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Optimal portfolio rules are derived under uncertainty aversion by formulating
the portfolio choice problem as a robust control problem. The robust portfolio
rule indicates that the total holdings of risky assets as a proportion of the in-
vestor’s wealth could increase as compared to the holdings under the Merton rule,
which is the standard risk aversion case. In particular, with two risky assets and
one risk-free asset, we show that uncertainty aversion could lead to an increase in
the holdings of the one risky asset, accompanied by a reduction in the holdings of
the other risky asset. Furthermore, in the optimal robust portfolio the investor
may increase the holdings of the asset for which there is or less ambiguity, and
reduce the holdings of the asset for which there is more ambiguity, a result that

might provide an explanation of the home bias puzzle.
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1. INTRODUCTION

The assumption that asset prices are generated by a geometric Brownian
motion and that consumers-investors know the associated true probability
law has been central in the analysis of portfolio choice models (Merton [15],
[16]). In economics the assumption that the true probability distribution
associated with an event is known, and thus the expected utility frame-
work can be used as a methodological framework, has come under some
criticism because of its failure to explain certain "puzzles" such as the ob-
served equity premium puzzle, or the investors home-bias puzzle. In trying
to explain these puzzles attention has been focused on the case where the
decision maker faces pure uncertainty in the Knightian sense, or ambigu-
ity, and its preference relationship is characterized by uncertainty aversion
(Gilboa and Schmeidler [12])

There are two main approaches to the problem of choices when the
agent is assumed to be uncertainty averse. In the first, the multiple priors
model, the decision maker may formulate his/her objective by attaching
a probability, say e, to a baseline prior and a probability (1 — e) to the
infimum of a family of the disturbed priors around the baseline one. This

is the so-called e-contamination approach (Epstein and Wang [9]), which



is consistent with uncertainty or ambiguity aversion.? In the second ap-
proach the agent considers model misspecification. In this approach the
decision maker is unsure about his/her model, in the sense that there is
a group of approximate models that are also considered as possibly true
given a set of finite data. These approximate models are obtained by dis-
turbing a benchmark model, and the admissible disturbances reflect the
set of possible probability measures that the decision maker is willing to
consider. The resulting problem is one of robust dynamic control, where
the objective is to choose a rule that will work under a range of different
model specifications. This methodology provides another tractable way to
incorporate uncertainty aversion (e.g. Hansen and Sargent, [19], [20], [21],
[23], Hansen et al [24]).

Portfolio choice theory has been a prominent area of application of
the above approaches® (e.g. Dow and Werlang [5], Epstein and Wang

[9], Chen and Epstein [7], Epstein and Miao [8], Uppal and Wang [31],

2Chen and Epstein [7], introduce ambiguity aversion to recursive multiple-prior mod-
els of utility by considering x — Ignorance which is a concept that allows differentiation

between ambiguous and pure risk cases.

3Monetary policy can be regarded as the initial area of application of these ap-
proaches (e.g., Brainard, [1] Hansen and Sargent [23], Onatski and Stock [17], Onatski
and Williams [18], Soderstrom [29]). See also Brock and Durlauf [2], Brock, Durlauf and
West [3] for similar approaches to policy design and policy evaluation under uncertainty.
Another area of interest is environmental and resource management where uncertainty
aversion can be used to formulate the concept of the Precautionary Principle (Brock and

Xepapadeas [4], Roseta-Palma and Xepapadeas [27])



Maenhout [25], Pathak [26], Liu [13], [14]). The idea behind the use of
robust control methods in optimal portfolio choice is that the investor faces
model uncertainty regarding the assets’ price processes. Thus, although
the available data used to estimate the probability law characterizing the
evolution of asset prices allow for the estimation of a benchmark model,
there is a set of alternative models describing the evolution of asset prices,
which is also consistent with the data and could be regarded as possibly
true. In this set up the investor seeks a portfolio rule that will work, in the
sense of maximizing utility, under a range of different model specifications
of the assets’ price equations.

In recent attempts to study Merton’s basic optimal portfolio choice
problem in the context of the Hansen-Sargent robust control methodology,
Maenhout [25] considers a two asset problem, a risky asset and a riskless as-
set for an investor maximizing a CRRA utility function. The derived robust
portfolio rule is an adjusted Merton rule. When there is no preference for
robustness, or to put it differently, there is no concern for model misspecifi-
cation, which implies that the so-called robustness parameter § — oo, this

rule tends to Merton’s rule.* Uppal and Wang [31] extend the problem to

4The robustness parameter @ can be interpreted as the Lagrangian multiplier associ-
ated with an entropy constraint, which determines the maximum specification error in
the asset price equation that the investor is willing to accept (Hansen and Sargent [21]).
As such it is a fixed parameter and characterizes preferences consistent with Gilboa and
Schmeidler’s axiomatization of uncertainty aversion. When 6 — oo there is no concern

about model misspecification and we are in the usual risk aversion framework.



the n asset case and derive a generalized robust portfolio rule, which al-
lows for different degrees of robustness associated with different subsets of
the asset price process. A central result underlying the recent robust con-
trol literature in the portfolio selection context (Maenhout [25], Uppal and
Wang [31]) suggests that model uncertainty implies cautiousness in the
sense that the investor, under uncertainty aversion, will invest a smaller
share of his/her wealth in the risky assets relative to the share implied
by the standard Merton rule under risk aversion. In more general terms,
model uncertainty seems to have been associated in the earlier literature
with some kind of cautious or conservative behavior,” although more recent
results in the area of monetary policy analysis under uncertainty seem to
provide mixed findings, that is aggressiveness or robustness depending on
the structure of the model.®

The present paper attempts to derive optimal portfolio rules under un-
certainty aversion by following Hansen and Sargent’s approach and formu-
lating the portfolio choice problem as a robust control problem. We derive
portfolio rules for the cases of two and multiple, ¢ = 1,...,n, risky assets.
We also allow for uncertainty aversion, or preference for robustness, both
with respect to the joint distribution of the assets, and, in the general

model, with respect to the distribution of each risky asset. Our portfolio

5For example Brainard’s [1] results suggest caution in the face of model uncertainty

in a Bayesian framework.

6See for example Onatski and Williams [18] and the papers cited by them.



rules are parametrized by the robustness parameter 6.” We show that as
f# — oo the robust portfolio rule tends to Merton’s rule in accordance with
Maenhout’s results. However, under uncertainty aversion, the associated
robust portfolio rule indicates that the total holdings of risky assets as a
proportion of the investor’s wealth is not always smaller as compared to the
holdings under the Merton rule, which is the risk aversion case, and which
is equivalent to no concerns about model misspecification and § — oo.
This result seems to depart from the belief that uncertainty, or ambiguity
aversion, and the associated robust control methods might result in more
cautiousness or conservatism regarding portfolio choices, in the sense that
holdings of the "risky - ambiguous" assets are reduced relative to the pure
risk case. We derive conditions under which such an increase in the total
holdings of risky assets takes place, which are independent of the form of

the utility function and the value of the robustness parameter 6.> With

"When we allow for different levels of ambiguity associated with different assets, the

portfolio rule is parametrized by the vector 8 = (61, ...,6x) .

8The independence from the value of @ is desirable since @ is basically exogenous.
There have been attempts to eliminate 6 from the portfolio rule as shown by Pathak
[26]. Maenhout’s transformation of the robustness parameter 6 to a time dependent
function, with 6 being proportional to the value function of the robust problem portfolio,
in order to make the portfolio rule independent of 6, breaks down the consistency of
preferences with Gilboa and Schmeidler’s axiomatization of uncertainty aversion, and
transforms the robust rule to Merton’s rule with a lower drift of the asset price equations.
Pathak shows also that the Uppal and Wang [31] rule depends on a normalization factor

which is taken to be proportional to the value function as in Maenhout’s transformation.



two risky assets we show that under certain condition uncertainty aversion
could induce an increase in the holdings of the one risky asset as compared
to risk aversion. When this happens the holding of the other asset is always
reduced.’

Next we examine the case when the investor has different preferences
for robustness for each asset, or different levels of ambiguity regarding each
asset. For the multiple asset case we derive again conditions under which
the total holdings of assets increase under uncertainty aversion. For the
two asset case we show that in the optimal robust portfolio the investor
may increase the holdings of the asset for which there is less concern about
model misspecification (high ), or less ambiguity, and reduce the holding
of the asset for which there is more concern about model misspecification

(low @), or more ambiguity, relative to the risk aversion case (0 = c0). If

Pathak [26] avoids the transformation that endogenizes the robustness parameter in
terms of the value function by directly determining the worst possible distortion in
terms of an instantaneous relative entropy constraint. In this case the robust portfolio
problem is simply Merton’s problem with a reduced mean return, the reduction defined
in terms of the worse possible distortion. (See also Chen and Epstein [7]). It seems
that since the exogeneity of € is required in order for the problem to be consistent with
uncertainty aversion, robust portfolios are parametrized by 6. To estimate 6 in order
to fully characterize the robust portfolio, Hansen and Sargent [19] suggest the use of

detection error probabilities.

9The extent to which the net result of these two opposite effects will increase or
decrease total holdings of risky assets depends on the conditions of the previous result

which characterize the behavior of total holdings.



we associate the asset with less ambiguity with home assets and the asset
with more ambiguity with foreign assets, this result could be regarded as

an additional explanation of the home bias puzzle.'°

2. ROBUST PORTFOLIO CHOICES

We consider a market which consists of one riskless asset whose price

evolves accordingly to:

dS(t) = rS(t)dt  S(0) =Sy, >0,

where r denotes the risk-free rate of return, and ¢ = 1,...,n risky as-
sets. Denoting by (aq, a9, ...,a,) the drift rates, or mean rates of re-
turn, and by (o1, 032, ...,0,) the volatility rates, the evolution of the prices

P = [diag(Py, Py, ..., P,)] of the n assets, is given by:

dP = PAdt + PSRAB (1)

10There have been a number of arguments attempting to explain the home bias puzzle.
Strong and Xu [30] explain the puzzle on the basis of optimism of fund managers towards
their home equity market. Serrat [28] considers nontraded goods to operate as factors
that shift the marginal utility of traded goods. This entails dynamic hedging policies
which in turn are consistent with the home bias puzzle, while French and Poterba [11]
consider information costs as an explanation of the puzzle. Our approach of providing a
partial explanation to the puzzle through uncertainty aversion is along the lines of the

approach used by Uppal and Wang[31] and Pathak [26].



where A, Y, are n X n diagonal matrices with diagonal elements «;, o; re-
spectively, R 1! is a matrix such that SR(XR)T is equal to the variance -

T 12

covariance matrix and B = [By, Ba, ..., By] are n independent Brownian

processes, defined on an underlying probability space (2, F), with measure
P=Pi®P2® ... Q0 Py.

Merton’s solution ([15], [16]) of the optimal portfolio allocation problem
for an infinite time horizon and n risky assets, determines the optimal
portfolio weights, w;, that is the fraction of the investor’s total wealth W

allocated to asset ¢ as:

w,W = AZT;jl(ai—r) i=1,.,n (2)
j=1
/
A - Vi (%)

View _U”(C)%

where V' is the value function of the problem, Vi and Viyw are the first
and the second partial derivatives respectively with respect to the wealth
W, T~ is the inverse of the variance - covariance matrix Y, and U (C) is
a standard utility function.

Following Hansen and Sargent [22] and Hansen et al. [24], model (1) is
regarded as a benchmark model. If the consumer-investor was sure about
the benchmark model, then there would be no concerns about robustness
regarding model misspecification. Otherwise, these concerns can be re-

flected by a family of stochastic perturbations. Because there are n in-

11 A typical element of matrix R can be seen in the next section when we examine the

case of two risky assets.

12Superscript T denotes the transpose of a matrix.



13 each one can be perturbed separately, so

dependent Brownian motions,
that:
. t
Bi(t) :Bi(t)—k/ hi(s)ds . i=1,..n 3)
0

where {B;(t) : t > 0} are Brownian motions and {h;(t) : ¢ > 0} are
measurable drift distortions. Therefore the probabilities implied by (1)
are distorted. The measure P is replaced by another probability measure
Q=01®Q9s,..,00,. As shown by Hansen et al. [24], the discrepancy
between the distribution P and Q is measured as the relative entropy,
R(Q || P). At this stage we consider distortions to the joint distribution of
assets so we impose an overall entropy constraint for all the n assets. Based
on Corollary C3.3 of Dupuis and Ellis [6], the entropy constraint becomes:

— - . ) — - Ooe—5u h_g "
R(Q || P)_ER(QZ | Ps) Zl/o EQ< 5 )d . (4)

1=

The above equation allows us to consider n separate distortion terms, one
for each asset. However in order to reduce the complexity of the model, we
initially assume symmetric distorted measures Q;, and examine the case
with the same distortion terms h;. In this specific case, the equation for

wealth dynamics becomes:

aw = (TW—C—FZU)Z'(O&Z' —r)W—I—hZaiRriwiW>dt (5)
=1 1=1
+ Z Z ij'jWRidei
i=1 j=1

13This is the reason for the use of the specific form of equation (1).

10



where R,; = 2?21 R;;,* is the i'" element of the matrix, each of whose
elements is equal to the sum of the elements of the ith row of matrix R.
Under model misspecification, a multiplier robust control problem can be
associated with the problem of maximizing the present value of lifetime

expected utility, or:

max B / e OtU(C)dt (6)
th 0

In this case the multiplier robust control problem becomes:

e} 2
J(0) = sup inf]EQ/ e 0t U(C)+ th—]dt (7)
w;,C h 0 2

subject to (5).

In the above equation because of (4), 8,, = n# where 6 denotes the
robustness parameter which takes values greater than or equal to zero.
Thus it is assumed that concerns about model misspecification are the
same for the price processes of all assets. As shown by Hansen and Sargent
[22] 0 is the Lagrangian multiplier at the optimum, associated with the
entropy constraint Q (7) = {Q € Q: R(Q || P) <7 Vt}. A value of § =
oo, indicates that we are absolutely sure about the measure P, with no
preference for robustness. This case can be regarded as the risk aversion
case and the problem is reduced to the standard Merton problem with the
objective function given by (6). Lower values for # indicate preference for

robustness under model misspecification, or uncertainty aversion, where a

MFor two assets we will see (in the next section) that: R.; =1, Ry2 = p + \/1 — p2?,

where p is the correlation coefficient.

11



value of § = 0 indicates that we have no knowledge about the measure P.

Using the results of Fleming and Souganidis [10] regarding the existence
of a recursive solution to the multiplier problem, Hansen et al. [24] show
that problem (7) can be transformed into a stochastic infinite horizon two-
player game between the investor and Nature. Nature plays the role of a
"mean agent" and chooses a reduction h in the mean return of assets to
reduce the investor’s life time utility. The Bellman-Isaacs conditions for
this game implies that the value function V (W, ) satisfies the following

equation:

Vo= maxmljn{U(C) + (rW—c—F;wi(ai —rW ()

Wi,

+ th:O'lmelW) VW + On%Q + %VWW Zn: Zn:wiw]'O'ijW2}.
i=1

i=1 j=1
The first-order conditions which describe the solution of the above two-

player game are:

Ue) = Vw (9)
- YwW i, wioiRy (10)
On
ZIUJ'WO'U = A(OéZ - ’I") + AO'Z'RM'h s 1= 1, R (].].)
j=1
!
4 = _w o U(Cg (12)

Viww U (C)<
From the above system of equations, it can be seen that as § — oo the
solution reduces to that of Merton’s standard problem given by (2). Using

(10) to eliminate h from (11), we obtain the robust portfolio weights, or

12



equivalently, the fraction of the wealth invested in each asset, as:
n
w;‘W:AZU;jl(aj—r), i=1,...,n (13)
j=1
where v™! is the inverse of the matrix:

il = [(3DX)i] (14)

V2
Di; = (Pz‘j*%Rm’Rm’) (15)

and p;; is the correlation coefficient of the benchmark model, between as-
sets 7 and j (0;; = 0i0;p;;). In order to determine the change in port-
folio weights induced by uncertainty aversion relative to the risk aversion

weights, we subtract from (2) the relationship (13) to obtain:'?

W (w; —w}) = WAw; = Ai[z*l(nfl—[)*l)yl]ij(aj—r) yi=1,..,n
B (16
where IT = RR/, is the correlation coefficient matrix. If Aw; < 0, then un-
certainty aversion, as reflected in robust control portfolio choices, increases
(decreases) the holding of asset i as a fraction of wealth invested in this
asset, relative to risk aversion.
The change in the total holdings of risky assets as a fraction of wealth
between uncertainty and risk aversion is obtained by using (16) as:

WAW = WiAwi = Aii[E_l(H_l ~D™HE ijla; —r) (17)

i=1 i=1 j=1

15For infinitesimal changes in 6, this is basically a comparative statics exercise that

characterizes the derivative dw; /060.

13



If AW < 0, then uncertainty aversion increases (decreases) the total hold-
ings of risky assets ¢ as a fraction of wealth relative to risk aversion.

To derive conditions under which the signs Aw;, AW can be determined
and which are relatively simpler to interpret and present, we consider the

special case of two risky assets.

2.1. Two Risky Assets

We consider one risk free asset and two correlated risky assets, where
p denotes the correlation coefficient at the benchmark model. In this case
B = [By, Bs]" is a vector of independent Brownian processes defined on an
underlying probability space (Q, F), with measure P = P; ® Ps. Because
of E(dBldBQ) = pdt, where E denotes expected value and dBl,ng are
correlated Brownian motions on P71, Py respectively, the evolution of the

prices of the assets based on (1) is given by:!6

dPi(t) = a1 Pi(t)dt+ o1 Pi(t)dBy(t) t>0 (18)

dPQ(t) = OéQPQ(t)dt + O'QPQ(t)de1 (t) + O'QPQ(t)\/ 1-— deBQ(t> (19)

Merton’s solution for the maximization problem (6) in the two risky

16We have that for independent Brownian motions Bi, Ba: E(dB1dB2) = 0,

E(dB1dB1) = dt so we write dBsy = pdB1 + /1 — p2dBs.

14



assets case is:

Aoy —1)o3 A(as —r)oa

wW = — 20
! 2030 =) o3oR( = %) (20)
Aoy — r)oia Alas — 7")0%
w W = - + 21
’ I 2 | T %) (1)
!
A = Sw U0 (22)

Vww  U” ()2
If we perturb each Brownian motion separately, the wealth equation

becomes:

aw = wi(a; —r+oh)Wdt+ ’LUQ(O[Q —r+0oa(ph+hy/1— p2))Wdt
+(rW = C)dt + WoiwidBy + WO'prQdBl +

g2/ 1-— pQMQdBQ. (23)

In this specific case the Bellman equation for problem (7) subject to (23)
is:

h2

5V = maxmhin{U(C) + (wl(al —r+oh) W+ (W —c)+ 927 +
wo(ay — 7+ o2(p++/1— pQ)h)W)VW +
1 2 2
2
5wazzwiwj'0ijw }, (24)

i=1 j=1
where 5 = 260 and 6 this time refers to the robustness parameter in the

two assets case. The first order conditions which describe the solution of

15



the above two-player game are:

U = Vw (25)
Lo _VWW(alwI+026(p+\/17p2)w§) (26)

2
Y wiWoy; = Alor —r)+ Aoih (27)
Zw}‘Wagj = A(ag—7r)+ Aoz(p+ /1 —p?)h (28)
A - w o UO) (29)

Vww U "(C)Ee
Using matrix notation the solution of the above problem can be described

by the following equation:

[ wiW  wiW ] A= [ Alar — 1) Aoz — 1) (30)
where:
A= - gy) ol - g )
012(1 - %Lﬁ) 022(1 - 92“in (1 + 29\/@))
(31)

If 3 denotes the diagonal matrix with elements o1, oo then:

Aoy (17 gzxtvu‘/,w) (pf QQ\KVV‘V,W (er \/1*,02)) >
(0= o (p+ /T %) (1= o (14 20/T— 7))
(32)

Solving the above system we determine the fraction of the wealth invested

16



in the first and second asset under robust portfolio choices as:

1

V2
(1 - /72)(1 - 26’2wa)

{ wiW wiW ] = Alay — 1) Alay —7)

‘72 ‘72
(17%‘,(1+2p\/17p2) fp+F"L‘,(p+ V1—=p?)
‘r2 ‘72
Pt g (V1= (L= gpi)

Next we examine, as in the previous section, the changes in the robust

271

B3)

portfolio weights Aw; = w; — w}, i = 1,2 between risk aversion (0 — c0)

and uncertainty aversion (6 < oo). Using (20),(21),(33) we obtain:

1 . p——
WAw; WAws } D) [ Ala; —7) Alag—7) |2 =X
(34)

where:

L —p 1
o1 (1 - 250i)

02 Vwww
| V2
(1= g 1+ 20V 1=0%) —p+ gy o+ V1= p?)

V2 \%
—pt = (p+V1-p1) (1—53%)

After some manipulations we have that:

[ WAw, WAwy | = (36)

2
AV | ag =7 042—7"] ) 200/1—p2—1 p—+/1—p2
-

»L
1 —p2) (02 Vipw — V2
(1= p?)(02 W) T2 1

17



Therefore the solution becomes:

o1 o1 g2
WAw, = i[Oﬂ_r(p— 1—p2)—a2_r] (38)
09 o1 02
2
P AViy (39)

(1= p?)(OVww — Vi)
In the above equation, x is always a negative number, so denoting the

relative price of risk by:

A= % (40)
o1
we obtain
. p—/1—p? 1
WAw; < 0 if ————> - 41
1 i A (41)
WAw, < 0 if p—v1—=p%2>A (42)

It can be seen that independent of the specific form of utility func-
tion and the value of the robustness parameter 6, the fraction of the
wealth invested in the first asset increases relative to Merton’s weight if
VI %, while the fraction of the wealth invested in the second as-
1—2py/1—p2
set increases relative to Merton’s weight if p— /1 — p2 > A . If we combine
(42) and (41), it can be seen that it is not possible to have:
1—2p/1—p?

1— 2

VST a<p— TR (43)
P

So both weights cannot increase at the same time due to uncertainty aver-

sion. If the fraction of the wealth invested in the first asset increases relative

18



to Merton’s weight, then the fraction of the wealth invested in the second
asset has to decrease relative to Merton’s weight. Furthermore, the hold-
ings of both assets decrease relative to Merton’s weights if p < \/5/2, thus
uncertainty aversion results in an increase in the holdings of one asset for
sufficiently high and positive correlation between the two risky assets.
The effect of uncertainty aversion on the total holdings of both risky
assets is obtained by combining (41) and (42) as:
WAW = WAw, + WAw, = (44)
KL 2V T= 7 = Do+ dalp— VI )+
(p=V1-p?) = A<0 if
Ao+ 1)(p—V1I=p?) > A+0a(1 =201 p?)
Mo~ VI= = 1) > 0= 20VT— )~ (o VT- ) ()
as —r 09

With)\:—, g =—
ay —T o1

If (45) is satisfied then asset holdings increase under uncertainty aversion.

These results can be summarized in the following proposition:

Prorosition 1. With A, 5\, o, and p as defined above, robust portfolio
choices under uncertainty aversion imply, for a market consisting of one

riskless and two risky assets, the following:

LIf > o?(1-2py/1—p?)—c(p—+/1—p?)
a(pf\/lfpz) -1

ings of risky assets, relative to risk aversion, or AW < 0.

, there is an increase in the hold-

2. If A > e AVA ”1_p2, there is an increase in the holdings of the first
p=y/1=p?

19



risky asset, relative to risk aversion, or Awy < 0.

3. If A< p—+/1—p?, there is an increase in the holdings of the second

risky asset, relative to risk aversion, or Aws < 0.

4. An increase in the holdings of one risky asset under robust portfolio

choices implies a reduction in the holdings of the other risky asset.

5. When concerns about model misspecification do not exist, or § — oo,
then the difference in portfolio choices between uncertainty aversion

and risk aversion vanish. AW — 0, (Awy, Aws) — 0.

6. If p < v/2/2, the holdings of both assets decrease relative to Merton’s

weights.

Figures 1 and 2 provide a graphical exposition of these results. In figure

1 for parameter constellations such that the value of ) is above the surface

21— /1—0p2)— _S1—p2
é(o,p) =2 (A=2oy/ 1) olp—y/1-p ), robust control implies an increase in
U(pf\/17p2)71

asset holdings. In figure 2 for parameter constellations such that the value

— /1—p2
of A is above the line ¢ (p) = 1220107 obust control implies an increase

p—/1-p% "’

in the holdings of asset one and a decrease in the holdings of asset two.

[Figure 1]

[Figure 2]
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3. DIFFERENCES IN PREFERENCES FOR ROBUSTNESS

In this section we generalize our model to allow for differences in prefer-
ences for robustness, or differences in concern about model misspecification
among the different assets. These differences can also be interpreted as dif-
ferences in the levels of ambiguity associated with the price processes of
each asset.!”

Following the robust control methodology, we solve the same problem as
in section 2, placing n different penalty terms h; , i = 1,...,n and consid-
ering n different robustness parameters 0;, one for each asset. Our results
regarding changes in asset holdings between uncertainty and risk aversion

in the generalized model are summarized in the following proposition.

PROPOSITION 2. Robust portfolio choices under uncertainty aversion
imply, for a market consisting of one riskless and multiple risky assets with

differences in ambiguity among assets, the following:

1. The change in the fraction of wealth invested in each asset, between
uncertainty and risk aversion, is:

W Aw; = 2?21[2_1(1_[_1 — D_l)E_l]ij(aj — ’f‘) ,t=1,...,n.

2. The change in the total holdings of risky assets as a fraction of wealth

between uncertainty and risk aversion is:

17Uppal and Wang [31] develop a framework that allows for ambiguity about the joint
distribution for all stocks being considered for the portfolio and also for different levels

of ambiguity for the marginal distribution for any subset of the stocks.

21



WAW = Z?:l Aw; = Z?:l 2?21[2_1(1__[_1 — D_I)E_l]ij(aj — 7“),

N V2 Ri.R;
where Dij = (pij - V_VV% ZZ:l 0, k)'

For the proof see Appendizx.

If we compare the above result with the corresponding one derived
in section 2, we see that the only difference is that matrix D has been
replaced by matrix D, which incorporates the heterogeneity in robustness

parameters.

3.1. The Special Case of Two Risky Assets

In this subsection we examine the case of two risky assets, with differ-
ent penalty terms, hy, ho, and robustness parameters, 01, 6. Following the

proof of the previous section, we obtain the following proposition:

PROPOSITION 3. Robust portfolio choices under uncertainty aversion
mmply, for a market consisting of one riskless and two risky assets with

differences in ambiguity among the two assets, the following:

e 2
o1 o1 23 - Vi oo

L WAw;, = £ [al—r(el—‘h Ll )22y <0, if D02y > )

Vww

g1

Wszzaiz[up—ai—;] <0,if p>A

2. We never increase the holdings of both assets at the same time, rela-

tive to risk aversion.

3. WAW <0, if p)\0+p—)\:5\(p—%)+p>a[l— aléezu(l—pQ)]

22



_ 1 __ o2 _ oo \ _ as—r
where |1 = T, 0=3%, A= %, )\——alir
Vivw 71

For the proof see Appendix.

The first condition of this proposition implies that if preferences for
robustness for asset one are low (high ;) or the ambiguity associated with
the price process for this asset is small, while preferences for robustness
for asset two are high (low 65) or the ambiguity associated with the price
process for this asset is large, then it very likely that the holdings of the first
asset will increase under uncertainty aversion. If asset one is a home asset
and asset two is a foreign asset, then this result provides some explanation
for the home bias puzzle. Uppal and Wang [31] derive a similar result re-
garding the home puzzle bias. They, however, use the normalization that
essentially endogenizes the robustness parameter and then breaks down the
consistency of preferences with the Gilboa and Schmeidler axiomatization
of uncertainty aversion. Pathak [26] also provides an explanation of the
home bias puzzle using a two-asset model and a x — Ignorance framework,
where the worst-case scenario is used to reduce the mean return of the
asset price process. There is a subtle difference between our result and the
k — Ignorance, worst case scenario approach. In the latter approach the
worst case scenario means that the reduction in the mean return of the
asset price process is determined at the level where the entropy constraint
Q(r) = {Q e Q:R(Q| P) <7 Vt} is binding. In the robust control

model developed in this paper, the robustness parameter associated with
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the penalty terms is the Lagrangian multiplier associated with the entropy
constraint. In the two-player game between the investor and Nature (the
mean agent) described by (8), the choice of the penalty term h by Nature,
which reduces the mean return, is not necessarily set at the constraint con-
stants of the entropy constraints but is chosen in a "penalty maximizing
way" as shown in (50) of the Appendix in the proof of proposition 2. Thus
our result may be interpreted as an additional explanation of the home bias
puzzle using a different angle for incorporating uncertainty aversion. Fur-
thermore since the holdings in each asset depend on the s, this approach
could associate the magnitude of the puzzle with differences in uncertainty

aversion between home and foreign assets.

4. CONCLUDING REMARKS

Robust portfolio rules suggest that total holdings of risky assets may
increase under uncertainty aversion relative to the risk aversion case, which
is a result that can be contrasted to results suggesting that robust methods
in portfolio selection imply a reduction in the total holdings of risky assets.
Furthermore under heterogeneity with respect to preference for robustness,
robust portfolio rules suggest that the investor might increase the holdings
of the less ambiguous asset and reduce the holdings of the more ambiguous
asset, a result that might provide an additional explanation for the home
bias puzzle.

The robust portfolio rules derived in this paper are parametrized by
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the robustness parameter 6, which is not endogenized in order to keep the
model consistent with the Gilboa Schmeilder axiomatization of uncertainty

aversion.!8

Thus our results should be regarded mainly as comparative
static results indicating the direction of changes in risky asset holdings
when preferences for robustness changes, with the limiting case being the
no preference for robustness, which is equivalent to standard risk aversion.
The fact that changes could go either way depending on the structure of
the model parameters suggests that uncertainty aversion and adoption of

robust portfolio rules should not be associated with smaller holdings of

risky assets.

18Thus the full characterization of the robust portfolio rule requires estimation of 6,

using for example detection probabilities [23].
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Appendix

Proof of Proposition 2
Suppose now, that we place n different penalty terms h; fori=1,....,n
and consider the corresponding robustness parameters €;. In this case, the
equation for wealth dynamics takes the form:
n n n
aw = <7~W —c Y wilai WA > aiRijwiWhj> dt
i=1 i=1 j=1

+ iiw]'JjWRidei (46)

i=1 j=1

and the corresponding multiplier robust control problem now becomes:

J(6) = sup inf Bo /O e [U(C)+ Y 0 e (47)

w;,C hi
subject to (46).

The value function V (W, 0) satisfies the following equation:

Vo = gllaécnlin{U(C)—i— (rW—c—l—iwi(ai—r)W (48)
+ ZZ@R”WW}L )VW+ZQ - wazzwzwﬂ” }
=1 j=1 =1 j=1

The first-order conditions are:

U'c) = Vi (49)
VWS wioiRi;
h, = -2 ngl T i=1,..m (50)
%
Zw]‘WUij = A(Ozl _T)+Agizthij ,1=1,...,mn (51)
° =

4 = W v(c

)
Viww U (C)se”
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Replacing the second into the third relationship we obtain that:
wiW = ZUU ;—r),i=1,..,n (53)
where 0! is the inverse of the matrix:

[0i5] = [(XDX)y] (54)

2
Z R’LI{R]k} (55)

Dij = (py— wa

So in order to compare again the change of wealth invested in each one
of the assets, we subtract relationship (53) from (2). Therefore we obtain

that:

WAw; = > ST = DS (e =), i=1,...,m (56)
j=1

From the previous equation we obtain:

WAW =% Aw; = Y [N =D (g = 7). (57)

i=1 i=1 j=1

|
Proof of Proposition 3

In this case the equation for wealth dynamics becomes:
dW = [wl(al —r+o1hy) +wsy (042 —r+oa(phy + hgﬂ))]Wdt
+(rW — C)dt + Wow,dB, + WospwydBy
+09v/1 — pPwydBs. (58)
The multiplier robust control problem is defined as:

o] h2 h2
J(6) = sup inf Bg / e ?tU(C) + 91— + 0,2 ] (59)
w;,C 0
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subject to (58).

The value function in this case satisfies:

oV = maxmin{U(C) + (wl(al —r+o1th)W+ (W —¢)

w;,C h;

2 2

(60)

h h
+015 + 057 +wa(az =7+ oaphy + 091/1 - thz)W)VW

2 2
—&-%wa Z ZwiwjaijWﬂ.

i=1j=1

For this two-player game the first-order conditions are:

U'C) = Vi

B VWW(Ule + agpwg)
01

h VWW \/l—pQng;
2 = -
02

hi =

2
ZU};WJU = A(Oll —T) +A01h1
j=1
2
Zw}‘Wagj = A(ag — 1)+ Aoa(phi + /1 — p%hs)
=1
!
4 = _ Vv _ Uu'(C

Vivw U (C)ee”

(65)

(66)

Using matrices as in section 3, we are able to describe the solution of the

above problem by the following equation:

{ wIW  wiW ]AZ [ Alay — 1) Ay —1)

where now A is the matrix:

Vi Va
A= o11(1 — 91_‘/%) o12(1 — 91VWW)

Vi Vi (p® | 1=p?
021(1 - le“jVVW> 022(1 - ﬁ(% + 92p ))
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In this case the solution is:

[ Alar —1) Alag —1)

{ wiW  wiW ] = 7z T (69)
(1=p*)(1 - olvvuv,w)(l - GQV‘V,VVW>
V2 p2 lfp2 V2
-1 ( - VWWW <9_1 + 02 )) p— p91VXW n-1
V2 V2
P P vViww 1= 01 Vww

We examine the difference between the quantities given by (20),(21) and

(69) and after manipulations we obtain:

AVV%/|:0417‘ Qg — T

= 70
01-0> _1-p>
—1 Z8 1- Vit Lor —1
by Vww DI
p -1
Therefore the solution becomes:
—7r 01 —0y 1—p?
WAw - i{oa 7’(1 2 52 71)+042 Tp (71)
o1 o1 92 1 - 2w g2
Vww
WAw, — i{oa—r T (72)
02 01 02
AVV%,
K = . 73
= ) 0:Vew — V) &
Thus if A as in (40) then:
. 01 — 02 1 — p)\
WAw, < 0 if % B> p (74)
WAw;, < 0 if p>A (75)

where y = —4,—. If equation (75) holds then the right hand side of (74)

Yww
is always greater than one and the left less than one. So as in the case with
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the same levels of ambiguity, we never increase the holdings of both assets

at the same time. In addition if we combine (71) — (72), we obtain:

WAW = WAw, + WAw, = (76)
_r1 _
i 7"_[001 02u(l—p2)—0 + pAo+p—Al<0 if (77)
g1 g9 92
01 — 0> 2
pro+p—X > of[l- 7 w(1 = p*)] or
2
. 1 0, -0
Mp==)+p > ofl- 102 2u(1—p%)] (18)

where again 0 = 22 and A = 2= N
o1 a

1—r’
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FIG. 1 Changes in the total holdings of risky assets under uncertainty

aversion
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FIG. 2 Changes in the holdings of each risky asset under uncertainty

aversion
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