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Abstract

This thesis presents how uncertainty affects decision making, especially in terms of effi-
ciency and productivity, and analyzes the primary sources of suboptimal behavior. Al-
ternatives to the prominent Expected Utility framework are examined, with special focus
on the State-Contingent approach, which is used to produce adequate measures and a
state-decomposition of the Malmquist productivity index. On the empirical part, the
non-parametric methodology of Data Envelopment Analysis (DEA) is applied on real
data in agriculture, with special attention in the significance and proper use of distance
functions. Moreover, a new approach in the calculation of distance functions is proposed,
solving the issues of slacks and input-output differences. Finally, a theoretical model
for decisions under uncertainty is proposed and compared against mainstream models of
Expected Utility and leading behavioral models.
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Chapter 1

Introduction

Uncertainty is an important part of decision making, prominent in policy issues as well as
in most aspects of everyday life. Various economic models have been developed to illus-
trate relevant subjects; the Expected Utility model and its generalizations have dominated
as core analytical tools for decades, but lately they are challenged by some competent
behavioral alternatives. In portfolio theory and finance, models of risk management have
proved more popular, while in the economic analysis of crime there has not been much
inprovement since the conceptualization of Becker. The lack of a unified theoretical back-
ground is evident, and in addition, there still exist fundamental unclarified issues at the
heart of the uncertainty enigma, such as its diversification from the notion of risk. In
order to address the subject with an applied prospect, this thesis focuses on production
decisions, in a manner that does not harm the generality of the results over any decision
setting. A primary goal of the analysis will be to examine the existent and provide im-
proved productivity and efficiency measures, which are commonly used for the evaluation
of production performance. In latter chapters, the results will be expanded in various
areas of decision theory.

1.1 Doing our best

Productivity and efficiency are the most popular indicators of performance, because they
can describe in a simple and intuitive manner the goals of any rational production agent,
i.e. to produce the maximum attainable value given a constrained set of resources. Pro-
ductivity is more or less defined as a ratio of output produced over inputs used, while
efficiency describes how effectively inputs are used in the production of output. These
approximate terms can easily be translated in a consumption decision setting, while they
can also express the typical decision maker’s problem of attaining the best result given
a set of available choices. Thus, productivity can be extended to evaluate any type of
decision performance, and inefficiency demonstrates in general terms a problem of subop-
timal decision behavior; it is the problem of ”doing our best”. Interestingly enough, the
problem of optimal choice for a rational decision maker harbors an inherent contradiction;
if rationality dictates to make the best of our available choices and these choices are well
defined, then why would ever a rational agent behave inefficiently? It must be either the
setting or the rationality part that does not deliver.
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8 CHAPTER 1. INTRODUCTION

Rationality, despite its widespread use in economics’ literature, has been loosely and
variably defined. Usually it appears as a synonym of “common reasoning” and it is used
to describe differences among opinions, e.g.,“A girl decides to leave a promising career in
business for a chance to become an actress, but her parents consider her decision to be
totally irrational”. In this example, the parents determine as irrational what contradicts
their own personal beliefs, that could be derived from a different set of preferences than
that of the girl who makes the decision. However, the difference of personal beliefs is
utterly a matter of individuality rather than rationality, unless the parents’ objection
implies that this girl’s decision will lead to worse results for her own welfare. But is there
actually any reason for a decision maker to act against her own well-being? In the example
above, the parents’ interference could probably be justified, assuming that the girl has
not taken into account all factors relevant to the problem, due to lack of information
(i.e. knowledge or experience) or some sort of short-termed preference bias. Hence,
as long as rationality holds to its definition, it is suggested that suboptimal behavior
only emerge from rational agents when the decision setting is incomplete or imperfectly
defined. Further discussion is available in latter chapters.

It would be most fitting to characterize with the term of ”uncertainty” the imperfect
decision setting, where the decision agent, either due to lack of information or the inability
to accurately control his actions, is not able to guide his potential to the desired outcome.
Then we could state that a rational agent may achieve less than his best under uncertainty,
and on the other hand, efficiency is attainable. Undoubtedly, in theory this perfect
framework of certainty is easy to assume and useful as a benchmark of comparison,
in real life however it is almost impossible to perform under utopian conditions, with
perfect information and total control of our decisions and their consequences. This thesis
will analyze possible sources of uncertainty that produce measurements of suboptimal
behavior and it will demonstrate that with adequate treatment of these factors, the
unexplained deviations from optimal behavior, that were previously residually attributed
to inefficiency, can be greatly reduced.

1.2 Aspects of uncertainty

Agents performing under uncertainty have limited information or control over the factors
that affect the outcome of their decisions. Thus, deviations from optimal behavior can
be caused by the inability of the agents to predict the exact conditions affecting their
decisions, or by inaccurate use of the dispensable resources. But if we accept this lack of
information or control to be exogenous, then these agents should be regarded as efficient,
considering the context in which they perform. The key to distinguish the differences
between inefficiency and infeasibility, is to discriminate the endogenous factors that are
under the control of the decision agent, from the exogenous factors affecting his decisions
and final outcome. In the decision analysis literature, the exogenous factors over which
agents have no control have often been named as “states”, after the expression “States
of Nature”. There are two ways these states can lead us to results of suboptimal be-
havior; through their effect on agents’ behavior, or by misinterpretations of performance
measurement.

From the agents’ aspect, states can be unpredictable at the time of decision and they could
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emerge only after resources have been commited. These inputs - on which agents make
decision relative to which state will emerge, but before that state has been ascertained -
are called state-contingent inputs. For example, a person leaving his home decides to take
or not an umbrella with him, but without being certain if the day will be rainy or not.
Supposing he has a preference against getting wet, the choice between “carry umbrella”
or “not carry umbrella” is contingent to the state “rain” or “no rain”. If that individual
decides not to carry an umbrella and he encouters rainfall, he will appear to be inefficient
because of not making the best available choice. However, he should be regarded as
inefficient only if he certainly knew about the upcoming rainfall and deliberately did
not take an umbrella and got wet, which then would be irrational. On the other if he
decided to carry an umbrella and it did not rain, then he would be carrying with him
the umbrella unecessarily, setting him inefficient again. So, his apparently suboptimal
behavior is caused by lack of information over the exogenous conditions, rather than a
personal motive.

Some approaches on uncertainty suggest that the knowledge of the probabilities over the
uncertain outcomes should rationally dictate a bias in favor of more probable alternatives.
However, as long as there exists an alternative of the slightest probability, a rational agent
should not exclude it from his frame of judgement; the difference between “improbable”
and “implausible” may prove to be crucial. Yet, if the individual takes into account all
plausible alternatives and then consciously discards any of them from his expectations,
then we move from the area of uncertainty to the field of risk. In the words of Frank
Knight (1921), “a measurable uncertainty, or risk proper, as we shall use the term, is so
far different from an unmeasurable one, that it is not in effect an uncertainty at all”. In
the example above, if the individual decides to leave his umbrella at home despite some
signs of clouds in the horizon, we could say that he “took the risk” of a possible upcoming
rainfall. He would even so “take a risk” if he chose the most probable of his alternatives,
since another one would still be likely to emerge. Thus, uncertainty describes only the
imperfect setting that interferes with agents’ decisions, and it is hereby suggested that
it should be furtherly distinguished from risk, if the loss of information is accountable or
not by the decision maker.

On the other hand, uncertainty may not intervene directly on agents’ decisions, but
rather through the observations that are made on their performance. Exogenous factors
can create a bias against efficient agents, who appear to be inefficient comparing to more
successful agents due to purely exogenous unfavorable conditions and not decision fail-
ure. We will call this effect “heterogeneity”, which is not a problem of decision makers’
uncertainty, but it can produce miscalculations of productivity and efficiency measure-
ment if the observers are unable to assuredly distinguish exogenous from endogenous
effects. In this case, agents are misguidingly considered as inefficient, because the states
are known the time of agents’ decision, so they are fully informed about the consequences
of their choices. The effect of heterogeneity may arise even when the exogenous effect
is separable from endogenous variables, where agent’s decisions are totally independent
from these exogenous states (state-indifferent decisions). In fact, if the exogenous effect
is very strong, we could even observe ”unlucky” efficient agents to yield less than ”lucky”
inefficient ones.

So, the heterogeneity effect occurs when the observer is uncertain about the exogenous
effects on decision makers. Nevertheless, this problem may arise not only for differentiated
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effects among agents, but also for the decisions of a single agent over a series of states. If
an agent is falsely considered by an observer of being able to make state-allocation of his
inputs in an actually inflexible setting, then suboptimal performance due to inflexibility
would be misinterpreted as inefficiency. For example suppose a traveler on a two days’
trip, with available space in his luggage only for one set of clothes, and checking a weather
forecast of a cold first day turning into a very warm second day. Since he is able to carry
only one set of clothes he might choose a middle solution, which will keep him sufficiently
warm in the cold day, yet at the same time as cool as possible for the second’s day
heat. In this case, an misinformed observer assuming that the choice of clothes can be
different for each day, would consider the decisions of this traveler as suboptimal, whereas
inefficient choices observed in one state are merely the cost of achieving better results in
other states.

1.3 Synopsis of chapters

In the following Chapter 2 the reader is introduced to the State-Contingent approach of
uncertainty, a modern theory of great analytic power on which most of this thesis has
been developed. Moreover, the advantages of this approach are presented opposedly to
alternative approaches and its formal analytic framework is set. Finally empirical results
of the SC approach are produced on a real agriculture dataset, with the non-parametric
methodology of Data Envelopment Analysis.

Chapter 3 proposes a new orientation for distance functions is proposed, named “hyper-
feasible”. The purpose of this alternative is to set a different direction for distance
measures, than the commonly used beginning of the axes, so as to improve some aspects
of measurement, while still retaining the useful properties of a radial measure.

Chapter 4 presents a proposed model for decisions under uncertainty, against the advan-
tages and shortcomings of the widely cited model of Cumulative Prospect Theory (CPT).
Moreover, an independent endogenous growth model on tax-evasion follows, under the
analysis of Kafkalas, Kalaitzidakis and Tzouvelekas (2014), confirming the findings of the
proposed approach.



Chapter 2

The State-Contingent (SC)
framework

The depiction of uncertainty through the aforementioned notion of states is so funda-
mental and intuitive, that it has been used -at least descriptively- in every approach on
uncertainty, but also in other fields of study like game theory. Nonetheless, a coher-
ent framework incorporating and developing this logic did not appear until Chambers
and Quiggin (2000) set up the State-Contingent (SC) framework. The SC methodology
provides a consistent benchmark for analysis of all problems in the economics of uncer-
tainty; consumer choice, theory of the firm and principal-agent relationships and it will
be followed throughout this thesis.

The State-Contingent approach can be applied in any setting of technology. This chapter
presents the basic SC setting and how it can be associated with non-parametric analysis.
The unrestrictive SC characteristics can be matched perfectly with the use of distance
functions, with the latter being widely applied in productivity and efficiency measure-
ment. The Malmquist productivity index is such a measure and here we can see how it
can be derived from the SC framework and how it can be applied empirically, using the
non-parametric approach of Data Envelopment Analysis (DEA).

2.1 From “states” to “State-Contingent”

The term “states” is derived from the phrase “States of Nature” which initially appeared
-although with a slightly different meaning- in moral and political philosophy1. The
first to use it in economic terms and with its accurate meaning of exogeneity were Arrow
(1953) and Debreu (1952)2, who used it in General Equilibrium theory to describe random
variables representing conditions that affect the production process. With the represen-

1Thomas Aquinas (“Disputed Questions on Truth”, Question 19, Article 1, Answer 13) mentions: “The
infusion of the gifts of grace does not reach those who are in hell, but these souls are not deprived of
the things which belong to the state of nature.” In these terms “state of nature” has a rarther positive
interpretation of harmonic symbiosis with the surrounding environment. Other notable mentions using
the term on the question of what is natural or in contrast with personal freedom are Thomas Hobbes
(1651), John Locke (1680), David Hume (1739) and Montesquieu (1748).

2See also Arrow and Debreu (1954)
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tation of uncertainty by a set of possible states of nature, Arrow and Debreu showed how
production under uncertainty can be represented as a multi-output technology, formally
identical to a non-stochastic technology, thus leaving unaffected by uncertainty the neces-
sary and sufficient conditions for the existence and optimality of equilibrium. It was clear
then how a volatile or unpredicted exogenous environment can explain why a decision
agent could possible not perform to its expected optimum.

Chambers and Quiggin (2000) developed this idea into a thorough analytic framework
that keeps the core notion of Arrow and Debreu, but is generalized and consistent with the
existing literature on preferences under uncertainty. Hence, it is justifiable to say that it
outruns -and also encompasses as special cases- influential approaches like the Expected-
Utility theory. Generally in competing approaches, decisions are modeled as choices
between random variables indexed by input levels or between probability distributions
over a finite set of possible outcomes, that misguidingly sometimes have be called “states”
as well. We can refer to these alternative approaches as the “parametrized distribution”
formulation and the “outcome-state” formulation.

2.2 Advantages of the SC approach

As mentioned previously, in order to produce proper measures of efficiency and detect
the real sources of productivity, we have to distinguish the effects of exogenous factors
that alter optimal agents’ behavior due to uncertainty. However, the outcome of agents’
decisions is always combined with the realization of one of the alternative states, which
was only a possibility before outcome was produced. Thus, we see the result of an
individual carrying or not an umbrella on a rainy day, but what we don’t see from one
event is the procedure that this individual followed to make this decision. How sure was
he about the upcoming rainfall? How easy was it for him to aquire an umbrella? Did he
put much effort to the decision making procedure? Maybe that much of an effort that
would surpass the gains from a succesfull decision?

Hence, it is the process that takes place before the emergence of exogenous conditions
where the identification of the problem lies. The SC approach focuses on and achieves
exactly this part of identification, providing the tools to describe the agents’ encounter
with uncertainty and the possible strategies that arise from the combination of available
actions and possible conditions. In the SC methodology, the state space is a set of
variables completely out from decision makers’ reach, yet in direct connection with every
piece of the action set and with no further behavioral or distributional assumptions. The
parametrized distribution formulation disregards the underlying state space, describing
given choices with random variables over which agents make their decisions. There is
also part of literature, like that on principal-agents problems, that uses the terminology
of “states”, however in a confounding way that does not capture the role of a distinct
state space. The outcome-state representation determines the probability distribution of
the states by a continuous mapping from input space to the outcome-state realization.
Another advantage of the SC methodology is that it does not cancel but envelops these
rival approaches as special cases.

An example can be given on the most notable stochastic production function model, that
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Figure 2.1: A classic example of a stochastic production function

has been the foundation of most studies of production under uncertainty. Let x ∈ RN
+

denote a vector of non-stochastic inputs and θ ∈ {1, 2} the set of states, which could be a
random exogenous input to the production procedure, whose realization is not known to
the producer at the time of decision. The stochastic production function presumes that
the random output z ∈ R+ is derived by the relationship:

z = f(x, θ) (2.1)

If for example θ = 1 is the realization of an unfavorable state and θ = 2 is the realization
of a favorable one, then f(x, 1) < f(x, 2). However, the relation of the stochastic input
with the non-stochastic agents’ input choice, which is characterized by the technology “f”
is not able to change through states in this framework, thus producing a picture like the
one of figure 2.1.

Here, what the resolution of uncertainty does is to merely transpose the production
function vertically, thus increasing or decreasing the productivity of non-stochastic input
choices. But then, the optimal decisions of the producer do not change relatively to the
change of conditions. This is a very restrictive case, as we could meet a form like figure 2.2
or figure 2.3. In figure 2.2 the increase in the productivity of x between states is bigger
in higher levels of the non-stochastic input, thus shifting the optimal decision of state 2
to the right. The same applies for figure 2.3 where moreover, state 2 does not have to be
favorable to state 1 for every level of x.

Approaches as the parametrized distribution formulation and the outcome-state formu-
lation can only manage cases like the figure 2.1. The SC approach enables to work on
all types of uncertainty mentioned above, with the other methodologies encluded as a
special case, where producers’ decisions are not contingent to the state space, thus the
uncertainty effect is disembodied.
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Figure 2.2: Change of optimal decision, but one state globally preferred

2.3 The form of SC production technology

For the State-Contingent formulation of a technology we first need to define the state
space. The set of states Ω is a finite set of S states that are mutually exclusive, from
which “Nature”, in the form of a neutral agent, picks one state, and once the state is
known uncertainty is removed.

Ω = {1, 2, ..., S} (2.2)

The set of states theoretically includes all possible states of our environment, but since
this can be infinite we use Ω to index only the exogenous factors that may have an effect
in our decisions. The agents make their production choices over a set of N non-stochastic
inputs x ∈ RN

+ , prior to the resolution of uncertainty. For a multi-output technology in
an environment of certainty we would have a set of M outputs y ∈ RM

+ , but since we face
a stochastic environment the set of outputs that the agent anticipates is the set of M ×S
stochastic state-contingent outputs z ∈ RM×S

+ .

Then, the SC production technology can be modeled by either an input or an output
correspondence. The output correspondence is the set of stochastic outputs that can be
produced by the set of non-stochastic inputs:

Z(x) = {z ∈ RM×S
+ : x ∈ RN

+ can produce z} (2.3)

The equivalent representation of the input correspondence would be:

X(z) = {x ∈ RN
+ : x can produce z ∈ RM×S

+ } (2.4)
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Figure 2.3: Change of technology form, not one globally preferred

Here we can assume various properties to adjust our technology representation to the
needs of our research. If we limit ourselves only to the most essential and less restrictive
elements, we can have the most generic representation of any form of technology that
we can get from the literature on uncertainty. Besides, in order to be more specific,
we can apply more restrictive properties and focus to any special case of interest. Here
follow some of the basic and least restrictive properties that can help to formulate our
technology:

• No fixed costs and no free lunch

0M×S ∈ Z(x) for all x ∈ RN
+ , z /∈ Z(0N) for z 6= 0M×S

• Free disposability of outputs

z´ ≤ z ∈ Z(x)⇒ z´ ∈ Z(x)

• Weak disposability of outputs

z ∈ Z(x)⇒ λz ∈ Z(x) for 0 < λ < 1

• Free disposability of inputs

x´ ≥ x⇒ Z(x) ⊆ Z(x´)

• Weak disposability of inputs

Z(x) ⊆ Z(λx) for λ > 1

These assumptions are so elemental in the setup of any form of technology, while at the
same time restrictive in the least, therefore they produce a good benchmark for analysis
and comparison of any production framework.
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2.4 Malmquist index and decompositions of Uncer-

tainty and Heterogeneity

For the empricial part of this thesis, a Malmquist index will be produced with the use
of input and output distance functions. Shephard (1953) introduced the input distance
function in the context of production analysis, while at the same time Malmquist (1953)
introduced the input distance function in the context of consumption analysis. However,
Malmquist went a step further than Shephard, by developing a standard of living (or
consumption quantity) index as the ratio of a pair of input distance functions. In the
context of production analysis, Malmquists standard of living index becomes an input
quantity index.

With the help of distance functions, the technology where an input-output bundle (x,y)
belongs can be described by the distance of this bundle from the frontier of this technol-
ogy. This can be achieved by either the expansion of output or the reduction of input,
to the supremum (maximum level) that still alows for the bundle to belong to the same
technology.

Thus, a technology can be defined using an input distance function:

I(z,x) = sup
{
θ > 0 :

x

θ
∈ X(z)

}
(2.5)

or an output distance function:

O(z,x) = sup {θ > 0 : θ · z ∈ Z(x)} (2.6)

In most part of the calculation of a Malmquist index, input or output distance functions
can be used interchangeably3, depending on research purpose and setting. In such a
case, where we wish not to predetermine the type of distance used, instead of I(z,x) or
O(z,x) we shall use the indication D(z,x), which represents the distance of a bundle
(z,x) from its technology frontier, but not its input or output orientation. Following the
state-contingent approach we can include factors of imperfect information, that transform
a bundle of certainty into a state-contingent bundle of uncertainty. Then, D(z,x; s) can
be used for the distance function of a bundle z under a vector of exogenous conditions
s, while D(z,x, ε) can be used to include factors of uncertainty ε, on which the decision
maker has imperfect information or control.

For the representation of the Malmquist index we shall use distance functions of the type
D(z,x; t), that express the distance of the bundle z,x from its technology frontier at the
time period t. For the calculation of the general form of Malmquist index, measuring
productivity change between two bundles (z0,x0; t0) and (z1,x1; t1) we need the following

3Ideally, the interchangeable use of input or output distance functions should produce the same results,
but in practice this usually does not happen, due to distance function application issues. Further
discussion on the proper selection and use of distance functions in following chapters.
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four distance functions:

1) D(z0,x0; t0)

2) D(z1,x1; t1)

3) D(z0,x0; t1)

4) D(z1,x1; t0)

(2.7)

The bundles (z0,x0) and (z1,x1) express two different producer’s decisions, but they may
also be based in two different decision settings; the producer might have changed his
decision from the first to the second bundle due to effects of exogenous nature. We add
the time parameter to check if these decisions have been affected by changes related to a
time-evolving setting. D(z0,x0; t0) and D(z1,x1; t1) express the distance of the bundles
from their own time period frontier, while D(z0,x0; t1) and D(z1,x1; t0) express cross
distances. Then the Malmquist productivity index is calculated as:

P t0,t1(z0,x0; z1,x1) =

[
D(z1,x1; t1)

D(z0,x0; t1)

D(z1,x1; t0)

D(z0,x0; t0)

] 1
2

(2.8)

which can be decomposed into efficiency and heterogeneity components:

P t0,t1(z0,x0; z1,x1) = Et0,t1(z0,x0; z1,x1)×H t0,t1(z0,x0; z1,x1) (2.9)

Et0,t1(z0,x0; z1,x1) =
D(z1,x1; t1))

D(z0,x0; t0))
(2.10)

H t0,t1(z0,x0; z1,x1) =

[
D(z0,x0; t0)

D(z0,x0; t1)

D(z1,x1; t0)

D(z1,x1; t1)

] 1
2

(2.11)

Following the same rationale, we can introduce an additional factor “s” in our analysis,
expressing a “state” change between two settings. In an example of agricultural produc-
tion, this change could be a difference in environmental factors, like rainfall or drought,
or any exogenous effect out of the producers’ control, like pest infestation. To produce a
Malmquist index that includes a state effect, we shall use distances of the type D(z,x;t,s).
We will now need the following eight distance functions:

1) D(z0,x0; t0, s0)

2) D(z0,x0; t1, s0)

3) D(z1,x1; t0, s0)

4) D(z1,x1; t1, s0)

5) D(z0,x0; t0, s1)

6) D(z0,x0; t1, s1)

7) D(z1,x1; t0, s1)

8) D(z1,x1; t1, s1)

(2.12)
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With the first four distances, we can rewrite overall Productivity change between two
input-output bundles of our dataset (z0,x0) and (z1,x1) and decompose it into Efficiency
and Heterogeneity just as before, with sole difference the introduction of s0. Up to this
point, although we introduce the state-change indicator, we notice that all of our mea-
sures have the same value s0, thus providing no additional information and only changing
the notation:

P s0,s1,t0,t1(z0,x0; z1,x1) = Es0,s1,t0,t1(z0,x0; z1,x1)×Hs0,s1,t0,t1(z0,x0; z1,x1) (2.13)

P s0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z1,x1; t1, s0)

D(z0,x0; t1, s0)

D(z1,x1; t0, s0)

D(z0,x0; t0, s0)

] 1
2

(2.14)

Es0,s1,t0,t1(z0,x0; z1,x1) =
D(z1,x1; t1, s0)

D(z0,x0; t0, s0)
(2.15)

Hs0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z0,x0; t0, s0)

D(z0,x0; t1, s0)

D(z1,x1; t0, s0)

D(z1,x1; t1, s0)

] 1
2

(2.16)

Please be aware that s0 does not translate into “state of time period 0”, but rather a
“concurrent state”, i.e. the state that characterizes the input-output bundle, as opposed
to a “state of comparison”, which could be e.g. the state of last year’s or the average
bundle. With the last four distances we introduce an alternative state of comparison
s1, with which we can decompose the Heterogeneity component into Technical-change
and State-change (Ω). The ratios exhibiting different time factor ti, indicate the change
caused by a time-evolving setting, thus characterized as Technical-change, while ratios
with difference on factor si indicate the State-change:

Hs0,s1,t0,t1(z0,x0; z1,x1) = T s
0,s1,t0,t1(z0,x0; z1,x1)× Ωs0,s1,t0,t1(z0,x0; z1,x1) (2.17)

Hs0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z0,x0; t0, s0)

D(z0,x0; t1, s0)

D(z1,x1; t0, s0)

D(z1,x1; t1, s0)

] 1
2

(2.18)

T s
0,s1,t0,t1(z0,x0; z1,x1) =

=

[
D(z0,x0; t0, s0)

D(z0,x0; t1, s0)

D(z0,x0; t0, s1)

D(z0,x0; t1, s1)

] 1
4
[
D(z1,x1; t0, s0)

D(z1,x1; t1, s0)

D(z1,x1; t0, s1)

D(z1,x1; t1, s1)

] 1
4 (2.19)

Ωs0,s1,t0,t1(z0,x0; z1,x1) =

=

[
D(z0,x0; t0, s0)

D(z0,x0; t0, s1)

D(z0,x0; t1, s1)

D(z0,x0; t1, s0)

] 1
4
[
D(z1,x1; t0, s0)

D(z1,x1; t0, s1)

D(z1,x1; t1, s1)

D(z1,x1; t1, s0)

] 1
4 (2.20)
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We can clearly see that the new measures follow the pattern of the initial Malmquist
analysis, like a “stage-two decomposition”. The two parts arising in each component
express the two ways through which the decomposition can take place, i.e. through the
first or the second input-output bundle.

Hence, we saw how the introduction of a state variable provides the information needed,
to identify the effects of exogenous factors on the decision setting, and how the State-
Contingent framework can achieve this with the least of technology restrictions and also
by exploiting the potential of tools like the distance functions. Moreover, what we can
achieve with the SC formulation, is the distinction between uncertainty and heterogeneity.
The way that the state factor is introduced above expresses an exogenous effect, which
renders the decision maker facing a worse state factor less productive, but not necessarily
less efficient. A less productive agent due to unfavorable conditions could still be efficient,
if he makes the best utilization of his resources regarding these conditions, while an agent
facing favorable conditions could be more productive but still less efficient, if he does not
reach the optimum of his advantageous setting.

In the expressions above, the state-factor is introduced as an exogenous setting, given at
the time of decision making. Thus, the productivity change attributed to state changes
should not be characterized as inefficiency, but rather as heterogeneity. This implies that
such a change in productivity is not derived from misinformation of the decision maker,
but from factors that the analyst should include in his framework, in order to deduce
proper measures. On the other hand, imperfect information on behalf of the decision
agent would appear as a change in the decision section; if instead of an exogenous factor
si we include an endogenous factor εi, we produce measures of state-inefficiency. This
factor is expressed as an input on which the producer is inadequately informed, and
instead of D(z0,x0; t0, s0) we have D(z0,x0, ε0; t0). Then, we shall use the following
distance functions:

1) D(z0,x0, ε0; t0)

2) D(z0,x0, ε0; t1)

3) D(z1,x1, ε0; t0)

4) D(z1,x1, ε0; t1)

5) D(z0,x0, ε1; t0)

6) D(z0,x0, ε1; t1)

7) D(z1,x1, ε1; t0)

8) D(z1,x1, ε1; t1)

(2.21)
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and the initial Malmquist decomposition will be expressed as follows:

P s0,s1,t0,t1(z0,x0; z1,x1) = Es0,s1,t0,t1(z0,x0; z1,x1)×Hs0,s1,t0,t1(z0,x0; z1,x1) (2.22)

P s0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z1,x1, ε0; t1)

D(z0,x0, ε0; t1)

D(z1,x1, ε0; t0)

D(z0,x0, ε0; t0)

] 1
2

(2.23)

Es0,s1,t0,t1(z0,x0; z1,x1) =
D(z1,x1, ε0; t1)

D(z0,x0, ε0; t0)
(2.24)

Hs0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z0,x0, ε0; t0)

D(z0,x0, ε0; t1)

D(z1,x1, ε0; t0)

D(z1,x1, ε0; t1)

] 1
2

(2.25)

Then, the state-decomposition will produce an uncetrainty component (U) instead of a
heterogeneity component:

Hs0,s1,t0,t1(z0,x0; z1,x1) = T s
0,s1,t0,t1(z0,x0; z1,x1)× U s0,s1,t0,t1(z0,x0; z1,x1) (2.26)

Hs0,s1,t0,t1(z0,x0; z1,x1) =

[
D(z0,x0, ε0; t0)

D(z0,x0, ε0; t1)

D(z1,x1, ε0; t0)

D(z1,x1, ε0; t1)

] 1
2

(2.27)

T s
0,s1,t0,t1(z0,x0; z1,x1) =

=

[
D(z0,x0, ε0; t1)

D(z0,x0, ε0; t0)

D(z0,x0, ε1; t0)

D(z0,x0, ε1; t1)

] 1
4
[
D(z1,x1, ε0; t1)

D(z1,x1, ε0; t0)

D(z1,x1, ε1; t0)

D(z1,x1, ε1; t1)

] 1
4 (2.28)

U s0,s1,t0,t1(z0,x0; z1,x1) =

=

[
D(z0,x0, ε0; t0)

D(z0,x0, ε1; t0)

D(z0,x0, ε1; t1)

D(z0,x0, ε0; t1)

] 1
4
[
D(z1,x1, ε0; t0)

D(z1,x1, ε1; t0)

D(z1,x1, ε1; t1)

D(z1,x1, ε0; t1)

] 1
4 (2.29)

2.5 SC formulated in Data Envelopment Analysis

(DEA)

With the help of DEA we can calculate input or output distance functions directly from
a dataset. For K number of firms, N number of inputs and M number of outputs, the
input distance of the firm i from the technology frontier is computed as follows:
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I(zi,xi) = min

{
θ : θxni ≥

K∑
k=1

λkxnk , zmi ≤
K∑
k=1

λkzmk ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.30)

where zi = [z1i , ... , zNi] and xi = [x1i , ... , zMi]. Then the output distance function will
be:

O(zi,xi) = max

{
θ : θzmi ≤

K∑
k=1

λkzmk , xni ≥
K∑
k=1

λkxnk ,

λk ≥ 0 , i = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.31)

The form of the technology above is called “Constant Returns to Scale”, because it
produces a straight-line technology frontier passing through (0,0) (hence its property)
and over the bundle of maximum productivity among the bundles of the dataset. If we

add the restriction
K∑
k=1

λk = 1, then the frontier is shaped around the linear connections

of our datapoints, thus enveloping the dataset in a convex set. This type of technology
is called “Variable Returns to Scale”:

IV RS(zi,xi)
= min

{
θ : θxni ≥

K∑
k=1

λkxnk , zmi ≤
K∑
k=1

λkzmk ,
K∑
k=1

λk = 1 ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.32)

OV RS
(zi,xi)

= max

{
θ : θzmi ≤

K∑
k=1

λkzmk , xni ≥
K∑
k=1

λkxnk ,

K∑
k=1

λk = 1 ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.33)

When needed, we can use the general notation D(zi,xi) without specifying the input-
output orientation and the returns-to-scale. Hereafter, when the general notation of
distance function is used, the distance function orientation and the returns-to-scale need
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not to be defined a priori. Then, we can choose one of the following specifications:

DI−CRS
(zi,xi)

= min

{
θ : θxni ≥

K∑
k=1

λkxnk , zmi ≤
K∑
k=1

λkzmk ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.34)

DI−V RS
(zi,xi)

= min

{
θ : θxni ≥

K∑
k=1

λkxnk , zmi ≤
K∑
k=1

λkzmk ,
K∑
k=1

λk = 1 ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.35)

DO−CRS
(zi,xi)

= max

{
θ : θzmi ≤

K∑
k=1

λkzmk , xni ≥
K∑
k=1

λkxnk ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.36)

DO−V RS
(zi,xi)

= max

{
θ : θzmi ≤

K∑
k=1

λkymk , xni ≥
K∑
k=1

λkxnk ,
K∑
k=1

λk = 1 ,

λk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M

} (2.37)

where N=number of inputs, M=number of outputs and K=number of decision agents.

Introducing a time factor t produces the form of distance function used in the original
Malmquist formula (in the form of (2.34) specification):

DI−CRS
(zti,x

t
i;t)

= min

{
θ : θxtni ≥

K∑
k=1

λtkx
t
nk , z

t
mi ≤

K∑
k=1

λtkz
t
mk , λ

t
k ≥ 0 ,

k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , t = 1, ... , T

} (2.38)

The introduction of t produces time specific measures, i.e. distance functions which are
specific for each time period. Please be aware that the time indicator on (zti , x

t
i) can

differ from that on (ztk, x
t
k); the first is the input-output bundle for which the measures

are produced, while the second is the set of elements on which it is projected. Thus, we
can have a projection of a bundle at a specific time period, on a set of past or future time
period, which will produce time evolving measure.

Essentially, time is an exogenous factor, as of which any exogenous state factor should
be treated. Thus, introducing a general state factor “s” will add an indicator on our
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observed data, as follows:

DI−CRS
(zti,x

t
i;t,s)

= min

{
θ : θxtni ≥

K∑
k=1

λtsk x
ts
nk , z

t
mi ≤

K∑
k=1

λtsk z
ts
mk , λ

ts
k ≥ 0 ,

k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , t = 1, ... , T , s = 1, ... , S

} (2.39)

DI−V RS
(zti,x

t
i;t,s)

= min

{
θ : θxtni ≥

K∑
k=1

λtsk x
ts
nk , z

t
mi ≤

K∑
k=1

λtsk z
ts
mk ,

K∑
k=1

λtsk = 1 ,

λtsk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , t = 1, ... , T , s = 1, ... , S

} (2.40)

DO−CRS
(zti,x

t
i;t,s)

= max

{
θ : θztmi ≤

K∑
k=1

λtsk z
ts
mk , x

t
ni ≥

K∑
k=1

λtsk x
ts
nk , λ

ts
k ≥ 0 ,

k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , t = 1, ... , T , s = 1, ... , S

} (2.41)

DO−V RS
(zti,x

t
i;t,s)

= max

{
θ : θztmi ≤

K∑
k=1

λtsk z
ts
mk , x

t
ni ≥

K∑
k=1

λtsk x
ts
nk ,

K∑
k=1

λtsk = 1 ,

λtsk ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , t = 1, ... , T , s = 1, ... , S

} (2.42)

The state indicator signifies a different context that characterizes observations with dif-
ferent state value. Including more state indicators will categorize our dataset in more
detailed subgroups. In the marginal case where each observation expresses a unique set of
conditions, then each element will define a unique technology frontier, in which it will be
rendered efficient. This will occur because linear programming methods are comparative,
so in lack of comparison elements, inefficiency measurement is impossible. The researcher
can use the SC framework to depict technology and produce adequate efficiency and pro-
ductivity measures, merely by categorizing the available data in groups of homogeneity,
without imposing any unnecessary assumptions.

On the other hand, the purpose of an Uncertainty factor “ε” is to show the effects on
performance from the part of the decision maker, due to misinformation or loose control.
This can be presented in the form of an input sε, on which the agent has imperfect
information or control at the time of decision making. So, instead of comparing the
agent-i’s realized decision si over the set of other agents’ decisions {s1, ..., sK}, we can
an alternative choice sεi in its place, which could be:

• the average realized decision sεi = 1
K

K∑
k=1

sk, which would imply that more informa-

tion over competitors would enhance performance,
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• last year’s realized decision stεi = st−1
i , in case this would be a targeted decision but

missed by bad control,

• any target decision sεi = s∗i suggested by theoretical support, or

• the finally realized choice acompanied by an error term sεi = si ± ε

This approach can formulate any supported alternative decision, so when compared with
the realized one, it will measure the discrepancy caused by uncertainty. For k=1,...,K
agents, n=1,...,N inputs and m=1,...,M outputs we have:

DI−CRS
(zti,x

t
i,ε;t)

= min

{
θ : θxtni ≥

K∑
k=1

λtkx
t
nk , z

t
mi ≤

K∑
k=1

λtkz
t
mk , s

tε
i ≥

K∑
k=1

λtks
t
k ,

λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.43)

DI−V RS
(zti,x

t
i,ε;t)

= min

{
θ : θxtni ≥

K∑
k=1

λtkx
t
nk , z

t
mi ≤

K∑
k=1

λtkz
t
mk , s

tε
i ≥

K∑
k=1

λtks
t
k ,

K∑
k=1

λtk = 1 , λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.44)

DO−CRS
(zti,x

t
i,ε;t)

= max

{
θ : θztmi ≤

K∑
k=1

λtkz
t
mk , x

t
ni ≥

K∑
k=1

λtkx
t
nk , s

tε
i ≥

K∑
k=1

λtks
t
k ,

λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.45)

DO−V RS
(zti,x

t
i,ε;t)

= max

{
θ : θztmi ≤

K∑
k=1

λtkz
t
mk , x

t
ni ≥

K∑
k=1

λtkx
t
nk , s

tε
i ≥

K∑
k=1

λtks
t
k ,

K∑
k=1

λtk = 1 , λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.46)

Hence, in the form of a stochastic input, the element of Uncertainty can be examined
from the aspect of agents’ input decisions. However, we can also use sε as an output,
which will still produce a divergence of performance, that can be attributed to different
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expectations that the agent has over the output:

DI−CRS
(zti,x

t
i,ε;t)

= min

{
θ : θxtni ≥

K∑
k=1

λtkx
t
nk , z

t
mi ≤

K∑
k=1

λtkz
t
mk , s

tε
i ≤

K∑
k=1

λtks
t
k ,

λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.47)

DI−V RS
(zti,x

t
i,ε;t)

= min

{
θ : θxtni ≥

K∑
k=1

λtkx
t
nk , z

t
mi ≤

K∑
k=1

λtkz
t
mk , s

tε
i ≤

K∑
k=1

λtks
t
k ,

K∑
k=1

λtk = 1 , λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.48)

DO−CRS
(zti,x

t
i,ε;t)

= max

{
θ : θztmi ≤

K∑
k=1

λtkz
t
mk , x

t
ni ≥

K∑
k=1

λtkx
t
nk , s

tε
i ≤

K∑
k=1

λtks
t
k ,

λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.49)

DO−V RS
(zti,x

t
i,ε;t)

= max

{
θ : θztmi ≤

K∑
k=1

λtkz
t
mk , x

t
ni ≥

K∑
k=1

λtkx
t
nk , s

tε
i ≤

K∑
k=1

λtks
t
k ,

K∑
k=1

λtk = 1 , λtk ≥ 0 , t = 1, ... , T , stε ∈ {st1, ..., stE}

} (2.50)

The introduction of sε, either as an output or as an input, may be justified by the influx
of additional information that was previously unavailable, or by reconsideration of the
stochastic nature of an existing output or input. In the first case, the total number
of inputs N and outputs M remains unchanged, and the inclusion of the new factor
shows what would happen from the expansion of the information set. In the latter
case, we detect the miscalculation of an agent who might have erroneously considered a
stochastic factor as non-stochastic, and the input/output set will decrease to N-1/M-1
by the transposition of the non-stochastic factor into the stochastic field.

2.6 Applied distance expressions and matrix formu-

lation

Let’s consider a dataset of (zt,xt) non-stochastic output-input bundles, where x ∈
R+
N , z ∈ R+

M , spreading over two different time periods t ∈ {0, 1}. The distance
functions in (2.7) that the original Malmqusit formula consists of, will be expressed in
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DEA form as:

1) D(z0,x0; t0) = min

{
θ : θx0ni ≥

K∑
k=1

λ0kx
0
nk , z

0
mi ≤

K∑
k=1

λ0kz
0
mk , λ

0
k ≥ 0 ,

}

2) D(z1,x1; t1) = min

{
θ : θx1ni ≥

K∑
k=1

λ1kx
1
nk , z

1
mi ≤

K∑
k=1

λ1kz
1
mk , λ

1
k ≥ 0 ,

}

3) D(z0,x0; t1) = min

{
θ : θx0ni ≥

K∑
k=1

λ1kx
1
nk , z

0
mi ≤

K∑
k=1

λ1kz
1
mk , λ

1
k ≥ 0 ,

}

4) D(z1,x1; t0) = min

{
θ : θx1ni ≥

K∑
k=1

λ0kx
0
nk , z

1
mi ≤

K∑
k=1

λ0kz
0
mk , λ

0
k ≥ 0 ,

}

k = 1, ... , K agents, n = 1, ... , N inputs, m = 1, ... ,M outputs, t ∈ {0, 1}

Distance functions : input oriented, CRS technology

(2.51)

These expressions can easily be adjusted for output orientation and VRS technology.
Introducing an s ∈ {s0, s1} factor of Heterogeneity, the respective distance functions of
(2.12) will be expressed in DEA form as:

1) D(z0,x0; t0, s0) = min

{
θ : θx0ni ≥

K∑
k=1

λ00k x
00
nk , z

0
mi ≤

K∑
k=1

λ00k z
00
mk , λ

00
k ≥ 0 ,

}

2) D(z0,x0; t1, s0) = min

{
θ : θx0ni ≥

K∑
k=1

λ10k x
10
nk , z

0
mi ≤

K∑
k=1

λ10k z
10
mk , λ

10
k ≥ 0 ,

}

...

5) D(z0,x0; t0, s1) = min

{
θ : θx0ni ≥

K∑
k=1

λ01k x
01
nk , z

0
mi ≤

K∑
k=1

λ01k z
01
mk , λ

01
k ≥ 0 ,

}

...

8) D(z1,x1; t1, s1) = min

{
θ : θx1ni ≥

K∑
k=1

λ11k x
11
nk , z

1
mi ≤

K∑
k=1

λ11k z
11
mk , λ

11
k ≥ 0 ,

}

k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , s ∈ {s1, s2} , t ∈ {0, 1}

Distance functions : input oriented, CRS technology

(2.52)

Finally, the respective distance functions of (2.21), including an sε ∈ {s1, s2} factor of
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Uncertainty (in the form of an uncertain input), will be expressed in DEA form as:

1)D(z0,x0, ε0; t0) = min

{
θ : θx0ni ≥

K∑
k=1

λ0kx
0
nk, z

0
mi ≤

K∑
k=1

λ0kz
0
mk, s

0
i ≥

K∑
k=1

λ0ks
0
k

}

2)D(z0,x0, ε0; t1) = min

{
θ : θx0ni ≥

K∑
k=1

λ1kx
1
nk, z

0
mi ≤

K∑
k=1

λ1kz
1
mk, s

0
i ≥

K∑
k=1

λ1ks
1
k

}

...

5)D(z0,x0, ε1; t0) = min

{
θ : θx0ni ≥

K∑
k=1

λ0kx
0
nk, z

0
mi ≤

K∑
k=1

λ0kz
0
mk, s

1
i ≥

K∑
k=1

λ0ks
0
k

}

...

8)D(z1,x1, ε1; t1) = min

{
θ : θx1ni ≥

K∑
k=1

λ1kx
1
nk, z

1
mi ≤

K∑
k=1

λ1kz
1
mk, s

1
i ≥

K∑
k=1

λ1ks
1
k

}

λ0k, λ
1
k ≥ 0 , k = 1, ... , K , n = 1, ... , N , m = 1, ... ,M , sε ∈ {s1, s2} , t ∈ {0, 1}

Distance functions : input oriented, CRS technology

(2.53)

In following chapters, non-parametric estimation of the measures above are produced, us-
ing matrice representation in linear programming. The general form of distance functions
(input orientation, CRS technology) is writen in matrice form as:

(input orientation, CRS technology, two inputs, single output)

D(zi, xi) = min

{
θ : θxni ≥

K∑
k=1

λkxnk , zmi ≤
K∑
k=1

λkzmk , λk ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 01 ... 0K

]
and Aλ ≤ b⇔

(2.54)


−x1i x11 ... x1K

−x2i x21 ... x2K

0 −z1 ... −zK




θ

λ1
...

λK

 ≤


0

0

−zi



Respectively, the output orientation under VRS technology will be (maxθ but f =
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−1):

(output orientation, VRS technology, two inputs, single output)

D(zi, xi) = max

{
θ : θzmi ≤

K∑
k=1

λkzmk , xni ≥
K∑
k=1

λkxnk , λk ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b , Aeq · λ = beq ,

where f =
[
−1 01 ... 0K

]
and Aλ ≤ b⇔

(2.55)


0 x11 ... x1K

0 x21 ... x2K

zi −z1 ... −zK




θ

λ1
...

λK

 ≤

x1i

x2i

0



and Aeq · λ = beq ⇔

[
0 1 ... 1

]

θ

λ1
...

λK

 =
[
1
]

We see that the transition from CRS to VRS technology is achieved by the addition of a
summation of lamdas equal to 1. So, we can focus on CRS representations, and expand
in VRS when needed in applications. Introducing a time factor t, we can produce the
distance functions needed to build the original Malmquist index and its decomposition,
whose CRS representation would be:

(t ∈ {0, 1}, input orientation, CRS technology, two inputs, single output)

D(z0,x0; t = 0) = min

{
θ : θx0ni ≥

K∑
k=1

λ0kx
0
nk , z

0
mi ≤

K∑
k=1

λ0kz
0
mk , λ

0
k ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 00

1 ... 00
K

]
and Aλ ≤ b⇔

(2.56)
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−x01i x011 ... x01K

−x02i x021 ... x02K

0 −z01 ... −z0K




θ

λ01
...

λ0K

 ≤


0

0

−z0i



while the same output-input bundle (z0,x0) projected on the next time period’s t=1
frontier, will give:

(t ∈ {0, 1}, input orientation, CRS technology, two inputs, single output)

D(z0,x0; t = 1) = min

{
θ : θx0ni ≥

K∑
k=1

λ1kx
1
nk , z

0
mi ≤

K∑
k=1

λ1kz
1
mk , λ

1
k ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 01

1 ... 01
K

]
and Aλ ≤ b⇔

(2.57)


−x01i x111 ... x11K

−x02i x121 ... x12K

0 −z11 ... −z1K




θ

λ11
...

λ1K

 ≤


0

0

−z0i



A useful addition here would be the aggregational-time apporach. The set of bundles on
which the agent-i’s bundle is projected, expresses the set of possibilities that the agent
could perform. It would then be reasonable to assume that past time realizations are in
the knowledge of agents, so they can include them in their possibilites. If time distinction
is connected with time-specific exogenous effects, then we should use the formulation
above. If, however, time expresses cumulative experience, then aggregational time sets
can be included as follows:

(Aggregated t ∈ {0, 1}, input orientation, CRS technology, 2-inputs, 1-output)

D(z0,x0; t = 1) = min

{
θ : θx0ni ≥

K∑
k=1

1∑
t=0

λtkx
t
nk, z

0
mi ≤

K∑
k=1

1∑
t=0

λtkz
t
mk ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 00

1 ... 00
K 01

1 ... 01
K

]
and Aλ ≤ b⇔

(2.58)
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−x01i x011 ... x01K x111 ... x11K

−x02i x021 ... x02K x121 ... x12K

0 −z01 ... −z0K −z11 ... −z1K





θ

λ01
...

λ0K

λ11
...

λ1K


≤


0

0

−z0i



Introducing a Heterogeneity state-factor s, here is an example expression, for bundle-t=0,
fontier-t=1 (one of T time periods) and s=3 (one of S different states):

(s ∈ [0, S], aggregated t ∈ [0, T ], input orientation, CRS, 2-inputs, 1-output)

D(z0,x0; t = 1, s = 3) =

= min

{
θ : θx0ni ≥

K∑
k=1

1∑
t=0

λt3k x
t3
nk, z

0
mi ≤

K∑
k=1

1∑
t=0

λt3k z
t3
mk ≥ 0

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 003

1 ... 003
K 013

1 ... 013
K

]
and Aλ ≤ b⇔

(2.59)


−x01i x0311 ... x031K x1311 ... x131K

−x02i x0321 ... x032K x1321 ... x132K

0 −z031 ... −z03K −z131 ... −z13K





θ

λ031
...

λ03K

λ131
...

λ13K


≤


0

0

−z0i



Notice that the input-output bundle does not carry a state indicator, because we can
project bundles on sets of the same state, but also of different state.

And thus we conclude with the adequate forms to express the part of Heterogeneity. For
the part of Uncertainty, here is an example expression, for bundle-t=0, fontier-t=1 (one
of T time periods) and ε=3 (one of E different states), where s an uncertainty input



2.6. APPLIED DISTANCE EXPRESSIONS AND MATRIX FORMULATION 31

factor:

(sε ∈ [s0, sE], aggregated t ∈ [0, T ], input orientation, CRS, 2-inputs, 1-output)

D(z0,x0, s03; t = 1) =

= min

{
θ : θx0ni ≥

K∑
k=1

1∑
t=0

λtkx
t
nk, z

0
mi ≤

K∑
k=1

1∑
t=0

λtkz
t
mk, s

03
i ≥

K∑
k=1

1∑
t=0

λtks
t
k

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 00

1 ... 00
K 01

1 ... 01
K

]
and Aλ ≤ b⇔

(2.60)



−x01i x011 ... x01K x111 ... x11K

−x02i x021 ... x02K x121 ... x12K

−s02i s021 ... s02K s121 ... s12K

0 −z01 ... −z0K −z11 ... −z1K





θ

λ01
...

λ0K

λ11
...

λ1K


≤


0

0

0

−z0i



The Uncertainty factor is presented here with a double superscript, stε, with the state
superscript only over agent-i’s decision. The superscript t will always be in accordance
with that of the output-input bundle (zt, xt), so it can also be omitted4. The superscript ε
denoting the state of uncertainty, has a range of values ε ∈ [0, E]. One of them, probably
0, should denote the benchmark state of certainty, i.e. the realized value of s0, so as to
be compared to alternative decisions that the agent can make.

Finally, here follows the DEA linear programming expression of the introduction of an

4Inputs, outputs and uncertainty factors carry different time superscripts, so as to enable the examination
of bundles with different time mixtures, e.g. today’s input with tomorrow’s output. Such a form does
not describe a set of plausible conditions, but rather a hypothetical agent’s decision, which is out of
this thesis’ interest.
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uncertainty factor, this time as an uncertainty output:

(sε ∈ [s0, sE], aggregated t ∈ [0, T ], input orientation, CRS, 2-inputs, 1-output)

D(z0,x0, s03; t = 1) =

= min

{
θ : θx0ni ≥

K∑
k=1

1∑
t=0

λtkx
t
nk, z

0
mi ≤

K∑
k=1

1∑
t=0

λtkz
t
mk, s

03
i ≤

K∑
k=1

1∑
t=0

λtks
t
k

}
=

= min
λ
fλ so that Aλ ≤ b ,

where f =
[
1 00

1 ... 00
K 01

1 ... 01
K

]
and Aλ ≤ b⇔

(2.61)



−x01i x011 ... x01K x111 ... x11K

−x02i x021 ... x02K x121 ... x12K

0 −s021 ... −s02K −s121 ... −s12K

0 −z01 ... −z0K −z11 ... −z1K





θ

λ01
...

λ0K

λ11
...

λ1K


≤


0

0

−s03

−z0i



With these stepping stones set, we can move on to the application on real datasets and
try the main SC framework, as well as some useful variations.

2.7 Applications in agriculture

In this chapter, two empirical applications of the SC approach are presented with the use
of DEA, based on the Malmquist index measure and decomposition produced previously.
A real dataset of olive-oil production is used, where a malicious fly that harms production
plays the role of the exogenous random factor. The first application treats this pest as
a bad input that is not known when production decisions are made, thus playing the
role of uncertainty. The use of pesticides here is preemptive. The second application
considers the level of the pest to be known to producers, so they can react with the use of
pesticides, but the productivity and efficiency measures take into account the differences
of pest infestation among producers as an effect of heterogeneity. Technical change is
calculated in regards to the following year and the potential of each year includes all
former years (accumulating techical progress).
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2.8 Dataset on agricultural production

• k: 50 farms located in western Crete, Greece

• t: 6 annual time periods, 1999-2005

• z: single-output production of olive-oil, measured in kgs of olive-oil

• x: known inputs

– Labor, measured in days of work

– Fertilizers, kgs of aggregated various components, using divisia indices with
cost shares used as weights

– Intermediate inputs

– Pesticide materials, measured in grams

– Land area, measured in stremmas, a greek unit of land area equal to 1,000
square metres, also called the “royal stremma”. 1 hectare = 10 stremmas.

• s: uncertainty factor, the olive fruit fly pest infestation, accurately measured in
number of flies caught in traps over land area

The farms are located in a concentrated region, rendering them quite homogeneous in
a wide range of factors; no significant differences should be present on environmental
conditions, while the access of farmers in sources of information, resources and expertise
are common. Farm wonership is mostly family oriented, following traditional methods of
production that are almost identical among producers. Moreover, these methods leave
an insignificant environmental trace to the soil, which also helps in the production ho-
mogeneity of the area.

The uncertainty factor measured is the olive fruit fly (Bactrocera oleae, Dacus oleae) a
phytophagous species, whose larvae feed on the fruit of olive trees, probably the most
serious pest in the cultivation of olives. It is mostly met in northern, eastern and south-
ern Africa, Southern Europe, Canary Islands, India, and western Asia, while in North
America it was first detected in 1998, infesting olive fruits on landscape trees in Los
Angeles County. In the Western Hemisphere, it is currently restricted to California. The
fact that it infests only the fruit and not the trees, makes the effect of the pest specific
to the time period of infestation, i.e. one year’s infestation does not cause any effects to
the production of following years. Moreover, it is usually the single most serious threat
to olive-oil production, thus making it an ideal candidate in the research of uncertain
exogenous effects. The available data on infestation here have been collected through
traps and accurate measurement of flies caught in each farm over the land area of the
farm.

Since pest infestation is measured in terms of flies per land area, in what follows it is
considered useful to use all input and output data in ratios per land area. Apart from the
apparent intuition that measurements of productivity and efficiency should be presented
in this form, it also suits the fact that the land market is not very mobile because of the
tradition of small farm production in the area.
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All inputs are divided by land area and pest infestation is treated as a bad input, so the
list of inputs becomes:

1. Labor p.l. (per land)

2. Fertilizers p.l.

3. Intermediate inputs p.l.

4. Pesticide materials p.l.

5. Pest infestation p.l., treated as bad input or positive secondary output

2.9 App1: Pest as unknown bad input.

The first application treats pest infestation as a bad input that is not known when pro-
duction decisions are made, thus playing the role of uncertainty. Therefore, the use
of pesticides here is preemptive and based on expectations and riske averseness. The
state-heterogeneity effect is calculated considering that instead of a given level of pest
infestation, noted as s=0, the producer could face a different level of pest infestation s=1.
Measuring productivity change from an observation (s,t)=(0,0) to next year’s observation
(s,t)=(0,1) produces what would happen if next years decision would be accompanied by
another level of infestation, e.g. last year’s pest infestation or the average infestation of
the same year. Here follow the results for input distance functions, CRS technology and
comparison with the same year’s average infestation:

Figure 2.4: Pest as unknown bad input, Productivity into Efficiency and Heterogeneity.

Figure 2.5: Pest as unknown bad input, Hetterogeneity into State and Tech change
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Table 2.1: Pest as unknown bad input, average overall measures for each year

2.10 App2: Pest known - heterogeneity groups

The second application considers the level of the pest to be known to producers, so they
can react with the use of pesticides, but the productivity and efficiency measures take
into account the differences of pest infestation among producers as an effect of hetero-
geneity. Observations are divided over pest infestation in three groups, high, medium
and low pest infestation. Groups of lower infestation are regarded to enclose groups of
higher infestation, because producers of low infestation should be able to perform at least
as much asproducers of unfavorable conditions. Hence, observations of low infestation
groups should present no state effect (state change = 1) while other groups should present
a state effect when compared to lower infestation groups.

In a first version, groups separated in time periods and pest infestation levels are not
aggregated:

Figure 2.6: Pest known, equal groups of pest, Productivity into Efficiency and Hetero-
geneity



36 CHAPTER 2. THE STATE-CONTINGENT (SC) FRAMEWORK

Figure 2.7: Pest known, equal groups of pest, Hetterogeneity into State and Tech change

Table 2.2: Pest known, equal groups of pest, average overall measures for each year

In a second version, the groups of time and pest infestation are aggregating, so that time
groups include past time periods and low infestation groups include higher infestation
groups:

Figure 2.8: Pest known, equal range of pest, Productivity into Efficiency and Heterogene-
ity
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Figure 2.9: Pest known, equal range of pest, Hetterogeneity into State and Tech change

Table 2.3: Pest known, equal range of pest, average overall measures for each year
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Chapter 3

A “hyper-feasible” direction for
distance functions

In this chapter a new distance function is proposed, named “hyper-feasible”. It is actually
a specified form of the directional distance function, introduced by Chambers, Färe and
Grosskopf (1996). The purpose of this alternative is to set a different direction for distance
measures, than the commonly used beginning of the axes, so as to improve some aspects
of measurement, while still retaining the useful properties of a radial measure.

3.1 The hyper-feasible direction

Given a partially ordered set (poset) of a specific binary relation, “hyper-feasible” can
be defined as the optimum boundary element of a set, i.e. the element that satisfies
the binary relation over all the elements of the poset, and any other element with this
property satisfies the same relation over this element. Hence, for a poset with the binary
relation “≥: greater or equal” - as in outputs, “hyper-feasible” will be the supremum
(least upper bound), or equivalently the join of the positive boundary elements of the
poset. Likewise, for a poset with the binary relation “≤: less or equal” - as in inputs,
“hyper-feasible” will be the infimum (greatest lower bound), or equivalently the meet of
the negative1 boundary elements of the poset.

The supremum of a subset S of a partially ordered set (P, ≥), if bounded from above, is
an element p∗ of P such that:

p∗ = sup(S)⇒

{
p ≥ x, ∀ x ∈ S
p∗ ≤ p, ∀ p ∈ P

(3.1)

The infimum of a subset S of a partially ordered set (P, ≤), if bounded from below, is an
element p∗ of P such that:

p∗ = inf(S)⇒

{
p ≤ x, ∀ x ∈ S
p∗ ≥ p, ∀ p ∈ P

(3.2)

1The term “negative” does not refer to the sign of expression, but to the binary relation that translates
into “less is better”.

39
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Likewise we can define the optimum boundary for a poset with non specific binary re-
lation. The optimum of a subset S of a partially ordered set (P, ≷), if bounded in the
direction of the binary relation, is an element p∗ of P such that:

p∗ = opt(S)⇒

{
p ≷ x, ∀ x ∈ S
p∗ ≶ p, ∀ p ∈ P

(3.3)

Apart from the cases where the binary relation should (or can) not be specified, the
definition of the optimum is needed for partially ordered sets where different binary
relations meet, such as in a mixture of inputs and outputs.

Figure 3.1: Hyper-feasible element of partially ordered set S, for various binary relations.
Supremum for “≥”, infimum for “≤” and optimum for “≷”.

An important remark here is that the hyper-feasible element does not need to be part of
the set S, but only in a greater set P that includes S as a subset and follows the same
binary relation. As long as the set is bounded, we can deduct it as the join (or meet) of
the bounds of the set. Moreover, we see that the hyper-feasible element holds a radial
position over all the elements of S, hence it can replace the beginning of the axis as a
direction for radial distance measures.

The hyper-feasible direction does not fit in the common radial distance measures, but
we can use the directional distance function in a way that preserves radial properties.
The directional distance function is a valuable instrument for the measurement of pro-
ductive efficiency, introduced by Chambers and co-authors in 19962, as a development
of Luenberger’s (1992) shortage function which generalizes Shephard’s input and output
functions. For a first model of directional distance functions, suppose a technology T
where:

T = {(x,y) : x can produce y} (3.4)

or equivalently the input and output correspondence

L(y) ⊆ <M+ , P (x) ⊆ <N+ (3.5)

where it holds that

(x,y) ∈ T ⇔ x ∈ L(y)⇔ y ∈ P (x) (3.6)

2See Chambers, Färe and Grosskopf (1996), Chambers, Chung and Färe (1996, 1998).
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Given a directional vector g ∈ <M+N
+ with g 6= 0, the directional distance function

defined on the technology T is:

D(x,y; g) = sup{β : (x− βgx , y + βgy) ∈ T}, g = (gx,gy) (3.7)

Input and output distance functions can be deducted as special cases of the directional
distance function, for gy = 0 and gx = 0 respectively. Hence, we can derive the radial
(Shepard’s) measures from the directional distance function if we set the non-zero direc-
tional vector equal to the realization bundle. For example, the output distance function
for the bundle {x, y1, y2} = {10, 2, 1} would be:

DO(x,y; g) = sup{β : (10− β · 0 , (2, 1) + β · (2, 1)) ∈ T}, g = (0, (2, 1)) (3.8)

while the respective input distance function would be:

DI(x,y; g) = sup{β : (10− β · 10 , (2, 1) + β · (0, 0)) ∈ T}, g = (10, (0, 0)) (3.9)

With the flexibility of the directional distance function, we only need to change the
directional vector in order to move on a different distance path.

So we see that for radial-to-0 measures we need a non-zero directional vector equal to
the realization bundle.

For the hyper-feasible distance function we only need to set the hyper-feasible bundle
as the directional vector. Suppose a technology T is deducted from a set S of k fea-
sible bundles S = {(x,y)1, ... , (x,y)k}1×k(N+M). Then the hyper-feasiblel bundle is
(−x*,y*) = max

x , y
S i.e. the bundle of maximum outputs and minimum inputs.

In general terms, the directional distance vector can be specified for every input and
output separately, i.e:

g = (gx,gy), gx = {gx1 , ... , gxN}, gy = {gy1 , ... , gyM} (3.10)

The Shephard’s radial distance function, which has the beginning-of-axes as direction,
can be formulated as a special case if we set the directional measures equal to the bundle
(x,y) itself. :

D(x,y; g) = sup{β : (−βgx, βgy) ∈ T}, g = (gx,gy) (3.11)

where the directional vector is adjusted for input distances as:

g = (gx,gy) = (gx,0), gy = {01, ... , 0M}, gx = {gx, ... , gx}1×N (3.12)

and for output distances we have:

g = (gx,gy) = (0,gy), gx = {01, ... , 0N}, gy = {gy, ... , gy}1×M (3.13)

Then, in order to produce a distance measure for a realization bundle towards {0,0}, we
set the directional vector equal to the bundle’s values. For example, the output distance
function for the bundle {x, y1, y2} = {10, 2, 1} would be:

D(x,y; g) = sup{β : (−β · 0, β · (2, 1)) ∈ T}, g = (0, (2, 1)) (3.14)
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For the hyper-feasible distance function we can use a radial directional vector, i.e. gx =
gy = g. Then, the s.o. directional distance function can be written as:

D(x, y; g) = sup{β : (x− βgx, y + βgy) ∈ T}, g = (g, g) (3.15)

3.2 Hyper-feasible technology

But why should we call this boundary element as “hyper-feasible”? If we translate tech-
nology in terms of a state-approach, the boundaries of a technology are defined by the
exogenous conditions that are expressed by states. A more flexible set of states would
produce broader technlology boundaries, while a strict and extensive set of exogenous
states would not leave much space for feasible options. The State-Contingent apporach is
allowing for all technologies to be viewed as special cases of a general state-based frame-
work. Then we can define as hyper-feasible technology the one that would be preferred
over the least restrictive set of states. Most certainly, the conditions cannot always be
optimal, but as we move from less to more favorable conditions, we can trace the direction
that a decision maker would follow over an evolving set of states. Thus we can use the
hyper-feasible benchmark to evaluate decisions under uncertainty, with the latter being
depicted as an elastic state space.

To see how the hyper-feasible element stands as an intuitive direction for producers’
decisions, let’s think about the prodecure of deducting the form of technology from a
set of realized input-output bundles. With the term “technology” we characterize the
frontier of optimal feasible elements, as well as all the elements lying beneath this frontier.
This is widely accepted because of the very intuitive and straightforward property of
free disposability, which roughly states that “if you can achieve something, then you
can certainly achieve less than that”. However, free disposability alone is usually not
considered enough to adequately represent actual technologies, so more assumptions are
made in order to obtain useful properties such as convexity or smootheness.

Figure 3.2: Deducted feasible sets for two realizations A and B under various technology
restrictions.

In figure 3.2 we see examples of technologies deduced from two realizations A and B, in a
double-output space. The first shaded area in figure 3.2-left represents the bundles that
are feasible for the set {A,B} under free disposability, that is the union of the feasible sets
for each realization separately under free-disposability. Then, in figure 3.2-center we see
the convex set produced if we add to free dsposability the assumption of a lineary convex
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feasible set. Finally, in figure 3.2-right, the grey area covers what would be feasible if we
consider as possible a hyper-feasible technology. The free disposability and the hyper-
feasible cases seem to be quite far fetched for a real technology representation, but they
act as borders of the area where an actual technology should lie. Furthermore, as we
move from free-disposability to hyper-feasible, we satisfy and follow the direction of the
binary relation governing the set of realizations. Free-disposability produces for each
realization a respective lattice (a poset with unique optimal bound the realization itself)
and the lattice of the hyper-feasible element is the smallest one to include the lattices of
all realizations as sub-lattices with the same binary relation.

3.3 Advantages in efficiency measurement

Setting the hyper-feasible boundary as the direction for distance measures instead of the
beginning of the axes, provides a number of significant advantages. First of all, it comes
with a well-grounded support to be a destination point for all the agents of a common
technology set. As free-disposability defines a set of feasible bundles under each realiza-
tion, the hyper-feasible boundary defines the smallest set to include all realizations under
the same preference relation. The intuition must have been the same when the beginning
of the axes was initially chosen as a direction point for input distance measures; in sets of
inputs the preference relation “≤”, roughly translated as “less is better”, naturally makes
the axes’ starting point of zero-input-use a most desired bundle. However, this neglects
the particularity with which a technology characterizes the ratio of input use, imposing
a uniform 1:1 ratio on every applied technology. In contrast, the hyper-feasible approach
proposes a ratio expressing the set of realizations, allowing it to be technology-specific.
Besides, all the valuable characteristics of the {0,0} direction, such as the radial place-
ment over all realizations of the set, as well as being unaffected by units of meaurement,
they are also holding for the hyper-feasible orientation.

Yet the most important advantage of this proposed orientation can be observed on effi-
ciency measurement, where it serves as a treatment for the problem of slacks3. These are
areas of technology frontiers where obvious efficiency differences are difficult to measure,
because radial-to-{0,0} expansion or contraction of bundles cannot move to more efficient
feasible alternatives.

3Alternative treatments have been proposed for the problem of slacks, but they come along with speci-
fication restrictions or other measurement disadvantages.
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Figure 3.3: Slacks’ restrictions of {0,0} direction versus hyper-feasible (s.o.).

Figure 3.3 shows some cases of slacks’ mismeasurement and the alternative solution of
the hyper-feasible distance direction. Bundle A’ is preferred to bundle A (ceteris paribus)
by the definition of efficiency, because moving from A to A’ saves some quantity of x2
while keeping the same quantity of x1, and the same holds for the shift from B to B’
saving x1 and keeping x2 fixed. Unfortunately, for boundary bundles like A and B,
movements like this are not possible using the direction to {0,0}, because it pushes to
bundles out of the feasible set. On the contrary, the hyper-feasible direction satisfies
efficient bundle contraction (expansion for outputs) for all the elements of the feasible
set. But the problem in efficiency measurement does not arise only for boundary points.
For example in the same figure 3.3, the contraction of bundle C towards {0,0} will reach
the technology frontier at point A, while towards the s.o. it will meet the frontier closer
to the more efficient bundle A’.

A last remark here is on the returns-to-scale of the technology. One could support that the
effect of this methodology on efficiency measurement is significant because of the assumed
type of convex technology, while using other types of technology would not result in much
of a difference. Hence, if for example we choose a CRS technology instead of VRS, the
shape of the frontier is such that slacks are diminished, because the frontier does not
meet the axes in a perpendicular way. But this is not a viable alternative for a number of
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reasons. At first and most important, the difference between CRS and VRS technologies
refers only to the relationship between inputs and outputs, while in the multi-input and
multi-output areas the technology is always convex. This happens most certainly in
linear programming methodologies like DEA, where returns-to-scale do not affect the

restricitons among inputs and among outputs: xni ≥
K∑
k=1

λkxnk and ymi ≤
K∑
k=1

λkymk.

Hence, in the example of figure 3.1, changing from VRS to CRS technology would affect
only figure 3.1-right, while the center and left figures would be the same. Moreover, the
choice of CRS has a number of disadvantages against VRS, as the critical effect of outliers
and the uniform scale of production, while a CRS frontier of unjustified steep inclination
would still produce mismeasurements similar to slacks.

3.4 In search of advanced measures

As seen in the previous section, the problem of slacks produces inaccurate distance mea-
sures, especially close to the axis where convex sets are perpendicular, but also raises
the question of which would be a “proper” direction for accurate distance function mea-
surements. Numerous articles have signified the biases produced when neglecting this
issue, but few have proposed coherent solututions. Portela and Thanassoulis (2006) is
an example paper demonstrating various problems with traditional ways of calculating
Total Factor Productivity (TFP) and the bias produced in Malmquist index. Moreover,
they propose an alternative measure, the Geometric Distance Function (GDF)4, so as to
encounter these problems.

Portela and Thanassoulis with their proposed new function intuitively support, that the
source of the problem lies in the combined measurement of differentiated factors. In
figure 3.3, if we try to calculate the efficiency and productivity difference from point A
to another point, for example to point B, a radial measure would not allow for such a
movement as it would expand both outputs to a direction out of the feasible area. Hence,
we would need a differentiated measurement for each factor in order to incorporate the
biases of slacks. Portela and Thanassoulis’ GDF is indeed the geometric average of factor
specific distances, as follows:

GDF =
(Πiθi)

1/n

(Πjβj)1/m
(3.16)

where n,m are the numbers of inputs and outputs respectively, θi represents the ratio be-
tween a target input and an observed input i (x∗i /xi) and βj represents the ratio between
a target output and an observed output j (y∗j/yj). Hence, the GDF is a way to “aggre-
gate varying expansion and contraction factors towards target levels on the production
frontier”.

This factor-specific and geometric-average function is an interesting proposition, espe-
cially in the effort to address the problem of slacks and other biases. However, the goal of
creating a coherent distance measure towards the technical frontier might not be achieved
this way. In figure 3.4 we see examples where a factor specific distance function would

4The Geometric Distance Function (GDF) was initially introduced in Portela and Thanassoulis (2002).
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overestimate the distance of a bundle from the frontier. In figure 3.4-left, bundle A should
double the output z2 so as to reach the frontier at bundle B, while we should double the
output z1 in order to reach bundle Γ. However, if we double the bundle (z1, z2) of A
radially, it will reach point E instead of point ∆, that is the proper frontier expansion
point of A. Likewise in figure 3.4-right, in the multi-input space, bundle A should reduce
input x2 by 1/2 in order to reach point B and also reduce input x1 by 1/2 in order to
reach point Γ, but radially reducing both inputs by 1/2 would reach point E instead of
point ∆, which lies on the frontier.

Figure 3.4: Factor-specific distance does not coincide with radial distance on convex tech-
nologies. The effected of slacks in the output and input area respectively.

Although propositions like the GDF of Portela and Thanassoulis do not provide an out-
right solution to the treatment of slacks, the intuition behind a factor specific approach
could be a good start against the slacks issue but also the key in the pursuit of an input-
output measure. In existent distance function technologies, one had to choose between
the input and the output direction of distances, by either expanding output bundles or re-
tracting input bundles to frontier level, keeping their respective analogy stable. It would
then be reasonable to try a radial input-output measure, but then the slacks problem
would once again appear as in the multi-input or multi-output area, while in addition we
would need to explain this direction as a plausible producers’ decision.

3.5 Infeasibility of cross-set distances

The calculation of distance measures among the elements of a single set is always feasible
through the hyper-feasible approach, because the hyper-feasible direction is the optimum
(supremum or infimum) created by the very elements of the set. Nevertheless, it can
be useful to compare the distance measure of an out-of-set element, to see what would
be its performance had it followed this set’s technology. Thus we can produce cross-set
measures, which have already been seen in the Malmquist index. However, these outside
elements need not be in the area covered by the hyper-feasible optimum. In this case,
the proposed methodology is presented in figure 3.5; elements that exceed the optimum
in every dimension can still follow the hyper-feasible direction, but others should redirect
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towards a corner point. Finally, for elements that do not exceed a corner point in every
dimension, a parallel-to-axis movement is appropriate.

Figure 3.5: Distance measures for points out of set should follow an adjusted direction.

3.6 Weighted hyper-feasible direction

The insight of Portela and Thanassoulis (2006) is right about the relative importance of
each variable in a distance measure. In figure 3.6 we see two points A and B which lie
in a half-way distance from the frontier. However, point A needs to double only y2 and
retain y1 in the same level, while B needs to double both outputs. This difference could
be measured if we assume relative weights for the contribution of each variable to the
measure, but only after the distance measure has been calculated for all variables together,
otherwise the problems of Portela and Thanassoulis (2006) mention above would arise.
The weights can be of equal value for each variable, resulting to an average measure, but
they could also be adjusted using additional information. For example, comparing the
average weighted measure with weights realtive to output/input prices would present the
difference between the volume-specific and the value-specific approach.
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Figure 3.6: Both points A and B are in a half-way distance to the frontier, but B needs
to double both outputs while A is efficient in y1.

The weighted hyper-feasible direction could also be used to combine input and output
orientations, creating a common measure that would be unaffected by input-output ori-
entation differences.



Chapter 4

A proposed model for decisions
under uncertainty

A model for decisions under uncertainty is proposed in this chapter, combining features of
the most acclaimed approaches to this day. Reviewing the advantages and shortcomings
of the widely cited model of Cumulative Prospect Theory (CPT), some adjustments are
suggested in order to incorporate the latest advances of the field. Analyzing the model
form a State-Contingent (SC) aspect, one can see that the latter provides a broader frame-
work which can be used as a common ground and connective route between alternative
models. We can thus observe that using the SC approach and relaxing the behavioral
restrictions of CPT, we can create a model that is not only explanatory of the latest
results of literature, but is also robust, intuitive, and in accordance with the most influ-
ential benchmark model of Expected Utility (EU). Moreover, an independent endogenous
growth model on tax-evasion follows, under the analysis of Kafkalas, Kalaitzidakis and
Tzouvelekas (2014), confirming the findings of the proposed approach.

4.1 Brief review on models of uncertainty

The foundations of contemporary analysis of uncertainty lie in the 16th century’s work of
Gerolamo Cardano1 on probability theory, and also in the idea of the Expected Value
(EV), which was concieved by both Pierre de Fermat and Blaise Pascal, but published
by Christiaan Huygens (1657). Regarding uncertain monetary outcomes with specific
probabilities (knowledge of how frequently the outcomes may arise in a series of trials)
the EV sums the products of uncertain outcomes with their assigned probabilities. Since
probabilities add to one, the EV can be regarded as a weighted average of uncertain
outcomes, with probabilities being the weights:

EV = E(X) =
n∑
i=1

pixi ,
n∑
i=1

pi = 1 (4.1)

1Gerolamo Cardano’s “Book on Games of Chance” (Liber de ludo aleæ) was written around 1564 but it
was published (along with nearly all of Cardano’s writings) in “Opera omnia” (1663).

49
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The most important criticism on EV came from Nicolas Bernoulli, who first described
the St. Petersburg paradox in a letter to Pierre Raymond de Montmort (1713), where
a gamble of obvious finite value for decision makers produces an infinite EV. In 1728
Gabriel Cramer, in a letter to Nicolas Bernoulli2 wrote: “The mathematicians estimate
money in proportion to its quantity, and men of good sense in proportion to the usage
that they may make of it”. A formal solution to this problem was given by Nicola’s
cousin, Daniel Bernoulli (1738) who introduced the utility3 notion to the expected value
formulation, thus creating the Expected Utility (EU) model.

EU(X) =
n∑
i=1

piU(xi) ,

n∑
i=1

pi = 1 , U : X → R+ (4.2)

Expected Utility has been rightfully characterized as “the foundation for most of modern
economic theories on uncertainty and risk”4. Its simple and intuitive formulation has
made it so popular in economic literature that “most in the field are not even aware of
the alternatives”5. Especially since von-Neumann and Morgenstern (1944) provided the
necessary and sufficient conditions under which the EU hypothesis holds, it has been
the indisputable benchmark of analysis for decisions under risk, either as a model to
use or as the main reference of comparison for alternative models. However, several
and notable empirical violations, like the Allais and the Ellsberg paradoxes, have led to
the development of plentiful alternative models, that have either tried to build on EU’s
formulation and amend its problems, or even outplace it entirely with a more successful
framework.

Probably the most acknowledged alternative to the EU model has been Cumulative
Prospect Theory (CPT), introduced by Tversky and Kahneman (1992), for which
Daniel Kahneman shared in 2002 the Nobel Prize6. CPT managed to explain, with
the use of some behavioral assumptions, a range of situations which appear inconsistent
with EU’s rationality, as the equity premium puzzle, the asset allocation puzzle, the
status quo bias, various gambling and betting puzzles, intertemporal consumption and
the endowment effect.

CPT is basically a combination of two precedent models, the Prospect Theory (Tversky
and Kahneman (1979)) and the Rank-Dependent Expected Utility Model (RDU, orig-
inally called anticipated utility) introduced by Quiggin (1982). PT states that people
make decisions based on the potential value of losses and gains rather than the final
outcome, evaluating these losses and gains using certain heuristics, thus giving an expla-
nation for the Allais paradox. However, PT faces a problem of violation of first order
stochastic dominance, for which RDU uses a weighting function to transform cumulative
probabilities instead of probabilities themselves.

The latest significant development in uncertainty analysis for economics and decision the-
ory is the State-Contingent (SC) approach of Chambers and Quiggin (2000), which de-
scribes decisions under uncertainty as decisions contingent to uncertainty factors (states),

2Die Werke von Jakob Bernoulli, Band 3, K9
3Until the mid-20th century, Expected Value and Expected Utility were most commonly met as “math-
ematical expectation” and “moral expectation” respectively. - Jeff Miller’s webpage: “Earliest Known
Uses of Some of the Words of Mathematics”.

4Rieger and MeiWang (2006).
5Tuthill and Frechette (2002)
6Amos Nathan Tversky died in 1996.
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resembling a multi-output framework. It thus surpasses behavioral assumptions and pro-
vides a new benchmark that relies only on rationality and foundational tools of economic
theory, that are less restricitve and analytically more powerful than alternative models.
This chapter continues in proposing some alterations that can be made on CPT inspired
by the SC approach so as to maintain and expand its useful properties.

4.2 Latest challenges and CPT model

Cumulative Prospect Theory is one of the latest and most acclaimed models for uncertain
decisions, developed by Kahneman and Tversky (1992). The first model of Kahneman
and Tversky (1979) was called Prospect Theory (PT) and it was an effort to give an
explanation for the Allais paradox, as well as to introduce some psychological effects that
were indicated by experimental research. The formula of the model is similar to EU, with
the main differences being:

• Probabilities are weighted, so as to overestimate extreme-probability events and
explain the Allais paradox.

• The utility function (called value function) measures gains and losses from a refer-
ence point, and it is also characterized by some axiomatic specifications (concave
for gains, convex for losses, steeper losses than gains to exhibit loss aversion).

PT was able to support most of its statements, but it was only formulated for pairs
of alternative prospects, and moreover, it gave rise to violations of Stochastic Domi-
nance (SD)7, because probability weights were not required to sum up to unity. To solve
these issues Kahneman and Tversky (1992) proceeded to the development of Cumulative
Prospect Theory (CPT) which extends to prospects with a large number of outcomes
and also satisfies SD8. In order to be consistent with SD, they formed the probability
weights based on cumulative probabilities using the rank-dependent or cumulative func-
tional, first proposed by Quiggin (1982) for decision under risk and by Schmeidler (1989)
for decision under uncertainty.

SD relations were introduced by Rothschild and Stiglitz (1970) as an efficient way to con-
trast pairs of distributions. First-order stochastic dominance (FSD) dictates that a shift
of probability mass from bad outcomes to better outcomes leads to an improved prospect,
while second-order stochastic dominance (SSD) expresses risk-aversion. Equivalently, a
distribution f(x) dominates g(x) with FSD when

∫
f(x) ≤

∫
g(x) ⇔ F (x) ≤ G(x) and

with SSD when
∫ ∫

f(x) ≤
∫ ∫

g(x) ⇔
∫
F (x) ≤

∫
G(x). In figure 4.1 we see gamble Γ

dominating gambles A and B with FSD, as it yields at least as much outcome for all the
range of probability, and strictly more for some part of probability. Gambles ∆ (straight
line) and E (dashed line) do not dominate each other by FSD9, but we can say that gam-
ble ∆ dominates gamble E by SSD when the lower-left grey area (where ∆(x) ≥ E(x))
is bigger than the upper-right (where ∆(x) ≤ E(x)). Gamble ∆ would also dominate E
by SSD if the grey areas were equal, but a concave utility function would value more of
outcomes closer to the axis.

7Kahneman and Tversky (1979), pp.283-284.
8In the words of Kahneman and Tversky (1992) p.299, SD is “an assumption that many theorists are
reluctant to give up”.

9FSD is a stronger assumption than SSD. FSD is also SSD and not the opposite.
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Figure 4.1: Stochastic dominance in cumulative distributions. Γ dominates A and B by
FSD. Distribution ∆ dominates E by SSD when the lower-left grey area is bigger than the
upper-right.

In CPT model, agents make their decisions in two steps; a framing (or editing) phase and
a valuation phase. During the framing phase10 agents decide on a reference (benchmark)
point of events, above which outcomes are defined as gains and below which they are seen
as losses. This assumption was made in order to explain an observed “framing effect”
from experimental observations, where people made a different evaluation for identical
outcomes depending on their presentation as being either gains or losses. After the
framing phase, agents proceed to the evaluation of their alternative prospects. In CPT
an uncertain prospect f is defined as a function from S into X that assigns to each state
s ⊂ S a consequence f(s) = x ∈ X. After rearranging outcomes in an increasing order,
the prospect f is represented as a sequence of pairs (xi, Ai), which yields xi if Ai occurs,
where xi > xj iff i > j, and Ai is a partition of S. Assuming that there exists a strictly
increasing value function v : X → R, satisfying v(x0) = v(0) = 0, and capacities11 W+

and W−, such that for any uncertain prospect f = (xi, Ai), −m ≤ i ≤ n, the calculated

10Kahneman and Tversky (1992) p.299 aknowledge that “no formal theory of framing is available”,
making the framing phase a part of the model that is mostly dependent on axiomatic assumptions and
experimental calibration.

11Capacity (Choquet 1955) is a generalized concept of probability, using a nonadditive set function. A
capacity W is a function that assigns to each A ⊂ S a number W (A) satisfying W (Ø) = 0, W (S) = 1
and W (A) > W (B) whenever A ⊂ B.
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value (utility) is:

V (f) = V (f+) + V (f−) , where : (4.3)

V (f+) =
n∑
i=0

π+
i v(xi) (4.4)

V (f−) =
0∑

i=−m

π−
i v(xi) (4.5)

and the probability weights are defined as:

π+
n = W+(An) (4.6)

π−
−m = W−(A−m) (4.7)

π+
i = W+(Ai ∪ ... ∪ An)−W+(Ai+1 ∪ ... ∪ An) , 0 ≤ i ≤ n− 1 (4.8)

π−
i = W−(A−m ∪ ... ∪ Ai)−W−(A−m ∪ ... ∪ Ai−1) , 1−m ≤ i ≤ 0 (4.9)

Equivalently, if the prospect f = (xi, Ai) is given by a probability distribution p(Ai) = pi,
it can be expressed as a probabilistic or risky prospect (xi, Pi). In this case, decision
weights are defined as:

π+
n = w+(pn) (4.10)

π−
−m = w−(p−m) (4.11)

π+
i = w+(pi + ... + pn)− w+(pi+1 + ... + pn) , 0 ≤ i ≤ n− 1 (4.12)

π−
i = w−(p−m + ... + pi)− w−(p−m + ... + pi−1) , 1−m ≤ i ≤ 0 (4.13)

Depicted graphically, CPT can be presented using two curves: the value function of out-
comes and the weighting function of probabilities. Replacing the traditional utility func-
tion, the value function is defined over variations of wealth with respect to some reference
point. It is s-shaped, so that outcomes away from the reference point have a diminishing
value12, and it is steeper for losses than gains, so as to express loss aversion.

12Kahneman and Tversky (1992) refer to the equivalent property of diminishing marginal utility as
diminishing sensitivity.
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Figure 4.2: Typical value function for Cumulative Prospect Theory, expressing gains and
losses relative to a reference point and loss aversion.

The probability weighting function transforms objective cumulative probabilities into
subjective cumulative weights. It has an inverse-s-shape, so as to overestimate extreme-
probability outcomes. It thus suggests a solution for the Allais paradox, which states that
agents evaluate more an equal-value 1% probability change from 100% to 99% than from
11% to 10%. In figure 4.3 we see a general form of inverse-s-shaped weighting function
that would transform cumulative probabilities with the desired properties, satisfying the
Allais paradox without violating stochastic dominance.
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Figure 4.3: General form of cumulative probability-weighting function for Cumulative
Prospect Theory. The inverse-s-shaped is assigning increased value on extreme probabili-
ties, satisfying the Allais paradox.

Figure 4.3 has a symmetrical inverse-s-shape. However, Kahneman and Tversky (1992)
fitted their experimental observations in a skewed curve, following the formula:

w−(p) =
pδ

(pδ + (1− p)δ) 1
δ

, w+(p) =
pγ

(pγ + (1− p)γ)
1
γ

(4.14)
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Figure 4.4: The proposed cumulative probability-weighting function by Kahneman and
Tversky (1992) is skewed, while we need δ > 0.28 to keep it non-decreasing.

The general form of the curve is assumed to be the same for positive and negative
prospects, but we have a separate curve for each case (parameter γ for positive and δ for
negative prospects). Finally, we can have mixed (both positive and negative) prospects.
Thus, in this theory risk aversion and risk seeking are determined jointly by the value
function and by the subjective probabilities, while in expected utility theory, risk aversion
and risk seeking are determined solely by the utility function.

4.3 Suggestions towards a new model

Adjustments of the CPT model are proposed in this section, in order to expand the
analytic power of the model without losing any of its useful properties. CPT carries
many behavioral features and the proposed alterations aim to rather relax and broaden
than particularize the specifications of the model. Notions from the State-Contingent
framework are particularly useful for the development of a robust framing process and
the resulting formula reveals a relation to earlier versions of Expected Utility.

Following the CPT formulation of equations (4.3)-(4.5), but with no distinction between
gains and losses, the suggested model will calculate uncertain prospects as:

V (f) =
n∑

i=−m

πiv(xi) (4.15)
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This formulation is combining features from several models, without explicitly identifying
with a specific existent model:

• If πi expresses probability, then this is a form of Expected Utility. However, πi
here expresses a transformation of probability, which aims to measure uncertainty
instead.

• The tranformation of probability along with the value function specifications follow
the CPT approach, but they are more relaxed and based on foundational economic
theory rather than behavioral assumptions.

• The weighting measure of probability follows the framework of rank-dependent
models and Generalized EU (Quiggin 1993), but it is an objective transformation,
opposedly to subjective models.

The model’s specifications are described in following sections, accompanied by comments
comparative to other models, especially CPT, whose results have been widely accepted
in literature.

4.3.1 Objectivity of probabilities

A key feature of CPT is the subjective transformation of objective probabilities. As
mentioned earlier, the inverse-s-shaped cumulative probability-weighting function satis-
fies the Allais paradox, but this feature is taken from Quiggin’s (1982) rank-dependent
framework and it could be used through his alternative of Generalized Expected Utility
Theory (Quiggin 1993). CPT has a disadvantage versus rank-dependent models, because
it satisfies Stochastic Dominance only for all-positive or all-negative prospects. CPT uses
a different cumulative weighting function for positive and negative prospects, so mixed
prospects do not lie under the same cumulative and the sum of their probabilities may
not equal to unity. However, CPT seems to be preferred to rank-dependent models,
probably because the mixed-prospects problem can be avoided13 and the properties of
CPT value function are important. Finally, both CPT and rank-dependent models (as
all subjective probability models) have the drawback of assuming agent-specified prob-
ability transformations, without robust theoretical support on why agents may present
probability preferences on top of utility preferences.

The proposed solution to this problem is an objective probability transformation, that re-
sults in an inverse-s-shaped cumulative probability weighting function. This can be done
if we consider that all probabilities do not bear the same value, because they express a
measure of uncertainty rather than probability itself. This is easily comprehended in the
extremes; for the probability values of p = 0 and p = 1, p ∈ [0, 1], agents are absolutely
certain about the outcome, hence uncertainty is zero. Likewise, uncertainty is maximized
for p = 0.5, because then the assigned event is equally probable to be realized or not.

13If we take as reference point the best (worst) of available prospects, then all other prospects will be
considered negative (positive) to the reference point.
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probability uncertainty
100% 0%
50% 100%
0% 0%

Table 4.1: Probability translated into uncertainty; probability extremes express absolute
certainty, and absolute uncertainty in the middle.

Then, the inverse-s-shaped cumulative probability-weighting function would simply be a
cumulative function of uncertainty measurement.

Figure 4.5: Probabilities tranlsated into levels of uncertainty produce a cumulative distri-
bution with inverse-s-shape.

Important comments and results are:

i) Objectivity of probabilities: If we can choose a specific function for uncertainty
measurment, then we can consider it an objective transformation and assign all the weight
of risk aversion on utility bias only. Any convex uncertainty function would lead to the
desired inverse-s-shaped cumulative and discussion can be made on whether there are
better alternatives than figure 4.5, but it should be based on objectivity arguments rather
than preference parametrization, as done in subjective rank-dependent models. Thus we
can support the results of latest models, but also find a connection with probability
objectivity of EU models.

ii) Stochastic dominance: The proposed cumulative, as an objective one, will be
identical for positive and negative prospects, thus satisfying the Stochastic Dominance
property. In this case Kahneman and Tversky (1992) show that CPT reduces to a general
form of rank-dependent model, but the proposed suggestions aim to a model even wider
than that.
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iii) Connection with utility: If instead of a convex uncertainty value we observe a
concave utility function, then the cumulative will not produce an inverse-s but a regular-
s-shaped function, as in figure 4.6. The actual form of utility function is discussed in
the following section, but an important comment here is that we can connect the utility
domain with the uncertainty domain using the same procedure of valuation.

iv) No reference point needed: Since positive and negative prospects face the same
probability weights, there is no need for a reference point to distinguish gains from losses,
and it could be used only descriptively in the phraming phase.

Figure 4.6: The cumulative of a concave utility function produces a regular-s-shape func-
tion.

4.3.2 Relaxing the assumptions on utility

CPT uses a value (utility) function in the form of figure 4.2. It is an s-shaped function
around a reference point separating gains from losses, so that it presents risk aversion
as we move away from the reference level. Moreover, it is steeper for losses so as to
present loss aversion. As shown above, an s-shaped value function can be produced as
the cumulative of a concave marginal utility, and with a twist on the choice of reference
level we can have a function with the same and extended properties of CPT; instead of
an abstract zero-level reference point we choose one of the points of the value function.
Hence, the “framing” notion of Kahneman and Tversky (1979, 1992) becomes an actual
framing of the value function.
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Figure 4.7: Focusing on positive or negative prospects produces different risk-aversion and
loss-aversion properties. Triangles represent optimistic and pessimistic reference points.

This concept produces important properties:

i) Less assumptions, more alternatives: Following this approach requires less be-
havioral assumptions and it brings us back to the basic framework of classic economic
theory. Moreover, it supports both cases of risk-averse and risk-loving agents without
changing the basic structure, while CPT assumes that risk-aversion is ubiquitous and
is forced to adjust this behavior through parameterization. A prominent experimental
result of risk-aversion could be explained as an endowment effect, which would move the
reference point upwards on the value function so that ownership or getting accustomed
to a situation makes it more valuable or comfortable.

ii) Improved framing methodology: In CPT the choice of reference point which
happens in the “framing phase” is not formally established. Here the “frame” is an actual
frame of prospects, which can vary depending on probability and preference attributes.
In a marginal case, assume that an agent has “nothing to lose”, translated as no owned
positive prospects, so his frame and reference point collapses to the lower-left point of
the value function. This person would definitely express a risk-loving behavior, contrary
to CPT assumptions, while loss-aversion would not exist. Finally, as mentioned in the
previous section, since gains and losses face the same structure, the reference point can
be used only descriptively, as a notion of a frame’s center.

iii) Versatile utility formulation: Relaxing the behavioral assumptions of Kahneman
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and Tversky (1992) allows for various preference specifications. Instead of “guessing” a
fully specified cumulative value function, an identification of critical points (peaks) in
marginal utility and their levels leads to a cumulative with consistent properties. More-
over, the levels of marginal value in each critical point can be identified comparably,
requiring less information. In figure 4.8 the two peaks have equal maximum value, which
could be enough information to depict the cumulative without accurate measurements.
Moreover, in the same figure the value’s range is normalized, v ∈ [0, 1], which makes
comparable evaluation of events easier and similar to probability weighting.

Figure 4.8: A two-peak marginal utility results in a “double-s” cumulative. An improbable
second peak may create an “uncertainty trap” between peaks.

Figure 4.8 also makes a good example on the importance of the framing phase. A frame of
options that barely includes the second peak as a probable event, could lead to choosing
the first peak due to risk-aversion, although the gap between peaks could provide valuable
probable events. We can call this an uncertainty trap, where small probability change on
critical events may have a significant overall effect on decisions under uncertainty.

4.3.3 The State-Contingent background and extended results

Kahneman and Tversky (1992, p.300) make a description of how states of uncertainty
and events are combined to represent a basic CPT uncertain prospect. It is exactly
the same the description of state-connected events that we see in the State-Contingent
approach developed by Chambers and Quiggin (2000). Yet, this resemblance is not
surprising; an examining look on models of decisions under uncertainty shows that their
vast majority is characterized by such a formulation of uncertain prospects. The fact that
the SC framework was constructed on this prevalent principle using minimal axiomatic
assumptions makes it a common analytical origin of these models, and approaches like
CPT a special case that uses extended specifications. Some interesting results arise if we
review these models from an SC aspect of basic principles.
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i) Inefficiency and framing: Inefficiency, the holy grail of production analysis, is
generally accepted as the suboptimal performance of an agent given a specific context of
information and control (endogenous alternatives). Yet, such a behavior is contradicting
the foundational economic theory’s assumption of rationality, since the latter dictates
by definition that an agent makes the best of the context of alternatives that he has
been given. Accepting these definitions makes inefficiency a term incompatible with
rationality given a certain context, whereas a context of uncertainty would then be an
ideal explanation for suboptimal performance. Yet again, an agent who rationaly makes
the best of a given context, even with incomplete information which means that he may
take a risk, could be characterized risk-lover or risk-averse, fortunate or unfortunate by
result, but definitely not inefficient by intention.

The key to explain this question lies in the conception of the state-space. An agent facing
a problem, at first evaluates the context of his decision using available information, thus
forming the set of states, i.e. of factors affecting his decision. Most sensibly he would
not include factors irrelevant to his decision in this evaluation, because it would absorb
resources that could be used in the decision process. A favorable context would include
available events of the most profitable outcomes the agent can imagine, but what if
the agent faces a context restricted to a small part of his aspirations? Are there any
specific conditions that decide when the state-space is complete, or is it up to the agent’s
discretion to set his own boundaries?

The CPT concept of framing can be helpfully combined with the SC approach to provide
an explanation, especially through the proposed model of this chapter. Decision-making
can be thought as a two-step process, with the second step being the arrival to a decision
regarding the context. Then, the first step acts as a “decision before the decision” on
whether the context is conclusive or it should be revised before proceeding to action. If
we want to preserve objectivity of probability measurement, then it is the value function
that needs to be adjusted on the range of uncertain prospects’ distribution; a frugal
value function should be “stretched” in order to include probable opportunities while an
overambitious one should be “shrinked” to fit available options. Then inefficiency, as in
general any “wrong” decision, would be explained as a decision under a mistaken context,
due to difficulties of preference adjustment. For an example of false context let’s imagine
a person who decides to not buy a lottery ticket, but then wishes that this specific ticket
would not win the lottery. Since the ticket is not bought, the result of the lottery will have
no implication in the agent’s well-being, but his inability to adjust his set of expected
alternatives, i.e. delete past alternatives from present expectations, could result in such a
behavior, which would be irrational for this set, but not if a lesson was learned for future
decisions.

ii) Wrong or wronged: Usually models involving any type of decision analysis lead
to suggestions on agents’ optimal behavior, without adequately explaining the causes of
suboptimal decisions. Especially models like CPT, who justify deviations from optimum
through behavioral assumptions, implicitly recommend that policy rules should be im-
posed in order to correct individual preference anomalies. In contrast, the model proposed
previously in this chapter recognizes that the imbalance between expectations and objec-
tivity can be driven by either endogenous or exogenous leverage. Thus, efficiency given
a specific state context is best achieved by controled actions, while creativity is exactly
relying on the denial to conform in a commonly accepted context. The inference of this
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approach is that imposing restrictions on a context that is already restrictive for agents’
preferences, would rather intensify than soothe observed imbalances. For example, a
parent punishing his child to correct his behavior would be ineffective (if not worsening)
if the child believes that exogenous pressure drove his actions, hence he feels wronged
instead of wrong. On the other hand, a child that abstractedly misbehaves would react
significantly to a small change of incentives. In a similar way, any punishment that is
related to the identity of an individual, like demographic or racial characteristics, rather
than his intentional activity, would reduce his welfare level without adjusting his pref-
erences. Finally, difficulty of preference adjustment would explain the ineffectiveness of
severe repercussions on subjects like drug use, gambling, or even obesity.

This approach should evidently prove useful in economic analysis of crime and generally
illicit behavior. Here the most acclaimed model for decades comes from Becker (1968),
where an agent and potential lawbreaker rationally compares the personal benefits of
his illegal activity with the probable infliction of punishment. In consistence with the
analysis above, Becker’s model has led to the unsound proposition that it is optimal to
impose the severest possible punishment (to maintain effective deterrence) at the lowest
possible probability of detection (to economize on enforcement costs). Hence, a driver that
neglects to put on his seatbelt regardless of a potential fine, would change his behavior
if the fine encreased considerably. However, the proposed model above suggests that
uncertainty of law enforcement can cause illegal activity neglecting immeasurable fines,
or even potential harm as in this case, while it explains why just an annoying beeping
sound that is used in cars today can have a significant change of this behavior. On the
other hand, and in accordance with Becker (1968), some countries impose fines related
to the offenders’ wealth, so that rich individuals do not demote the value of potential
punishment.

iii) Applications in tax evasion and inequality: Above findings are also supported
empirically in the case of shadow economies by Kafkalas, Kalaitzidakis and Tzouvelekas
(2014), that analyze the relationship between tax evasion and the two main policy in-
struments affecting tax compliance, namely, the announced tax rate and the share of tax
revenues allocated to tax monitoring mechanisms. This article shows that changes in the
level of tax collection effectiveness results in the suggestion of different policy implica-
tions. Simply increasing tax rates to cover government expenditures does not comply with
welfare maximizing policies, while successful policies may improve income inequalities,
sustaining, at the same time, economic growth. Connections with policy effectiveness
and inequality can be found in many empirical findings, and using the aforementioned
model of this thesis the explanation lies in the acceptance of the posed state-set. Hence,
in the long-term, expectations of agents adjust to economic growth and rely more on their
relative position in society, which would explain why wealthy societies with high levels of
inequality may present higher levels of crime than poor economies with higher equality.
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A \ B conflict cooperate
conflict (0.2 , 0.6) (1 , 0)

cooperate (0 , 1) (0.4 , 0.8)

Table 4.2: A zero-sum prisoner-dilemma game with cost of conflict. B is more powerful
in conflict than A, and each agent’s choice of conflict reduces two units from total social
welfare.

In table 4.2 we see the potential results of a prisoner dilemma game, where optimal state-
wise strategies of individuals lead to suboptimal social welfare. Maximum total welfare
reaches 1.2 points in the mutual-cooperation result, and it is reduced by 0.2 points for
every agent that chooses “conflict” instead, because it is reasonable to suppose that
conflict causes damages and/or consumes resources that would have otherwise been used
productively. When “conflict” meets “cooperation” the aggresive agent takes control
of all welfare available, while same-decision outcomes are unequally shared in favor of
agent B. The maximum welfare of each agent can reach up to 1 welfare point, which is
convenient to represent a normalized range of total value. Then the value function of
each (identical) agent can be illustrated by figure 4.6, which is symmetrical and covering
the whole range of outcomes, so that no utility bias affects objectivity of probabilities.
Still, we see that inequality situates the “weak” agent at the risk-loving part of the curve
and the “strong” one on the risk-averse side.

The prisoner-dilemma game cannot result to mutual-cooperation as is, because coopera-
tion is strictly dominated by conflict for every choice of the opponent. Hence the solutions
that have been proposed ever so often, usually for the iterated version of the game, are
based on assumptions on top of the original context. A convincing setting would be to
replace one of the agents with a neutral uncertainty source, usually called “nature”, with
which the other agent would have no hope of communication or strategy inference. Then
cooperation and conflict would be nothing less than optimal response to natural chance,
making the conflict decision strictly dominant. Having an opponent with the slightest
consciousness about the game’s structure, gives hope for a solution out of the original
context, but as such, it will be a risky decision, thus accepted only by the the weak and
risk-loving player. Even worse, if inequality in the mutual-cooperation case lowers the
weak player’s otucome too much, then neither him would be willing to risk for the socially
optimal. This example shows how severe social imbalances can push away from social
optimum, leading to destructive conditions like war and crime, or inability to cooperate
on ecumenical problems as for example environmental issues.

4.4 Extended application on tax evasion

The analysis of Kafkalas, Kalaitzidakis and Tzouvelekas (2014), confirming the findings
of the proposed approach, is following an independent route of an endogenous growth
model. The structure of the model adheres to Roubini and Sala-i-Martin (1995), and
it is calibrated using data on tax evasion from 35 OECD and 110 non-OECD countries
for 2011. Standard endogenous growth models suggest that the rate at which physical
capital is accumulated increases with their private return and, hence, high tax rates
on income or corporate profits are typically associated with low growth rates (Lucas,
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1988; Rebelo, 1991). However, taxation generates resources to finance the supply of the
productive inputs provided by the government including public goods and infrastructure.
Since individuals are not charged by their use of these public goods, government spending
plays the role of an externality for the private sector. Such an externality ends up being
an engine of endogenous growth since the resulting aggregate production function could
display a high marginal productivity of private capital, which permits perpetual capital
accumulation (Barro, 1990; Turnovsky, 1997). Therefore, there is a tension between the
role of taxation in creating disincentives for the accumulation of capital and the role of the
public spending financed by these taxes in raising the return from private capital.

4.4.1 The model

The model considers a closed economy populated by N identical agents who produce
a single aggregate commodity (Y). Further, it is assumed that there is no population
growth and that the labor force is equal to the population, with labor supplied inelasti-
cally. Accordingly the ith representative firm produces its output (Yi) using the following
CobbDouglas production technology:

Yi = AKα
i

(
Kg

L
Li

)(1−α)

(4.16)

where 0 < α < 1 is the output elasticity of private capital, A is a technological parameter,
Ki denotes the stock of private capital for firm i, Li the labor used by the representative
firm, Kg is the aggregate stock of public capital, and L is the total labor force. Therefore,
each individual firm benefits from an increase in economy-wide labor productivity (Kg/L)
triggered by a rise in the stock of public capital.

The difference between the announced and the effective tax rate is the tax evasion rate
(τ − τe) which, following Roubini and Sala-i-Martin (1995), is assumed to be a negative
function of government expenditure allocated to tax monitoring, and a positive function
of the announced tax rate. Public expenditures for improving the technology and, thus,
the efficiency of the tax collection mechanism may improve the ability of tax authorities
to detect tax evaders and control tax evasion. On the other hand, the incentive for tax
compliance may decrease as the announced tax rate increases because, for a given state of
tax monitoring, the marginal benefit of tax evasion increases. The structure of the model
reveals that both the announced tax rate and the share of tax monitoring expenses impact
the long-run growth rate of the economy.

4.4.2 Growth-maximizing policies

The determination of the growth-maximizing policies is achieved in two steps: first, the
planner determines the growth maximizing steady-state statutory tax rate for a given
allocation of government expenditure, and then derives the growth-maximizing steady-
state share of tax monitoring expenditure at the given optimal tax rate. In our framework,
taxation affects the growth of the economy through two channels. While taxation affects
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negatively the marginal product of private capital as it absorbs resources from the private
sector of the economy, government expenditure for public capital formation, collected
through tax revenues, increases the productivity of labor. At low values of τ , the positive
effect of government expenditure dominates, and therefore the growth rate of the economy
rises with the announced tax rate. At higher tax rates, the negative effect of taxation
eventually dominates, and the growth rate declines as τ further rises. The statutory
tax rate that maximizes the growth rate of the economy is the one that equates the
marginal cost of government expenditure to its marginal benefit. The results is that
when tax monitoring expenditure is proportional to total income rather than to total tax
revenues, the growth-maximizing effective tax rate is greater than the output elasticity
of public capital. When tax revenues are allocated proportionally among tax monitoring
and public capital formation, an increase in the tax revenues by one dollar will raise
government expenditure for public capital formation by less than a dollar. However,
when the tax monitoring expenditure is a constant share of output, the whole increase in
the tax revenues is allocated exclusively for public capital formation. In the latter case
the marginal benefit of an increase in the effective tax rate is greater than in the former
case, leading to a higher growth-maximizing effective tax rate.

4.4.3 Model simulation

For the simulation we specify a bilateral tax evasion function, estimated econometrically,
of the following form:

ln hi = ln β0 + βg lnGEi + βτ lnRGDPi + βτj lnτi + βµj lnµi + εi (4.17)

where i denotes countries, j = 1, 2 the two groups of countries (OECD and non-OECD
countries) defined in the bilateral structure of tax evasion function, h is the tax evasion
expressed as the share of tax revenues that are evaded, GE is an index capturing percep-
tions on the quality of regulatory framework and tax auditing mechanism, RGDP is the
real per capita GDP, τ is the announced tax rate by the government, µ is the share of tax
revenues that goes for monitoring tax compliance, εi depicts a symmetric and normally
distributed error term and measurement errors in the dependent variable, and βτj = βτDj

and βµj = βµDj are the bilateral coefficients with Dj = 1 for country belonging to group
j and Dj = 0 otherwise.
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Figure 4.9: Optimal share of monitoring expenses under different relative weights factors
of tax evasion in OECD countries.

Figure 4.10: Optimal share of monitoring expenses under different relative weights factors
of tax evasion in non-OECD countries.

4.4.4 Concluding remarks

The model confirms Barro’s (1990) theoretical finding, posing that the government sets
the effective tax rate close to its degree of expenditure externality. In the presence of
tax evasion the statutory tax rate, has to be such that the effective one is equal to
the output elasticity of public capital. The contradiction with parts of the literature
is due to the definition of tax auditing expenses in government’s budget constraint. If
tax monitoring expenses are a constant share of total income then the optimal tax rate
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should be greater than the governments’ externality. However, if tax auditing expenses
are defined as a constant share of tax revenues, Barro’s (1990) outcome is confirmed.
In both cases though, the optimal reaction of government involves the reduction of tax
auditing expenses and an increase in the announced tax rate for the effective has tax rate
to remain at it’s optimal level.

As also noted by Roubini and Sala-i-Martin (1995), governments do care about the ex-
tent of fiscal corruption as this is captured by tax evasion and therefore the formal tax
rate cannot be higher than a certain threshold. In this case an optimal share of tax
monitoring expenses exists since, on the one hand, tax evasion matters inducing fiscal
corruption but, on the other hand, the governments’ externality is lessened. Based on
this assertion an infinite lifetime welfare function for a social-planner type of government
is defined and optimized with respect to both the announced tax rate and the share of
tax revenues absorbed by tax auditing. However, when the government is a revenue max-
imizing Leviathan diverting taxes for its own selfish purposes effective tax rate is higher
than the elasticity of public capital. The results from calibration suggest that both tax
evasion and output growth are decreasing with the share of tax revenues allocated to
monitoring expenses. Tax auditing is less effective at low levels of tax evasion, while its
negative effect on aggregate output growth is high. At the same time monitoring expenses
are reducing the announced tax rate, particularly at high levels of statutory tax rates.
Welfare maximizing policies imply an announced tax rate close to the elasticity of public
capital and a share of monitoring expenses between 1.70-3.40% for the OECD countries
and 2.90-5.20% for the non-OECD countries assuming different weights on the relative
importance of tax evasion.
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Appendix

5.1 Tax-evasion model’s results

Table 5.1: Summary statistics of the variables and parameter estimates of the bilateral
tax evasion function.
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Table 5.2: Equilibrium values under different share of monitoring expenses and relative
weight factor of tax evasion in OECD countries.

Table 5.3: Equilibrium values under different share of monitoring expenses and relative
weight factor of tax evasion in non-OECD countries.



 

 

 

 

 

 

 

 

function MM = DivideFunction(M,W,F,Fv,N,No) 

if W==1 

    MM = M(M(:,F)<=Fv,:); 

elseif W==2; 

    MM = M(M(:,F)==Fv,:); 

elseif W==3 

    M = sortrows(M,F); 

    SepVec = round(size(M,1)/N)*ones(1,N-1); 

    SepVec(1,N) = size(M,1)-SepVec(1)*(N-1); 

    Mc = mat2cell(M, SepVec, size(M,2)); 

    MM = Mc{No}; 

elseif W==4 

    step = (max(M(:,F))-min(M(:,F)))/N; 

    start = min(M(:,F))+(No-1)*step; 

    if No<N 

        MM = M(M(:,F)>=start & M(:,F)<(start+step),:); 

    elseif No==N 

        MM = M(M(:,F)>=start & M(:,F)<=max(M(:,F)),:); 

    else 

        error('Number of group No is not in N') 

    end 

else 

    error('Inappropriate value inserted: W takes values 1 to 4') 

end 
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5.2 Matlab code

5.2.1 The divide function



 

 

 

 

function result = DEAfunctionAll(D,XX,YY,Xeq,Yeq,MM,Meq,rts,zerozero,hyper) 
k = size(YY,2); 
for i=1:k; % k No of columns of Y horizontal (column id), to take each element for DEA 
    if hyper==0 
        A = [[D*YY(:,i);zeros(size(XX,1),1)],MM]; 
        B = [zeros(size(YY,1),1);D*XX(:,i)]; 
        Aeq = []; 
        Beq = [];    
        if rts==2 
            Aeq(size(Aeq,1)+1,:) = [0,ones(1,size(MM,2))]; 
            Beq(size(Beq,1)+1,:) = 1; 
        end 

  
        if zerozero==1 
            A(size(A,1)+1,:) = zeros(1,size(A,2)); 
            B(size(B,1)+1,:) = 0; 
        end 
        f = [-D,zeros(1,size(A,2)-1)]; 
        lb = zeros(size(A,2),1); 
        ub = Inf*ones(size(A,2),1); 
        x0 = XX(:,i);   % ignored by Simplex method  
        options = 

optimset('LargeScale','off','Simplex','on','MaxIter',2500,'TolFun',1.00e-

008,'TolX',1.00e-008,'FunValCheck','on');                     
        [x,fval,exitflag] = linprog(f,A,B,Aeq,Beq,lb,ub,x0,options);                                         
        result(i,:) = [1/x(1),exitflag]; 
    elseif hyper==1 
        Yopt=D*max(D*-MM(1:size(YY,1),:),[],2); 
        Xopt=D*min(D*MM(size(YY,1)+1:size(MM,1),:),[],2); 
        XYopt=[Yopt;Xopt]; 
        Ywho=D*YY(:,i)<D*Yopt; % Y<max, X>min 
        if ((sum(Ywho)>0 & sum(Ywho)<size(Ywho,1)) | sum(YY(:,i)==Yopt)>0)==1; 
            MM2=[]; 
            for h=1:size(MM,2); %"for" needs horizontal 
                MM2(:,h)=abs(MM(1:size(YY,1),h))==Yopt(:,1);             
            end 
            MM22=sum(MM2); 
            MM2=MM(:,MM22>0)'; 
            MM3=[]; 
            MM3pd=[]; 
            for j=1:size(MM2,1); 
                MM3(j,:)=MM2(j,:)./(min(MM2,[],1)); % min= min inp and max -out 
                MM3pd(1,j)=pdist2(MM3(j,:),[YY(:,i);XX(:,i)]'./abs(min(MM2,[],1)))'; 
                Yopt2=MM2(MM3pd==min(MM3pd),:)'; 
                Yopt2=Yopt2(:,1); 
            end 
            ratio=Yopt2./[-YY(:,i);XX(:,i)]; 
            result(i,:)=[1/mean(ratio(1:size(YY,1),1))^(D),4]; 
        else 
            YYz=YY(:,i) 
            ratioY = abs(YYz./Yopt-1); % ratio closest to 1, under or over 1 
            diff=YYz-Yopt; 
            a=diff./diff(ratioY==min(ratioY)); % coefficient a 
            b=YYz-a.*YYz(ratioY==min(ratioY)) 
            YYz=YYz-b 
            MMz=MM+[b;zeros(size(XX,1),1)]*ones(1,size(MM,2)); 
            A = [[D*YYz;zeros(size(XX,1),1)],MMz]; 
            B = [zeros(size(YY,1),1);D*XX(:,i)]; 
            Aeq = []; 
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            Beq = []; 
            if rts==2 
                Aeq(size(Aeq,1)+1,:) = [0,ones(1,size(MM,2))]; 
                Beq(size(Beq,1)+1,:) = 1; 
            end 
            if zerozero==1 
                A(size(A,1)+1,:) = zeros(1,size(A,2)); 
                B(size(B,1)+1,:) = 0; 
            end 
            f = [-D,zeros(1,size(A,2)-1)]; 
            lb = zeros(size(A,2),1); 
            ub = Inf*ones(size(A,2),1); 
            x0 = XX(:,i);   % ignored by Simplex method  
            options = 

optimset('LargeScale','off','Simplex','on','MaxIter',2500,'TolFun',1.00e-

008,'TolX',1.00e-008,'FunValCheck','on');                     
            [x,fval,exitflag] = linprog(f,A,B,Aeq,Beq,lb,ub,x0,options);                                                     
            x=mean(x(1).*(YYz./(YYz+b))); 
            result(i,:) = [1/x,exitflag]; 
        end 
    else 
        error('"hyper" takes values 0 or 1') 
    end 
end 
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clear 

datafile='pestdatagr.xls'; 

D=-1;  % =1 for output distances, and =-1 for input distances 

rts=2;      % Returns to scale: 1=CRS, 2=VRS 

badin=2;  % 1:badin, 2: good out 

hyper=1;  % =0 for radial DEA, and =1 for hyper-directional DEA 

zerozero=0; % Include (0,..,0) to calculations, 1=yes, 0=no 

inout= [0,0,1,-1,-1,-1,-1, (-1)^badin]; % -1=input, 1=output, 0=other 

bad=   [0,0,0, 0, 0, 0, 0, 2-badin]; % 1=bad input or negative output,  

disp=  [0,0,1, 1, 1, 1, 1, 1]; % disposability: 1=free, 2=weak,  

g=[1,8];    % Group factors: factors (columns) according which to group 

T=6;        % No of time periods 

gn=[T,3];   % Number of separations for each factor above 

gW=[2,3];   % Way of group separation 

M = xlsread(datafile); % Insert excel data 

M(:,bad==1) = -M(:,bad==1); 

M = sortrows(M,g); % data matrix sorted (in rows) according to vector g 

for gr1=1:gn(1); 

    eval(['M' num2str(gr1) ' = DivideFunction(M,gW(1),g(1),gr1,0,0)']); 

end 

for gr1=1:gn(1); 

    eval(['IND' num2str(gr1) ' = ctranspose(M' num2str(gr1) '(:,1:2))']); 

    eval(['X' num2str(gr1) '   = ctranspose(M' num2str(gr1) '(:,(inout==-

D)&(disp==1)))']); 

    eval(['Y' num2str(gr1) '   = ctranspose(M' num2str(gr1) 

'(:,(inout==D)&(disp==1)))']); 

    eval(['XEQ' num2str(gr1) ' = ctranspose(M' num2str(gr1) '(:,(inout==-

D)&(disp==2)))']); 

    eval(['YEQ' num2str(gr1) ' = ctranspose(M' num2str(gr1) 

'(:,(inout==D)&(disp==2)))']); 

    eval(['X' num2str(gr1) ' = [IND' num2str(gr1) ';X' num2str(gr1) ']']);  

    eval(['Y' num2str(gr1) ' = [IND' num2str(gr1) ';Y' num2str(gr1) ']']);     

    eval(['XEQ' num2str(gr1) ' = [IND' num2str(gr1) ';XEQ' num2str(gr1) ']']); 

    eval(['YEQ' num2str(gr1) ' = [IND' num2str(gr1) ';YEQ' num2str(gr1) ']']);     

  

    eval(['X' num2str(gr1) ' = ctranspose(sortrows(ctranspose(X' num2str(gr1) 

'),2))']); 

    eval(['Y' num2str(gr1) ' = ctranspose(sortrows(ctranspose(Y' num2str(gr1) 

'),2))']); 

    eval(['XEQ' num2str(gr1) ' = ctranspose(sortrows(ctranspose(XEQ' num2str(gr1) 

'),2))']); 

    eval(['YEQ' num2str(gr1) ' = ctranspose(sortrows(ctranspose(YEQ' num2str(gr1) 

'),2))']); 

     

    %4th, take sorted index and transpose it (make it column). 

    eval(['IND' num2str(gr1) ' = ctranspose(X' num2str(gr1) '(1:2,:))']); 

     

    %and 5th, remove index from Xs and Ys, if they are not empty 

    if eval(['size(X' num2str(gr1) ',2)>0']); 
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        eval(['X' num2str(gr1) ' = X' num2str(gr1) '(3:size(X' num2str(gr1) 

',1),:)']); 

        eval(['Y' num2str(gr1) ' = Y' num2str(gr1) '(3:size(Y' num2str(gr1) 

',1),:)']); 

    end 

    if eval(['size(XEQ' num2str(gr1) ',2)>0']); 

        eval(['XEQ' num2str(gr1) ' = XEQ' num2str(gr1) '(3:size(XEQ' num2str(gr1) 

',1),:)']); 

        eval(['YEQ' num2str(gr1) ' = YEQ' num2str(gr1) '(3:size(YEQ' num2str(gr1) 

',1),:)']); 

    end        

    eval(['AA' num2str(gr1) ' = [-D*Y' num2str(gr1) '; D*X' num2str(gr1) ']' ]); 

    eval(['AAEQ' num2str(gr1) ' = [-D*YEQ' num2str(gr1) '; D*XEQ' num2str(gr1) 

']' ]);         

end 

if badin==1 

    colin=5;    % column of pest as bad inpout 

    colout=2;   % column of pest as good output 

elseif badin==2 

    colin=2; 

    colout=5;     

else 

    error('badin must equal 1 or 2') 

end 

  

for gr1=2:gn(1); 

    if D==1 

        eval(['X01' num2str(gr1) ' = X' num2str(gr1) ]); 

        eval(['X10' num2str(gr1) ' = X' num2str(gr1-1)]);         

        if badin==1 

            eval(['X01' num2str(gr1) '(colin,:) = X' num2str(gr1-1) 

'(colin,:)']); 

            eval(['X10' num2str(gr1) '(colin,:) = X' num2str(gr1) '(colin,:)']); 

        end 

  

    elseif D==-1 

        eval(['Y01' num2str(gr1) ' = Y' num2str(gr1) ]); 

        eval(['Y10' num2str(gr1) ' = Y' num2str(gr1-1)]); 

        if badin==1 

            eval(['Y01' num2str(gr1) '(colout,:) = Y' num2str(gr1-1) 

'(colout,:)']); 

            eval(['Y10' num2str(gr1) '(colout,:) = Y' num2str(gr1) 

'(colout,:)']); 

        end 

         

    else 

        error('D must equal 1 or -1') 

    end 

end 

A00results=[]; 

for gr1=2:gn(1); % tech change last year 2:gn(1), next year 1:gn(1)-1 

% D-ab-y: Yab=year(0=present,1=last),group(0=same,1=benchmark), y=AAyear 

    eval(['D000' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1) ',AAEQ' 

num2str(gr1) ',rts,zerozero,hyper)' ]);     
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    eval(['D101' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1-1) ',Y' 

num2str(gr1-1) ',XEQ' num2str(gr1-1) ',YEQ' num2str(gr1-1) ',AA' num2str(gr1-1) 

',AAEQ' num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

    eval(['D001' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1-1) ',AAEQ' 

num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

    eval(['D100' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1-1) ',Y' 

num2str(gr1-1) ',XEQ' num2str(gr1-1) ',YEQ' num2str(gr1-1) ',AA' num2str(gr1) 

',AAEQ' num2str(gr1) ',rts,zerozero,hyper)' ]);     

  

if D==1 

    eval(['D010' num2str(gr1) '= DEAfunctionAll(D,X01' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1) ',AAEQ' 

num2str(gr1) ',rts,zerozero,hyper)' ]);     

    eval(['D011' num2str(gr1) '= DEAfunctionAll(D,X01' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1-1) ',AAEQ' 

num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

    eval(['D110' num2str(gr1) '= DEAfunctionAll(D,X10' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1) ',AAEQ' 

num2str(gr1) ',rts,zerozero,hyper)' ]);     

    eval(['D111' num2str(gr1) '= DEAfunctionAll(D,X10' num2str(gr1) ',Y' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1-1) ',AAEQ' 

num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

elseif D==-1     

    eval(['D010' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y01' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1) ',AAEQ' 

num2str(gr1) ',rts,zerozero,hyper)' ]);     

    eval(['D011' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y01' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1-1) ',AAEQ' 

num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

    eval(['D110' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y10' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1) ',AAEQ' 

num2str(gr1) ',rts,zerozero,hyper)' ]);     

    eval(['D111' num2str(gr1) '= DEAfunctionAll(D,X' num2str(gr1) ',Y10' 

num2str(gr1) ',XEQ' num2str(gr1) ',YEQ' num2str(gr1) ',AA' num2str(gr1-1) ',AAEQ' 

num2str(gr1-1) ',rts,zerozero,hyper)' ]);     

end     

    eval(['A0result' num2str(gr1) '=[]']); 

    eval(['A0result' num2str(gr1) '=[IND' num2str(gr1) ',D000' num2str(gr1) 

',D001' num2str(gr1) ',D100' num2str(gr1) ',D101' num2str(gr1) ',D010' 

num2str(gr1) ',D011' num2str(gr1) ',D110' num2str(gr1) ',D111' num2str(gr1) 

']']);             

    eval(['A00results=[A00results;A0result' num2str(gr1) ']']); 

end 

A00results=sortrows(A00results,[2,1]); 

for infcol=2:size(A00results,2)/2; 

    A00results(A00results(:,infcol*2)<1,infcol*2-1)=1; 

end 

A00results=[ones(size(A00results,1),1)*[D,rts,badin,hyper],A00results] 

filename = '0matresults.xls'; 

xlswrite(filename,A00results) 
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5.3 State-Contingent results

This sections presents the results of the Data Envelopment Analysis estimation in Matlab.
They are presented in two column sections with a series of identifiers:

• I/O refers to ”Input or Output orientation”. Values of -1 and 1 indicate input and
output distance functions respectively.

• C/V refers to the type of technology. Values of 1 and 2 indicate Constant and
Variable Returns to scale respectively.

• The term ”Bad” indicates the inclusion of the state variable as a bad input or a
good output in the estimation, with the values 1 and 2 respectively.

• The indicator ”H” stands for ”hyper”, i.e. the estimation under the hyperfeasible
specification. Values of 0 and 1 indicate non-hyper and hyperfeasible specification
respectively.

• Yr and Frm indicators stand for the year ans farm id of producers’ realizations.

• The rest of columns present the estimated effects, T: technical change, Ω: state
effect, H: heterogeneity effect (combination of T and Ω), E: efficiency score, and
finally P: productivity score, derived from efficiency and heterogeneity interaction.
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