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Abstract

This paper extends the concept of the exercise boundary as an analytical tool
in determining when an optimizing agent might undertake an irreversible action
under uncertainty, to situations where the objective function of optimizing agents
depends on decisions taken by other agents. By using the case of cost reducing
R&D in a fixed numbers oligopoly under demand and technological uncertainty,
the exercise boundaries and the corresponding optimal R&D accumulation paths
are determined for the non-cooperative, cooperative and socially optimal cases.
Comparison of the exercise boundaries makes possible the formulation of R&D
policy in the form of subsidies.
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1. Introduction

In the mathematical formulation of problems from physics, biology or
economics, the concept of the free boundary emerges as a boundary sep-
arating space-time regions with different properties, whose location is not
known a priori. Free boundaries occur naturally in areas such as mate-
rial processes, population dynamics, combustion theory reaction-diffusion
processes or fluid-flows analysis. In economics free, or as they are some-
times called, exercise boundaries occur in the analysis of investment type
problems under uncertainty and irreversibility. This type of problem typ-
ically involves capacity expansion Dixit and Pindyck 1994), development
of natural resources (Scheinkman and Zariphopoulou 2001) or investment
in financial assets. In economics the properties associated with the regions
into which the free boundary separates time-space correspond to the de-
cision to undertake the irreversible decision (e.g. invest) in one region or
not to undertake the irreversible decision (e.g. do not invest) in the other
region.
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In the problems analyzed so far in economics, the basic underlying as-
sumption is that the boundary is determined by the optimization problem
of a single economic agent, which is independent of decisions taken by
other agents. This independence assumption does not hold of course when
market imperfections or other externalities are introduced. Introducing
dependence of an agent’s exercise boundary on the actions undertaken by
other agents naturally extends the free boundary concept to the realm of a
non-cooperative game. This extension is the purpose of the present paper.

The exercise boundary for a firm is derived under demand and tech-
nological uncertainty, by considering the problem of optimal accumula-
tion of process R&D associated with small innovations, in a fixed numbers
oligopoly with spillovers, where firms behave non-cooperatively both in out-
put and R&D selection. In this problem the exercise boundary associated
with the optimization problem of each firm is determined under the as-
sumption that the firm takes as given the actions of its rivals regarding
output in the short-run and R&D in the long-run. Thus a non-cooperative
exercise boundary, which for each firm depends both on the firm’s own
accumulated R&D and that of its rivals, is defined.

The non-cooperative exercise boundary is used to analyze the behavior
of the firms under demand shocks. The basic response mechanism for cost
reducing R&D accumulation implied by this approach allows, when firms
are not symmetric, for immediate responses or delayed responses or no
responses at all to demand shocks. Convergence to a Nash equilibrium
R&D accumulation could be prevented if demand shocks persists, since
each demand shock could trigger a shift of the exercise boundary. The shift
alters the regions that the non-cooperative exercise boundary separates
time-space for each firm and thus changes the structure of its decision
space.

A cooperative exercise boundary is determined by assuming that the
firms compete in the output selection stage but cooperate in the R&D
selection stage by engaging in R&D cartelization (Kamien et al. 1992).
Finally, we consider the case of a social planner that maximizes consumer
plus producer surplus and derives a socially-optimal exercise boundary.

By comparing the three boundaries we are able to derive an optimal
R&D subsidy, optimal in the sense that the the subsidy is chosen so that
the noncooperative or the cooperative boundaries coincide with the socially-
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optimal boundary. In this way the firms react to any stochastic shock in
the same way that the social planner would have reacted.

The present paper contributes to the literature, first by extending the
exercise boundary concept to the case of strategic interactions among op-
timizing agents, and second by applying this methodological framework in
order to characterize the process of cost reducing R&D accumulation un-
der demand and technological uncertainty, and describing a policy scheme
that corrects deviations between the privately optimal and socially-optimal
accumulation paths. An interesting property of the optimal policy scheme
in the case of constant cost reducing effects and constant spillovers, is that
the optimal subsidy is state independent and deterministic and thus inde-
pendent of the random variable realization.

2. Non-Cooperative R&D with Spillovers

Consider an industry with ¢ = 1,...;n firms 2 < n < oco. The firms
at each instant ¢ face an inverse demand function p; = p(ay, Q:) where
Qi=>1", qi is the total quantity produced, ¢} is the output of firm 4, and
«y is the parameter of demand uncertainty. The inverse demand function
decreases with Q¢ and increases with ay.

The parameter of demand uncertainty is assumed to follow a geometric
Brownian motion process, or:

doy = youdt + ocapdw; (1)

In (1) {w:} is a standard Brownian motion, which represents the source
of demand uncertainty, and which is defined on the underlying probability
space {Q, F, P}. The parameters y and ¢ are constants and represent the
mean and the dispersion coefficient of the demand uncertainty parameter.
By considering a linear demand or p; = ay — Q;, the uncertainty parameter
can be interpreted as uncertainty associated with the size of the market.!
We assume that the market size at each point in time, a;, takes values in the
interval (a1,as), aj,as > 0, that determines a minimum and a maximum

'If some long-run market size @ is assumed, then the movements of the uncertainty
parameter can be modelled by a mean reverting process

das =y (@ — a¢) dt + cardw:
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size. For an exit time 7, from (a1, az), Pr(lim¢—,, a; = a;) = 0,j = 1,2.
Thus a; and as are repelling boundaries.

Let 2! denote the amount of accumulated R&D in improving production
processes undertaken by firm ¢ at time £. Thus accumulated processes R&D
in each firm is defined as

t
T} :/ Azydu,i=1,2,...n
0

where Azi, is R&D flow undertaken at each time ¢. No depreciation is
assumed and A;vi, > 0 so that the R&D accumulation process is irreversible.
The unit production cost of each firm is assumed to be

v (2}, %x,") i, =1,2,i# ]
where x; = (x%, - xi_l, gciﬂ, s m?) is the vector of accumulated technol-
ogy improving R&D of the rest of the j # 14, j = 1,...,n rival firms.

It is assumed that the unit production cost of each firm decreases with
accumulated R&D in the firm or % < 0. So technology is assumed to
improve gradually over time as a restult of accumulated R&D. Thus im-
provement of production processes is considered to be a consequence of
‘routine’ environmental R&D (Baumol 1992).

Following D’Aspremont and Jacquemin (1988) or Suzumura (1992),
R&D externalities or spillovers are also assumed, so that % <0,j#
i, 1,7 = 1,...,n. Therefore the accumulated technology improvting R&D in
one firm could generate improvements in the unit production of the other
firm, without any payment on the part of the firms that experience reduc-
tions in unit costs. We make the following additional assumptions regarding

the unit cost function
(1) 0 <o (O, X_i) <00, lim ¢ (ZL‘i,X_i) — 0t

r*—00
B . ot (:Ui,xfi) B Ot (:Ui,xfi) o
(@) Jim —p =M< oo, lim ——5—==0
n
(iii)  D'= Zvj (:L‘j, ij) — o' (:Ui,xfi) <0
J#i
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. i "o (a9, x I o' (xf,x7*
(iv) D= Z (Bxi ) -n (axi ) >0
i

Assumptions (i) and (ii) impose some regularity on the problem, assump-
tion (iii) implies that unit cost functions are not very different among firms,
while assumption (iv) implies that the effects of own R&D on own unit costs
are always larger then cross effects. Furthermore for any symmetric vector
Xy = (:L‘tl,...,:L’?), gzi < 27”{, j #i.

The cost for increasing the stock of accumulated R&D by Azt is de-
fined as (1 —s)c(Axz}), where ¢ (Axz}) represents strictly convex adjust-
ment costs, with ¢ (0) > 0 and s € [0,1) is a subsidy potentially given by
the government to cover some of the R&D expenses.

Given this set-up the firm has to decide about output production and
R&D expansion. At each instant of time the firm decides about the optimal
output level given the overall accumulated R&D, and, under Cournot-Nash
assumptions, given the output of its rival. Thus output is the operating
variable and output decisions can be regarded as “short-run” decisions while
R&D decisions are “long-run” decisions.

Short-run profits are defined as:?

mh = [ = Q=" (2}, %) ¢f

Thus the Nash-Cournot short-run equilibrium output for any given cur-
rent level of total R&D is defined as:?

n

. 1 e A
@V o= T ot + Zv’ (:L‘i,xtj) —nv' (g, x") | | =
J#
at—l—Di ; .
rlt , ap > D;E y Vi (2)

where, under symmetry, the non-cooperative short-run equilibrium output
becomes

—1
qN i ag — v (ZL‘t,Xt )
t n+41

82t
9q;0q;
substitutes for any given R&D vector x;.

3Linear demand and constant short-run marginal costs guarantee the existence and
uniqueness of the short run Nash-Cournot equilibrium.

’Tt is assumed that < 0, Vi,j,i1 # j, so that firms’ outputs are strategic
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Then the reduced form instantaneous profit function can be defined as:*
Ty (at,xi,xt Z) = (qu)

The short-run Nash-Cournot output equilibrium feeds into the equi-
librium for the environmental R&D accumulation which is a long-run
problem.’ This equilibrium is determined by maximizing the expected
discounted profit flow net of the costs of R&D accumulation, given initial
conditions ap = a, 7} = ¢, Xo ¢ — x~*. Since short-run profits for each firm
depend on the amount of R&D accumulated by all firms the value function,
for each firm also depends on the accumulated R&D of its rivals.

Let Bf = {Awi : Azt >0, Vt > 0 and f(f Azt du < oo, Vt > 0} . The
set of admissible controls which represent additions in technology improving
R&D is defined as U = { Az} : Az} € B!, Va' € [0,00)}

The long-run problem for each firm is therefore to choose a non-negative,
non-decreasing process of cumulative environmental R&D to solve the fol-
lowing maximization problem:

max J (at,xi,xfi; Afvé) L JU = 50/ et [ﬂ* —(1-3s)c (Azé)] dt
% 0
subject to (1) with p >y

The value function for this problem is defined as:

Vi (a,x",x*i) = sup Jt (at,xi,xt_i; Axé)
Uz
By the concavity of the profit function 7i* — (1 —s)e¢ (Az%), in 2! and
the linearity of the dynamics with respect to the state and the control
variables the value function is concave in zj. The dynamic programming
equation takes the form (Soner 1997):

pVi = Angiago { [EZ;,’-] Vign™* —(1-3s)c (A:E’)} (3)

It is assumed that the Hessian matrix of the instantaneous profit function 7%* is
negative definite.

®See also Dixit (1991) where the short-run equilibrium is determined by maximizing
the total flow surplus.
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where L7 is the differential generator

1 0? 0 ;0

LY = 502&2W +yap—+ Az’ P
Assume that the time line is partitioned into ‘sufficiently small’ time
intervals At. In each such interval each firm has two choices: to undertake
new R&D or not. It is assumed that when the firm decides about which of
the two choices to follow, it considers as given the current R&D level of its
rivals at the beginning of this time interval.® In a sense when At — 0 each
firm plays best response to its rivals current choice of cumulative R&D.
Consider now a time interval [0, 7;] in which firm ¢ makes no additions to
its R&D for the given x;°, t € [0,7;] . We define such an interval following
Dixit and Pindyck (1994), as a continuation interval or no action interval.
A stopping time for firm ¢ is a non-negative random variable 7;, at which
the firm increases its R&D level. Let z} (7;) be the optimal R&D process
at time 7;, then following Fleming and Soner (1993) or Soner (1997), if 7;

is a stopping time then by the dynamic programming principle:

Vi (a,x",x*i) — sup 50/ e PU [Wz* —(1-3s)c (Awi)] dt +
u.  Jo

e PTiyi <oz7i , ZL‘?]; , x};)

Assume now that in some interval [0, ], firm ¢ decides not to undertake
any new R&D but keep to it at the level 20 given x, 0 te[0,6], so that
[0, 0] is a no action interval as defined above. Then, the definition of optimal
stopping time and the principle of dynamic programming imply that the
value function for firm ¢ will be no less from the payoff in the no action
interval plus the expected value after 6, or

0
v (a,xi,x_i) > 80/ e Pumi*dt 4 e Py (ag,xé,xgi) (4)
0

with equality if it is optimal not to increase R&D in the interval [0, 6] .

% Conditioning the decision to undertake or not new R&D on the current accumulated
R&D vector ($%7 ac?) is a form of a feedback rule (see for example Reinganum 1982).
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Applying It6’s lemma to the value function on the right hand side of
(4), dividing by 6 and taking limits as # — 0, we obtain :

pVi > —c2® Vi, +yaVyi + ni* (o, zt, X{i) (5)

1
2
with equality if ; (¢t) = 2 in the interval [0, 6].

Consider now the decision to accumulate R&D instantaneously by Az’ =
20" — 20 Then the right hand side of the dynamic programming equation
(3) becomes

max {[ L83 | Vil — (1 s)e(Aaf) } =

1 . L
502042‘/&1@ +yaVi + 7 +H (V)

where
H (V) = max {ViAa' — (1-s)c(Aa')}

which implies

Vi — (1—s)c (sz) <0, Az' >0, or
If Vi—(1-s) ¢ (Aw’) <0 then Az'=0
If Ax'>0 then VY —(1-5s) ¢ (Azz) =0 (6)

Thus when no development is optimal, (5) is satisfied as equality, while
when development is optimal, (6) is satisfied. Combining (5) and (6), the
Hamilton-Jacobi-Bellman equation is defined as:

) [pVi — %020421/03@ — yaVo’; — (a,xi,xﬂ')] , 0 .
i — [Vm’, —(1-s)¢ (Aw’)] N (7)
There will be i = 1, ...n HJB equations, one for each firm. At every point of
the state space (a,x’, xﬂ) , either the first or the second term of the HJB
equation is satisfied as equality while the other is satisfied as inequality.
Therefore the state space is divided into two regions: the no-new R&D
region (no action interval), and the new R&D region.
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3. The Nash Exercise Boundary

The HIB equation (7) determines the conditions under which a firm
will undertake new R&D or not given the R&D choice of the other firm.
Thus the HJB for firm ¢ divides, for given x—¢, the (a, :UZ) space into two
regions. The curve o = o' (xi,xﬂ') it = 1,...n for the boundary between
the two regions determines the R&D process for each firm. From the one
side of the curve, say region I, no new R&D is undertaken. This is the no
action space. From the other side, say region II, new R&D is undertaken.
We call this curve the Nash exercise boundary (NEB), since it determines
the decision whether to undertake new R&D or not given the R&D choice
of the other firm.

Using the definition of the reduced form instantaneous profit function,
the HJB equation in region I implies:

ot (Sh? (w9,x79) ot (1))
(n+1)

1 . .
pV* — 502042‘/;& —yaV, =

The general solution of this second order differential equation can be ob-
tained as:”

v (Oé,:L‘i, X_i) = A} (:L‘i,X_i) o 4 Al (:L‘i,X_i) o2 + 11 (a, l‘i,X_i)

where (5; = % — 3% + 4/ (;% — %)Z—I—%% > 1 is the positive root, and
B9 is the corresponding negative root of the fundamental quadratic Q =
2026(B—1) +yB—p =0, and I (o, 2%, x%; 5) is the particular solution.
We need to disregard the negative root in order to prevent the value from
becoming infinitely large when the market size becomes very small, thus
we set Ab (;,x %) = 0. ® Using the method of undetermined coefficients

we obtain the particular solution as:

I (a,2',x7") = I (2',x7%) + ally (2, x7) + o’
. N 2
o (Z” ;v — nv’) Di]?
HO (l‘l,Xil) — i# 5 — [ ] 5
p(n+1) p(n+1)

"The homogeneous part of this differential equation is an Euler equation.
8See Dixit and Pindyck (1994).
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oy M)

’ n+1%*(pp—y) (+1)°(p-y)
1

(n+1)% (p— 02 — 2y)

Thus the solution becomes:

I, =

%K (Oé,:L‘i, X_i) = A} (:L‘i,X_i) P 411 (ZL‘i,X_i) (8)
In region II the second term of the HJB is zero and Ax; > 0 or,
ini (a,xi,x_i) —(1-3) c (A:UZ) =0 9)

The NEB a = o' (z',x™") can be obtained by solving (8) for a. The
unknown functions A"l (xi, x*i) and a = o (xi, x*i) can be specified using
the ‘value matching’ and the ‘smooth pasting’ conditions.’

The value matching condition means that on the boundary separating
the two regions, the two value functions should be equal. Then we have,
combining (8) and (9), that

DAY (at,x77)

) ) ) oIl i’ —1 oIl i? —1
Vi (a2, x7") = — o afr  —2 E;:xix ) +a—1 E;Uxix )
= (1-3s) ¢ (AJ?Z) ,a=a' (;Ui,x_i) (10)

The smooth pasting or high contact condition means that the deriva-
tives of the value functions with respect to « on the boundary are equal,
or:

. . . 0A! (2t x~° O (2, x
Vii(a,atx™) = g—————- (gxix )0/31_1+—1 gxix )

a = o (w",x*i)

=0(11)

Combining (10) and (11) we can solve for the unknown NEB function
al (:Ui,xfi) to obtain
’ i Ol (xf,x—*
B (1=s)¢ (Aai) - Zolrx)

B, —1 anl(gi,xﬂ
T

For a presentation of these conditions see Dixit and Pindyck (1994).

o (l‘i, X_i) = (12)
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After substituting for Ily and II; the NEB for firm ¢ = 1,...,n can be
written as or

o (fci,x_i) - A { Sab)L (Axl) DD, } (13)

5, -1 waD,
2 2 N
Rl = ——=, k2 =
p(n+1)° (p—y) (n+1)°

Since D' < 0, D;i > 0, the boundary function takes only positive values.

Under symmetry the NEB becomes:!”

_ B (1—s) ¢ (Az) + kv [(n -1) vl,i — nv;}
a@) =573 ke [(n—1)v, — nv]] (14)

with v/_i

< 0 denoting he spillover effect, v; < 0 denoting the own R&D

effect on costs and (n — 1)v", — nv; = v, > 0 by assumption (iv).!!
Furthermore after substituting for the NEB in (11) we obtain
OAY (2t x7 keDU, o 1g
) ol (o' )] <0 (15)
or, under symmetry,
814 — ’ !
&ix) N _’12;1’90 o (@], vy = (n = 1)v]; — no;

From the solution (8) for the value function, the particular solution
II (a, b, x_i) can be interpreted as the expected profits when R&D is kept
constant at its initial level, given the R&D level of the rivals. The term
A’i (wi, x*i) can be interpreted as the current value of the option to expand

R&D in the future given the present level of rivals’ R&D. Then %
is to be interpreted as the marginal option value of R&D expansion given
the R&D of the rivals. Since when new R&D is undertaken the firm gives

up an option, the marginal option value is negative.

i i 2,1
10We denote v; = g;i <0, v ;= % <0,1#j, v = % Vi, j.
"For example if we put v(X), X = z; + > ;i 6z, then v; = —1 and v_; = —6,

6€(0,1).
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In order to explore the structure and the properties of the NEB we use
the assumptions made about the unit cost functions. From (i) - (iii) it
follows that

o (xi,x_i) >0, Vx, o (O,X_i) < oo, lim o (mi,x_i) =00
x'—00

Furthermore
da’ (mi, x*i)
ozt

(525) oy (e [0 90 = (1227 L) 2 -

[(1 —5) ¢ — nlDli'} Hng,xl}

n . .
here Di 0% 0%’
where D = | 2 G ~ g
J#i
For the symmetric case we have

!

a (x) =
b1 1

81— 1 (kovy)?

5 [(1 —38) c + /4311)’035] (vm)} , Ugr = (n—1)v_; — ny;

{Hz {(1 —s)c + k1 ((vz)2 + vvm)} (vg) —

These results imply that the monotonicity of o with respect to 2° depends
to a large extent on the sign of the term D?, rixi Which reflects diminishing or
increasing returns in cost savmgs due to R&D expansion. In this context,
by abusing notat1on Ua; i = azzj ,<0,1,7=1,...n mdlcates 1ncreasmg
returns while v?; ; > 0 indicates diminishing returns Let v?; ; <0 fora’ €
X; C [0, 00) then under the assumption that direct second- order effects are
larger then second-order spillover effects Dxlx’ > 0. Let U:pw > 0 for z* €
Xy C [0, 00) again under the assumption that direct second-order effects are
larger than second-order spillover effects D;ixi < 0. Thus during the R&D
process there could be intervals of increasing and decreasing returns. It is
more plausible to assume that the increasing returns prevail at relatively low
R&D levels while at higher levels diminishing returns take over. Assuming
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therefore the coexistence of increasing and diminishing returns the following
proposition can be stated:

Proposition: (i) Assume D¢,

xix? xix?

<0and (1—35)c >k ([Dxi]2 + D'Dt, )
(or vze < 0 and (1 —s)¢ > K [(vw)2 - vvm] for the symmetric case),
which is satisfied when adjustment costs are strongly convex, the subsidy
18 not very high and diminishing returns prevail in the process of cost re-
duction through RED. Then the slope of the NEB for firm i is positive.
(i) Assume Dyiyi > 0 and (1 —s)c < K (D2, + DDyiyi) (01 vze > 0
and (1—3s)¢’ < Ky [(vw)2 - vvm] for the symmetric case), which is satis-
fied when adjustment costs are not strongly convez, the subsidy is relatively
high and increasing returns prevail in the process of cost reduction through
RED. Then the slope of the NEB for firm i is negative.

The above results imply that the shape of the NEB could be as shown
in figure 1 for two firms ¢ and j, where increasing returns for firm j prevail
up to ;.

[Figure 1]

Suppose that a = g, the two firms have accumulated xé and .1‘6 re-
spectively, and « jumps to «;. There are different patterns of responses
depending on the characteristics of the two firms. Suppose that as in fig-
ure 1 the jump crosses the boundary for firm ¢ but not for firm j. Firm 4
undertakes a large amount of R&D investment, because increasing returns
make possible lumpy expansion in R&D,'? while firm j does not undertake
any new investment. The change however in 2 will shift the NEB of the
rival firm j.

To analyze these shifts we consider the general case The shift of the NEB
of the ith firm from a change in the R&D of its jth rival is determined by

.. Bat(atx? . ; . - .
the derivative %. By noting that D* < 0 this derivative can be
written as:
dat (:L‘i, x_i) 1 o o .
- = - R1K2 (DljDZi—FDlDli j)Dli_
OxJ i \2 { )" Tl T
(KQ‘Dzi)
"2 This result is in accordance with the results obtained by Dixit and Pindyck (1994)
for capacity expansion under increasing returns.
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koD, [(1 —s)c — HlDiD;i] }

. ol ov' 02l 0%vt
where D', = — —n—: |, D}, = —
xJ j j il i 7 J 1
Py ox ox Py 0zl 0x 0x10x
In the above expression the terms gTU;’ 1 # j indicate the spillover para-

meters, while the second-order terms indicate spillover effects on marginal
spillovers. To simplify the expression assume that second-order terms are
negligible or sz ; =0, then

dal (:L‘i,X_i) K1

Kl P~ Yy
oxJ Ko Dy = P Das

Since 2 8—] <0 Vz , j, if the spillover from firm j to firm ¢ is sufficiently

strong so that n }

s ‘Zh# s } then zj > 0. Thus an increase in the
R&D of firm j will shift upwards the exercise boundary for firm ¢, and will
reduce the likelihood of this firm undertaking new R&D in the presence of

upwards demand shocks Under low spillover from firm j to firm 4 so that

n ‘37“;’ < ’Zh# 5.7 | » then ai < 0 and the increase in firm j R&D will
shift the boundary downwards for firm ¢ and will increase the likelihood of
new R&D.

Under symmetry we obtain 2% = 2=¥ <v; — 2 j) 13 Again high spillovers

8 J p
will reduce the likelihood of new R&D Since under symmetry all firms be-
have the same, a positive derlvatlve under high spillovers will indicate
underinvestement effects. The 0pp081te holds under low spillovers.

In terms of figure 1, assume that the spillover effects are weak so that
the boundary for firm j shifts downwards as a result of is R&D and the
shift is sufficient so that new investment is undertaken. This new invest-
ment will in turn shift downwards the boundary of firm ¢ and will induce
new investment. If there are no significant jumps in a and we assume
approximately constant spillovers, the shifts will be reducing in size since
£24 < 1 and there will be convergence to some Nash equilibrium values
for z;, x;. The process however can be interrupted by a new jump of a;, in
which case a new process will start.

13,0’ 4 <O
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The basic adjustment mechanism described here indicates that when
firms are not symmetric there could be immediate responses or delayed
responses or no responses at all to demand shocks. In general the delayed
response takes place when the shock is not sufficiently strong to induce
immediate investment by a given firm but investment is a response of this
firm to the actions taken by the rivals under weak spillovers. No response
to a positive demand shock is possible if, again the shock is not sufficiently
strong to induce immediate investment from the firm, but the spillovers
effects, because of the rivals’ investment are sufficiently strong.

4. Cooperative R&D

Assume that firms behave non-cooperatively in the short-run when they
choose output but cooperate in the choice of the long-run R&D variables.!
Thus R&D is chosen cooperatively as if a group manager would determine
the optimal R&D process for each firm in such a way that the expected
present value of the sum of the profit flow of each firm is maximized. This
is the case called R&D cartelization by Kamien et al. (1992).

The optimal time problem for the cooperative solution can be defined by
considering the group manager that faces a given accumulated R&D profile
x¥ and considers whether or not it is optimal to have a partial increment
Az® given x; © In analyzing this choice the group manager takes into
account the effect of undertaking or not the partial increment Az’ on the
expected profit flow of all the firms in the group. It is clear that this effect
is not taken into account in the non-cooperative case regarding the R&D
choice.

The maximization problem for the cooperative solution is defined as:

e o, a5 ) = 8 [ e [l = (1) (B
% 0 i=1

subject to (1), with the value function defined as:

yie (a, z’, x*i) = sup J (at, zt, X{i; Awi)
Us

1 This assumption is common in the cooperative R&D literature see D’ Aspremont and
Jacquemin (1992) or Suzumura (1992).
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Optimal stopping implies that, when it is optimal for the group for the
ith firm’s R&D to remain constant in the interval [0, ] with the rest of the
group’s R&D at the level x; ©_ then the value function is defined as

0 n
yie (a, z', X_i) = 50/ e Pu Z [7‘(’%*] dt + e~ Poyic (Oé@, :L‘lé, x;i)
0 i=1

On the other hand when the decision is to accumulate R&D instanta-
neously for the ¢th firm the dynamic programming principle implies

Vi = s { o] v - - wn}

Following the same procedures as in the case of the noncooperative
problem, the HJB equation for the cooperative problem can be written as:

[ Ve -0tV —yavie =S A (et x )]
nin — [Vm’z —(1-29) ¢ (Aml)} N

The solution for the value function takes the form

yie (e, ', X_i) = Al (:L‘i, x_i) o 110 (xi, x_i)

where
II° (a, zt, Xﬁi) = I (zi, Xﬁi) + oIl (:L‘i, Xﬁi) + o115
12
g (af, x ) = 2ic1 [Dll
p(n+1)
S 22”_ Dz
II¢ ZL‘l,X 7 — i=1
1) (n+1)*(p—y)
n

53
|

(n+1)*(p— 0% — 2y)
Using the value matching and the smooth pasting conditions the coopera-
tive exercise boundary becomes:

o (2f,x7") = By %

Br—1
(1—s)c (Az') — ks <DiD;i + D i DjDii)

k2 (Dl + Soi; Dl
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The terms Zgéj Di Di ; and Zgéj Di ; are, in the terminology of Kamien
et al. (1992), the combined-profits externality generated by the R&D un-
dertaken by firm ¢ on the profits of all other firms. The distinction with
the certainty case is that while under certainty this combined-profits exter-
nality is realized directly on the firm’s profits, in our case the effects are
realized through their effects on the cooperative exercise boundary. Under
symmetry the cooperative exercise boundary becomes:
By

af (x) = —— X

fri—1
(1—s)¢ (Az) + Ko [(n = ol —nv+(n—1) <U; B 20;)}
ko [(n— 1) v, —nv) + (n— 1) (v, — 20",)]

B (1—s)c (Az) — Ko [v; +(n—1) v/ﬂ] .
B -1 —kg [v; + (n — 1)v_,] (a7)

The interpretation of the cooperative exercise boundary is similar to the
noncooperative case. Comparison of (16) and (17) with (13) and (14) re-
spectively, indicates that there are differences in the relative positions of
the boundaries. The relative position of the two boundaries can be deter-
mined by the difference: o (:L‘i, x‘i) — af° (zi, x_i) , and reflects whether
R&D expansion will be faster or slower under non-cooperative or coopera-
tive behavior. To obtain a clearer picture of this comparison we examine
the symmetric case, for which:
By

a(z)—a(z) = ——7——=X

(B1—1)
(s—1)¢c (Az") (n—1) <v; - 20’_i>
Ko [n (v; — v'ﬂ) + v'ﬂ] [v; +(n-1) v'ﬂ]

In this expression the denominator is always positive, so if the spillover
> , Or <v; —21)/71-) > 0,
then in the symmetric case the non-cooperative boundary lies uniformly
above the cooperative boundary. With the non-cooperative boundary uni-
formly above the cooperative one, as in figure 1, the implication is that
when the demand conditions indicate that R&D expansion is desirable, the

!
i Ui

effects are sufficiently strong so that ’21):-
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expansion is higher under cooperation then under non cooperation Under
cooperation, for a demand shock to a1, R&D investment equals zfz}° which
exceeds the non-cooperative investment xox’ 1% For low spillovers there is
the possibility that the cooperative boundary is above the noncooperative
one and expansion could be higher without cooperation.

Assume that the spillover effects are not constant at different levels
of x and let ¢ (zh, x; Z) = v, — 20, Vi. If a vector x° exists such that
¢" (x?) = 0 then the two boundaries have a crossing point. A continuity
argument suggests that from the one side of the crossing point cooperation
leads to faster R&D expansion, while from the other side of the crossing
point noncooperation leads to faster R&D expansion.

5. The socially-optimal Exercise Boundary

When we consider the case of a social planner that maximizes consumer
plus producer surplus we need to distinguish between the non-symmetric
and the symmetric case.

In the non-symmetric case the assumption of constant marginal cost
and zero fixed costs implies that it will be optimal to cover market demand
with only one firm which is the one with the lowest marginal cost, and
charge a price equal to this minimum marginal cost. In the symmetric case
however it is optimal to have all n firms in the market, each one producing
the same output. We examine this case first.

In the symmetric cases the short-run social surplus is defined, for fixed
x, as:

Qt .
St =/ (at — Zt) dZy — ZU UUt,Xt qt7 Q= ZQta qt g, V' =v
0

=1

where the subsidy s = 0 for the social optimization problem. The first-
order condition for the maximization of the short-run social surplus is the
usual price equals marginal cost rule or

— Q= (xi,x{i)

" This result is similar to the one obtained by D’Aspremont and Jacquemin (1988).
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By symmetry the socially-optimal short-run output given the accumulated
R&D level is defined as:

S

¢ = ar — v (xt,x;i)

n

By the definition of the social surplus we have:

Sy = (2:;%> (at _% (z:;qt> - vi)

Using the first-order conditions the optimal short-run social surplus can be
defined under symmetry as:

" 2
* 1 s
5 - L (zq) as)
The R&D choice for the social optimization problem is defined as:
max J?® (O&t,Xt;AZL‘i) , Jo = 50/ e [St* - Zc (Azi)] dt
* 0 i=1
subject to (1), with the value function defined as:

Ve (a,xi,xﬂ') =sup J*® (at,xt; Afvé)
Z/{x

The HJB equation for the symmetric social optimization problem be-
comes

. [pvs - %0-20‘2‘/&9(1 - yO‘Vc}s -5 (Oé, X)} )
min _ [Vj _ (AZL‘)} =0

The solution for the value function takes the form
V* (@, x) = Af (x) o + TP (x)
where
M(a,x) = II(x) + allj (x) + 2113
1

2 — > .0
Mo = 20 )Z(,,_ZW’ R TP

2pn2 3 1
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Using the value matching and the smooth pasting conditions the socially-
optimal exercise boundary becomes:

s B ¢ (Az) — 5 [v; +(n—1) ULJ
P 1 s g e P P (19

We compare again the socially-optimal exercise boundary to the Nash and
the cooperative boundaries, for s = 0, to obtain:

ﬂlc (Afﬁ)
20, 1)
(~14+n(=2+n@2n—1)))v, +v_ +n(1+n—3n2)v/_i(p—y)
(n (v; = vly) +0) (v + (n = 1)vly)
o (2) — 0 () = B ¢ (A 1+ —2)n)(p-y)
2(8,-1) (vl. +(n—1) v_i)

In comparing the non-cooperative and the socially-optimal case it is not
clear whether the non-cooperative exercise boundary is uniformly above
or below the socially-optimal exercise boundary. This suggests that non-
cooperative outcomes could imply either insufficient R&D or R&D over-
expansion. For the cooperative case it can be seen that for n > 3 then
a®(x) — a® (r) > 0, indicating that cooperative R&D accumulation is so-
cially excessive.!©

a(z) —a®(z) =

6. Optimal R&D policy

The comparison of the different types of exercise boundaries indicates
that the same demand shock is likely to create different responses depending
on the behavioral assumption. A policy question arising from this obser-
vation is whether a regulator can induce firms to behave according to the
socially-optimal rule.

16When the firms are non-symmetric only the minimum marginal cost firm produces
and the pricing rule implies then that short- run output is determined as:

g =ar—v" (z)

The social surplus is defined by (18) and the socially optimal exercise boundary for
the single firm is given by (19).
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It is clear that a subsidy s can be used for such an instrument. The
optimal subsidy s* should be chosen such that

a(x;s*) =a®(z) ora® (z;s8%) = a’ (x)

In this case non-cooperating firms at the R&D stage or cooperating firms
at the R&D stage will be induced to follow the socially-optimal rule. By
using (14) and (19) we obtain:

1 2n (1 + n) v
f=———5q1+n|2+3n— L
ST G e el

This is a state dependent subsidy that depends on the strength of the
own R&D cost reduction effort as well as the strength of the spillover pa-
rameter. Since, as it was pointed out in the previous section, there is
the possibility of insufficient R&D expansion, or overexpansion at the non-
cooperative solution relative to the social optimum, the subsidy could be
negative. This is the case of an R&D tax to prevent overexpansion. This re-
sult can be made clearer by considering the special case where v; = —1 and
v, = =6, 6 €0,1). In this case the optimal subsidy is state independent
and is defined as:

s*:;{1+n[2+3n—M]}

(n+1)> 1+(n—-1)6

The subsidy as a function of n and 6 is shown in figure 2.
[Figure 2]

For the case of inducing the socially-optimal behavior when firms coop-
erate at the R&D stage the price instrument becomes:

§*¢ — 1_(n_2>n
T (n41)?

This is a state independent instrument, for n > 3 then s*¢ < 0, indicating
that because of overexpansion a tax is needed to induce the socially-optimal
behavior.

One advantage of designing an exercise boundary policy, especially in
the case of constant cost reducing own effects and constant spillovers, is
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that the resulting price instrument is state independent and deterministic.
Thus instead of defining instruments which are contingent on the realiza-
tion of a random variable, we define instruments which are independent of
the random variable realization. Since the firms respond to movements in
the random variables by adjusting their R&D according to their exercise
boundary, and the exercise boundary they use has become identical to the
socially-optimal exercise boundary by the policy instrument, the determin-
istic instrument induces the socially-optimal behavior under uncertainty.

7. Simultaneous demand and technological uncertainty

We consider now the possibility of a more general problem than the one
analyzed in the previous sections, by allowing for the possibility of stochas-
tic effects on unit production costs. These effects could be interpreted as
reflecting stochastic effects on the innovation process or stochastic operating
conditions or stochastic failures in technology. To model these stochastic
effects we define unit production costs as

U = 0" (2, %;)
where 6¢ follows a geometric Brownian motion
46} = 0l + wiBidzh, , 0 =0 >0

We assume that 0 takes values in the interval (6y,63), that is, 61 €
(01,02), YVt with 61,02 > 0 and that for an exit time 74 from (601,62),
Pr (limt_,w 0% = 0j) =0,j =1,2. Thus 0 and 65 are repelling boundaries.
To simplify the exposition we further assume that 9,’; and «; are un-
correlated, and that 6% is the same for all firms so that #: = 6, for all
i.
The differential generator for the non-cooperative case becomes:

adx, _ L o020 1,50 0 0 i 9
Ly —2aa aa2+2w0 802+yaaa+n980+Ax e

and the HJB equation takes the form

) { [pVi — %020421/3@ — %w292V9i€ — yaVcﬁ — 770V9i — i+ (a, G,x",x*i)] ,
min

- [V;Z —(1-s)c (A:UZ)]

}(20)
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In the no action region the value function is determined by the partial
differential equation (PDE)

LV = —gt* (e, 0,2, Xii) (21)
where L is the operator
1 1
L= 502042 + §w292 +ya+nd—p (22)

The assumption of repelling boundaries for v and 6 implies that the
coefficients of the second-order partial derivatives of the PDE (21) are
strictly positive. Thus the PDE (21) is uniformly elliptic and the operator
L is uniformly elliptic with smooth coefficients. Since 7%* (a, 9, x, x*i) is
also a smooth function it follows from the Weyl lemma!” that the solution
Vi (a, 9, x, x*i) for the value function is a smooth function.

The smoothness of the value function allows the generalization of the
NEB to higher dimensions. Let V* (v, 6, z',x™") be a smooth solution for
(21), then the value matching condition implies that:

Vi=(1-s)c (A (23)
while the high contact condition implies:

Vie =0 (24)

Vi = 0 (25)

Conditions (23), (24) and (25) can be used to define a smooth surface in
the space (a, 0, :UZ) . This surface is the NEB. The construction of the NEB
can be illustrated by considering a continuum of homogeneous solutions of
the form Cjaﬂm for the homogeneous part of the PDE, LV? = 0. By direct
substitution it can be verified that a solution can take the form:

Vi=0C, (:Ui,xfi) aBron + O,y (:Ui,xfi) ab2072 + & (av, 6, xi,xfi) (26)
where (ﬂj,’yj) j = 1,2 are defined by the relationship %025 (B-1) +
1wy (y = 1) + yB+ny — p = 0. The positive root of the this quadratic in
0 is:

1y y 1\ 2 vy
BN =5-5+ <§—§> tgt g W (l-7)-2n)

1"The Weyl Lemma (Shubin 1987)_: If the operator L of the equation LV® = —z™*
is elliptic and 7 € C* (), that is ™ is a smooth function, where © is a domain in
R™, then V € C* (0).
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By choosing v; € (0,1—3—21), J = 1,2 we obtain §; = (; (,Yj) > 1.

Furthermore, ¢ (a, 0,2, X*") is a particular solution defined as:

O = fab+ & a” + b2

¢ = 2D?
(n+1)°*(p—y—n)

e 1

© (41’ (p— o2 —2y)

o = L

(n+1)%(p — w? - 21)

Using this class of solution the value matching condition implies:

oCy aProm + ?902 aP2072 4 g@ (1—s)c (Az')

Ozt
while the high contact conditions imply:
/61601 ﬂ1—1971+ﬂ 602 '62_1972"»2_@ = 0 (27)
a
601 Bigri—1 602 Bapgr2—1 0% —
N5 @ 0 —I—’ygaxia 0 + 0 - 0 (28)

For 3,79 # (97, the linear system in g—iil j =1,2 of (27) and (28) has a
unique solution:

P ocy 1 4 4 . 0P 0P
hl (a,@,x y X ) = Oz = ﬁaﬁ2 1072 1 [728—a — ﬂ2%9:|

i i o 602 o ]. ﬂ -1 y —1 a@ 3@
ha(aﬁ,gc,x ) = o —Qal o By 800 ’718

Q = oMyl (G, — Boy)
After substituting into the value matching condition we obtain:
U (a, 0,z x_i) = I (a, 0,z x_i) aPro7 + hy (a, 0,z x_i) aP2072
0d , ;
+@ = (I-s)c (Az') (29)

For g;li #(1—-s)c (Az") a solution to (29) exists. Thus the NEB for
the three dimensional problem is defined as:

' =B (a,@,xfi) ,i=1,...,n



NON-COOPERATIVE EXERCISE BOUNDARY 25

The NEB is a smooth surface like the one presented in figure 3.
[Figure 3]

Assume that the no new R&D region is above the surface S while the
expansion region is below S. For any initial point (1‘6, ag, 00) the movements
of the stochastic variables (a,#) can be represented by movements around
point A on plane E. If for example (ag,fy) moves to F, new investment
Azx® = 2} — 2§ is undertaken to restore equilibrium at the boundary.

By analogy to the one dimensional case, the NEB for the case of coop-
erative R&D can be obtained by the solution for the value function, V',
in the no action region of the PDE

LV = — Zwi (a, G,xi,x_i)

and the value matching and high contact conditions (23)-(25) where V* has
been replaced by V.

On the other hand the socially-optimal exercise boundary is obtained
by the solution for the value function, V¥, in the no action region of the
PDE

LV? = -8 (o, 0,%)
and the corresponding value matching and high contact conditions.
Let x = B («,0;s), ¢ = B («,6;s), x° = B* («, 0) the exercise bound-

aries for the non-cooperative, cooperative and socially-optimal cases under
symmetry. Then the optimal subsidy can be defined by the solutions:

s* : B(a,0;s) = B°(a,0)
s* : B°(a,0;s) = B (a,0)
It is clear that the conceptual framework can be extended to higher

dimensional problems, although it will undoubtedly be harder to obtain
analytical solutions.
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8. Concluding Remarks

This paper extends the concept of the exercise boundary as an ana-
lytical tool in determining when an optimizing agent might undertake an
irreversible action under uncertainty, to situations where the objective func-
tion of the optimizing agent depends on decisions taken by other agents.
By using the case of cost reducing R&D in a fixed numbers oligopoly un-
der demand and technological uncertainty, the exercise boundary concept
for a single firm is naturally extended to non-cooperative and cooperative
frameworks. The non-cooperative framework allows for the derivation of an
exercise boundary characterized by the Nash assumption, where each firm
undertakes irreversible R&D expansion given the R&D expansion choices
if its rivals.

The determination of cooperative, non-cooperative and socially-optimal
exercise boundaries makes possible the formulation of R&D policy in the
form of subsidies. The major advantage of designing regulation in terms
of the exercise boundaries relative to the regulatory schemes under uncer-
tainty, is that the policy instrument under constant spillovers, which is the
most often analyzed case in the literature, is not contingent upon the real-
ization of a stochastic variable, so that a deterministic instrument can be
used under conditions of uncertainty.

Although the cost reducing R&D case was used as a vehicle for exposing
the concept of cooperative and non-cooperative exercise boundaries, the
approach can be applied to other cases where the irreversible decision of an
optimizing agent with respect to a state variable under uncertainty affects
the objective function of other agents.
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Figure 1: The Nash Exercise Boundary
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Figure 3: The NEB under market and unit cost uncertainty



Figure 2: Optimal R&D subsidy with constant spillovers



