,(i,¢) denote the D x D Hessian matrix for component ¢ of u;:

Then:

where ey is the ¢-th standard basis vector. This becomes a D x D matrix where each element

is:

0B -

[&Ju(i)] o uy Oy
g p=1 a“ipauiq 8Bk’

D.3.6 Second Derivative of Multinomial Logit

0J,.(1,k c g 02 ;
We need %, which involves ngé’k/. Let pix = pi k1 and pripr = g gr41.

For component p = 1 (reference):

O pa = puir prir Bk — par )]
aﬂg 11 ik \Mik 7 g .

For component p =k + 1:

a2ﬂi,k+1 T
og2 ik (1 — i) (1 — 2p) iz
2
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For other components p # 1,p # k + 1:

82,Uip
o2
Case 2: k # k' (Different Components)

For component p = 1 (reference):

= pipptin (i + pip) iz, .

82Mz‘1

aﬁkaﬁk’ il Pk ik i

For component p = k + 1:

% = — g tir (1 — pi)ziz;
aﬁkaﬂk’ ik Mik ik )Lidby -

For component p = k' + 1:

Ppipr _ i i (L — g )iz
aﬁkalgk/ ik’ Hik ik iy -

For other components p # 1,k + 1,k + 1:
82/’%’;}

IR, &
aﬂkaﬂk/ - lu’lp:u%k/u’lk foU,L

D.3.7 Assembling the Second-Order Term

The second-order correction to the Hessian is:

n d 2
2 _ 0"magj
B =3 sl

i=1 j=1
where o 5 5 N
Q,ij Ju (1 . . J, .7 D
I Mayij _ HJ; - [ (i) .J#(lvk)_FJu(l).M il
0Bk 0B OB OB o
Here [H]; denotes the j-th row of the Helmert matrix.
Explicit Form
2) - D D O o?u
HZ,: TTZ-~—H- H, (i, 0, p, PV g,k eeT—|—Jui 7l‘l$j
k,k — a, a pgl % ( p q) a/Bk’ ,U,( )q { q ( ) aﬁkaﬁk/

D.3.8 Complete Hessian (Exact)

n
Higo = H) + HE), = —XTdiag W)X + 3 ks Spw(i) - wia] |
=1

where W,Elk), are the Gauss-Newton weights and Sy x(7) is the second-order correction tensor for

observation 3.
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E Gradient vector and Hessian matrix for the a—SAR model

The a—SAR model minimizes the sum of squared errors (SSE):

SSE(Y,X;0,p,B) =£(0) = > [[Yia — ttiall> =D (Via — Hia) " Via — tia)
=1 i=1

where § = (vec(B)T,p)" contains all parameters.

E.1 Model Specification Review

The fitted compositional values are:

1
y fori=1
14+ 3 X b
j=1
Hi = eXi Bic1
y fori=2,...,D
1+ 5 X b
j=1

where:

x; = [S(p)~'x]i = [(In — pW) ™ 'x);

The Hessian matrix has the block structure:

H— [Hw Hﬁp] ’
Hys Hpyp

where:

e Hpyg is (dp) x (dp): derivatives w.r.t. regression coefficients
e Hp, is (dp) x 1: mixed derivatives

e Hys = ng by symmetry

e H,,is 1 x 1: second derivative w.r.t. p

E.2 First Derivatives (Gradient)

E.2.1 Gradient with respect to §;

G At
B 22 Tias 3/5%]’

i=1 j=1

where 7; o j = Yia,j — Mia,; are the residuals.

Using the chain rule:

0Bk Oip OBy

where Hjy is the (j,¢) element of the Helmert sub-matrix.

D D
i o j D Z Z Ouig aﬂip
4, [ Hj[
@ /=1 1
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E.2.2 Gradient with respect to p

d

a 1,0
I

=1 j=1

Using the chain rule through x:

3Mz a j Z 8//‘1 a,j 8M2p
= Onap

where:

allzzp a)LL’Lp ax'LS
Z 0%;s Op

E.3 Second Derivatives: Hpg
The (k, k') block of the Hessian (w.r.t. S and fj) is:
6/1'7, YHi,a,j 8Nz YHi,a,j //'7, Qg
aﬁkaﬁk, Z;; 9By 0B}, 2; T

E.3.1 Gauss-Newton Approximation (First Term)

The first term is the Gauss-Newton approximation:

(1) . 8#204,] 6Nza,]
Hy = ZZ 0B, 0By,

1=1 j5=1

This can be written in matrix form:
1 ST 1. S
H{!), = -X" diag(Wy,1)X

where X = S(p)~'X and:

Wk;7k/ (Z, 7,) = Z oy 27?‘er )
j=1 aﬁk a/Bk/

E.3.2 Exact Correction (Second Term)
The second term involves second derivatives of the transformed composition:
o O Wiy,
ML -3
i=1 j=1 85k86k1

l’l’ , O ]
2 ,BT requires:

Computing 25,

azﬂi,a,j . 2 ii}] |: 82ui4 8#1‘1) n Ougyp 82;%
oBLoBy,  « Opip0By, OBk Opip BB,

/=1 p=1
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E.3.3 Second Derivative of Power Transformation

Puy D 02uy Optig
AipdBy. =1 OpipOptiq OBy,

u,y

The second derivatives of the power transformation T
ip iq

are provided above.

E.3.4 Second Derivative of Multinomial Logit

For the multinomial logit part, the second derivative depends on the case:
Case 1: k =k’ (same component)
For component p = 1 (reference):

uin o T
5 = it fikt1(Miks1 — pi1)XiX; -
0B;;

For component p =k + 1:

O i 41
3@%

For other components p # 1,p # k + 1:

= pik+1(1 = frig) (1 = 2ptip41) X%, -

0 pip _ - =T
5 = Hiptik+1 (Hik+1 + fip)XiX; -

Case 2: k # k' (different components)

For component p = 1 (reference):

782%1 = Wit Pk 1 ik 150K,
(951@85,—!/ 11 Mek+1 k! +1 8¢5 -
For component p = k + 1:
0% 1 k1

= —ftipg1 ik 1 (1 — fipe1) XX, .
86;49@;5 Hik+1 ik +1( Mzk-&—l) X5

For component p = k’ + 1:

% i g1
dBLOBL

For other components p # 1,k + 1,k + 1:

o ST
= — it/ +1 ik+1 (1 — figr41) XX,

82:U’z‘p

- T
m = Miplik+1Hik' +1%X; -

E.3.5 Mixed Derivatives: Hg,

The mixed derivative block is:

0% U Ot Oy o d 0 iaj
=- ] e 4 Fiag el
9BkOp ; — 0P  Op ;; 0K

Jj=1
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E.3.6 Gauss-Newton Part

0 i,Q, 0 1,0,
Bkyp ZZ gﬁk] Iuapj‘

=1 j=1

E.3.7 Exact Correction

62 1,00,
Bk,p ZZ Tiaj agkapj'

=1 j=1

The mixed derivative requires:

62ui,a,j N Dii ' [ 82%4 8Mip Oujyp (92/%1,
Bpdp  a’ f OpipOp OB Opip OBLIp

azlu'ip

E.3.8 Computing R,

Using the chain rule:

D ~
32“@ :Z 32#@ Oltiq n Opip 8xi.
9Bxp OnicdBx Op OBk Op

The key term is:

a9 {8/%19] _ Opip 0%
0Bk IPLO%; Op
Since %—’? = S(p)"'Wx;, we have the following expressions.
For component p = 1:

0%, - i ) . )
aﬂualp — i i1 [S(p) 1le-] + it i1 (20 — )5 - [S(p) 1WXi]Tﬁk.

For component p =k + 1:

0%, o ) o
BZT?: = pira1 (1 = pins1)[S(0) T IWRs] + prin1 (1 — pina1) (1 — 2pinr1)Xi - [S(p) W] " By

For other components p #£ 1,k + 1:

02 11; IR . R
(‘)ﬂkﬁpp —pipttin+1[S(0) W] 4 piphtinst (tip + pin1)%i - [S(p) TWE,] T By

E.3.9 Second Derivative: H,,

The pure second derivative with respect to p is:

SN CTH NS 9 pike 0

i=1 j=1 =1 j=1

E.3.10 Gauss-Newton Part

(1) LN Otionj\ >
HPP:_ZZ< dp ) :
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E.3.11 Exact Correction

ZZ Z()é,ja :uza,]‘

=1 j=1

The second derivative requires:

8 :uz a,] Z a Mi o5 <8M1p> Z 8Mzaj 8 sz

p=1 8/’67,;) a,u’bp

E.3.12 Computing 8“””

This requires the second derivative of X; with respect to p:

0%, 0 0X%;
© = —[S(p) W% =S(p) 'WS(p) 'WX; + S(p) -
72 ap[ (p)" Wxi] =S(p) " WS(p)” Wx; +S(p)~ W op
825(' —1 —1 ~
ap; = 2S(p)  WS(p)  Wx,.
Then:
aQMip _ i 62,L6ip (aﬂzq> Z aﬂzp 8 ,uzq &uip 62-%1'3
dp? =1 aﬂ?q 8,Ulq op? —l1 05 Op?
For component p = 1:
& pin : lyrenT g 12 —1 17T
gz~ M ;mkﬂ [(S(P) Wx;) Bk} (2pa —1) leZMzkH -2[8 WS(p)” Wxi] .

For component p =k + 1:

0?11 R _ yrra
gp’?l = pinr1 (1= i) [(S(p) ' WRi) " Br]? (1=2ptiger1) + i1 (1 prins1)-2[S(p) "' WS(p) ' W] By

For other components p #£ 1,k + 1:

92 p; d L d B e
a;;p = MipZMik+1[(S(p) 1WXi)T5k]2(Mz‘p+Mik+1)—Mz‘pZuik+1'2[s(0) "WS(p) ' Wi By
k=1 =1

E.3.13 Complete Hessian Matrix

The complete Hessian is:
H=H" + H®,

where H() is the Gauss-Newton approximation (always negative semi-definite) and H®) is the
exact correction involving second derivatives weighted by residuals.
E.3.14 Simplified Structure

In matrix-vector notation:

H p—
hgp h PP

M
where:
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W s contains the Gauss-Newton weights

Rp contains the residual-weighted second derivatives

hg, contains the mixed derivatives

hpp is the second derivative w.r.t. p

F Standard error of the SMEs of the a—SLX model

The standard errors of the SMEs are computed again via the delta method, similarly to (10).
Thus we need to compute the Jacobians. For observation ¢, component ¢, and covariate k we

can define the following cases:

Jacobian for the direct SMEs

8 Ohij+1
—Oskhil fimt1 — Iull Z ﬁ]k/izy-i-l i1 Z /Bj ;ﬁ”—i_ for /=1
ms
IDEiy, _ e
aBms 5sk5m 0—1 e — 5skuz€ﬂzm+1 + 5 8/@ “ 5571,16 - Z 5jklufij+1
ms 5
e L By Qi for £ =2 D
il 2 j=1 ik 8B, y oo, D

Jacobian for the indirect SMEs
d

Opij+1
—Osk/bil Fim+1 — 8 Z'ij/%]—&—l it Y Vi It for £ =1
Ym = 9rms
OIDEyy, Otie
W = 5sk(5m,e—1,uv;e — Oskfhiefhim+1 + 78%; Ye—1,k — ; VikMij+1
8/M]-i-l B
,UIMZ’YJ fOI'E—Q,...7D.

For both cases, the necessary derivatives of p with respect to each g and ~ coefficient are

given by
—pilfir1%is  ifp=1 —pitpir41(Wx)is  ifp=1
OLk; O .
+ = :uip(l - .uip)l'is ifp=r+1 and 2 = ,uip(l - /«Lip)(wx)is ifp=r+1
0Brs 87rs
— [iplbir+1Tis otherwise —ipptir+1(WX);s otherwise.

The Jacobian for the total SMEs is simply the sum of the Jacobians for the direct and
indirect SMEs. The covariance matrices for each type of SME is the same as in the case of the

a-regression, Egs. (10) and (11).
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G Standard error of the SMEs of the a—SAR model

For the SMEs, we need to account for uncertainty in the parameters § = (vec(B)', p) ", where
B = ($1,...,84) is the d x p matrix of coefficients. The complete Jacobian for observation i,

component /¢, covariate k has dimension 1 x (dp + 1):

OM E;yy OME;py. OME;yy
B 7T OBapy T Op

Jiok =
The effective covariate is

F=Sp) e =T, — pW) 'z

Jacobian of the direct SMEs

The derivative of the direct SME is

ODE;y,  *py 1y
aﬁrs - 3@%357«5 [S(p) ]“

This requires the second derivative of the composition with respect to the transformed

covariate and the regression coefficients. From the multinomial logit structure:

—ilpir41Tis i p=1

aﬂip ~ .
0Brs = ,Uip(l - Nip)xis ifp=r+1

—Mipllir+1Tis  otherwise,

where 7;5 is the s-th component of Z; = S(p)~1x;.

For ¢ =1 (reference category):

82”2'1 a,ull /~Lm+
= — _ i 5 . ’
0T 0PBrs 0B ;/B]kﬂz]+1 Hi Z’BJ Hi10rk hir+1

where §, is the Kronecker delta (6, = 1 if r = k, 0 otherwise). For £ =2,..., D:

0% it Opie - d Otij+1
0710Brs OBrs Be 1.k ]; /BjkMZJ-FI Hie | 0e—1,r0sk rkMir+1 JEZI B]k 9Brs

The complete formula for % is

For ¢ = 1:

ODE; Ot i
B % = [S(p) i [ = Z Bjkbij+1 — it Z Bijk M ]+ - “iléTk'ui’“‘H]

For/=2,...,D:

d

d
1y | O Oriy

= [S(p) Mai [agf Btk — Y Bjkttije | +tie |So—140sk — Srrptirsr — Y Bi gﬁjH ]

L] j=1 j=1 "

ODEjy,
0B
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The derivative of the direct SMEs with respect to p involves both the change in p;¢ through
¥ and the change in [S(p) ™Y

ODEiy, _ 0 [3%@ 1800 i + Opie O[S(p)~us

dp  Op | 0%y 0Ty, op
where 915 (p)]
p) i _ -1 —17
S = (S WS (o)
The derivative of Z with respect to p is
0 0S(p)~t

_—= — = -1 -1 = -1 T
p op " S(p)"WS(p)w=S(p) Wi

and via the chain rule application we obtain

Opie D 0% Opip
8:Ck 8$kauip 8p ’

where

8#1}? Z aa,uzp . 1W:C]
L

Finally, we get

ODE; D 0% O e _ O _ _
aka - 1> 4 it N™ e 1) TWilis | - [S(p) i + Z‘-[S(p) WS (p) i

Jacobian for the indirect SMEs

The derivative with respect to 5,5 is

OB, e “1p
aﬁrs _aﬁkaﬂrs Z[S(p) ]U'

This uses the same agigg; as for direct effects.
The derivative with respect to p is
0IE; d [Ow; _ Ol o[S(p) s
itk _ [ lfz€:| Z[S(p) 1]ij+ Hie Z [ (P) ]237

dp dp | 0%, pwr 0Ty, o

where

-13..
S 505 () tws(p) 1,

= o i
Jacobian vector for the SMEs of the GW,R model at location (v;, u;)

Define 6; = vec(B;) € R%, where B; = (81, ..., 8i.q) is the d x p matrix the of location-specific
coefficients (at (v, u;)). For observation i, component ¢, and covariate k, at location (v;,u;) the
MEs are defined as

(3 d a[.L
—5skﬂi1,uim+1 /jwlls Z] 1 ﬁz,]k/ﬁz]—l—l M1 Zj:l Bz,]k 35”+1 for / =1

Opbiek
= Ok Om,e—1Hie — Oskiickim+1 + 8/3 (Bz',e—m - Z;-lzl ﬁz’,jkﬂij-&-l)
8/81 ms %ms

d Ou;
— e Zj:l Bz,]k aﬁ::: for{=2,...,D,
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where the derivatives of the composition with respect to the location-specific coefficients are:

—Mitfir1Tis ifp=1

Opip )
851"” = ,uip(l - ,Uip)xis ifp=r+1

—lipltir+1Tis  otherwise,

where r € {1,...,d} and s € {1,...,p}.
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